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ABSTRACT
We show that J-trajectories in a locally conformal Kidhler manifold with parallel anti Lee field are

of osculating order at most 3.
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1. Introduction

The classical theory of static electromagnetism is generalized to arbitrary dimensional Riemannian geometry.
A magnetic field is a closed two-form on a Riemannian manifold. A trajectory of the Lorentz equation

V' = q¢y

is called a magnetic trajectory. Here g is a constant (called the strength), ¢ is the Lorentz force corresponding to the
magnetic field and V denotes the Levi-Civita connection.

More generally, let (M, g, F) be a Riemannian manifold with a g-skew symmetric endomorphism field F.
Then a smooth curve « in M is said to be a F-trajectory if it satisfies (cf. [6]):

Vv =qFY.

When M = (M, J,g) is an almost Kédhler manifold, then J-trajectories are nothing but Kéhler magnetic
trajectories with respect to the Kédhler magnetic field Q2 = g(-, J). One of the fundamental results on Kéhler
magnetic field is that every (unit speed) Kidhler magnetic trajectory in a Kdhler manifold is a holomorphic
circle, that is, a Frenet curve of osculating order 2 with constant curvature and contant complex torsions. Based
on this fundamental result, global behaviors of circles in Kdhler manifolds, especially complex space forms
have been studied intensively.

As is well known, complex manifolds do not have Kédhler metrics, in general. For instance, compact complex
surfaces of odd first Betti number can not admit any Kahler metric compatible to the complex structure. As a
generalization or alternative of Kéhler metrics, locally conformal Kahler metrics (LCK metrics, in short) have
been paid much attention of Differential Geometers. On an LCK manifold, there exist two characteristic vector
fields, called the Lee field and anti Lee field, respectively.

Differential geometric studies on J-trajectories in LCK manifolds, i.e., complex manifolds equipped with
LCK metric was initiated by Ates, Munteanu and Nistor [6]. They studied J-trajectories in the product manifold
S? x R of the unit 3-sphere S* and the real line R. The product manifold S* x R has naturally defined LCK
structure derived from the standard Sasakian structure of S3. In particular S* x R is a typical example of
Vaisman manifold, that is, an LCK manifold with parallel Lee field. Vaisman showed that the universal covering
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of a complete Vaisman manifold is holomorphically isometric to a product manifold N x R, where N is a
homothetic change of a Sasakian manifold [29]. Motivated by Vaisman’s theorem and a work [6], we studied
J-trajectories in Vaisman manifolds in our previous work [15].

On the other hand, products of the form N x R where N is a Kenmotsu manifold are LCK manifolds with
parallel anti Lee fields. Based on this fundamental fact, in this paper we study J-trajectories on LCK manifolds
with parallel anti Lee fields. In particular we study J-trajectories in the product manifolds of Kenmotsu
manifolds and the real line.

2. Preliminaries

2.1. LCK manifolds
Let M = (M, g, J) be a Hermitian manifold with K&dhler form 2:
QX,Y) = g(X, JY).

Then M is said to be a locally conformal Kihler manifold (LCK manifold, in short) if there exits an open covering
{Us}aea of M and a family of smooth functions o, : U, — R such that

d(e™7*Q) =0 on U,

for all « [28]. Namely the local conformal change (U, J|v,, e 7~g) is Kdhler.
In case U, = M, then M is said to be a globally conformal Kihler manifold (GCK, in short).
On an LCK manifold w = do,, is globally defined and satisfies

dQ = w A Q. @.1)

The closed 1-form w is called the Lee form.
Proposition 2.1. Let M be a Hermitian manifold of complex dimension n > 2. Then

* Incasen > 3, if there exits a 1-form w satisfying (2.1), then M is an LCK manifold with Lee form w.
o In case n = 2, there exits a 1-form w satisfying (2.1). If w is closed then M is an LCK manifold with Lee form w.

Remark 2.1. On an LCK manifold M, w defines a de Rham cohomology class [w] € H!(M;R). We can see that M
is GCK if and only if [w] = 0.

Let us denote by B the vector field metrically dual to w and call it the Lee field or Lee vector field. The vector field
A = JBis called the anti Lee field (or anti Lee vector field). For the anti Lee field A, we use the sign convention
of [23].

Even if the conformal change e~?~g of g is locally defined, the Levi-Civita connection V of e %og is globally
defiend on M. The connection V is called the Wey! connection of (M, J, g) and given by

Vx¥ = Vx - L (@(X)Y +w(Y)X —g(X,Y)B).

Since V.J = 0, we get

(W(IY)X = w(Y)JX + g(X,Y)A - Q(X,Y)B). 2.2)

DN | =

(VxJ)Y =

2.2. LCK manifolds with parallel Lee fields

Definition 2.1. An LCK manifold M is said to be a Vaisman manifold if its Lee form is parallel with respect to
the Levi-Civita connection.

Vaisman proved the following fundamental theorem.
Theorem 2.1. Let M be a complete Vaisman manifold. Then

o the Lee field B and anti Lee field A are infinitesimal automorphisms of (g, J) and
e the universal covering of M is a Riemannian product of R and an a-Sasakian manifold with |«| = |B|/2.
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2.3. LCK manifolds with parallel anti Lee fields

Since the Lee field B is metrically equivalent to the Lee form w, the Vaisman property is equivalent to the
parallelism of B. Our interest is LCK manifolds with parallel anti Lee field. If VA = 0, then by (2.2), we have
[17]:

1
Vw = §(|B\2g—w®w—w(J)®w(J)). (2.3)
LCK manifolds with parallel anti Lee field are characterized as follows [17]:

Proposition 2.2 (Kashiwada). On an LCK manifold M with parallel anti Lee field A, the distributions Dy and D, locally
generated by w o J = 0, respectively w = 0 are integrable. Their leaves are non-compact totally geodesic real hypersurfaces

with an induced B-Kenmotsu structure and totally umbilical complex hypersurfaces on which the induced structure is
Kidhler, where |B| = 2|5.

Such LCK structures are naturally appear on the product of Kenmotsu manifolds and the real line.

2.4. Kenmotsu manifolds

For our use, here we recall basic materials on Kenmotsu manifolds [19].
Let N be a (2n — 1)-dimensional almost contact metric manifold with structure tensor field (¢, &, 7, g). These
structure tensor fields satisfy

P?=—-I+n®& nE =1 nop=0 geX,eY)=gX,Y)—nX)nY)

forall X,Y € X(N).
The fundamental 2-form ® of N is defined by

P(X,Y) =g(X,pY).

Let us consider a Riemannian product manifold M = (N x R, g + dt?). We equip an almost complex structure
J on M by

J <X’f:llt> = (@X—fﬁ,n(X)jt) , X eX(N), f[feC>®M). (2.4)

Then (M, J) equipped with the product metric g = g + dt? is an almost Hermitian manifold with Kahler form
Q=0 -2nAdt.
An almost contact metric manifold N is said to be normal if J is integrable.

Definition 2.2. An almost contact metric manifold N is said to be a f-Kenmotsu manifold if
(Vxp)V = —B(®(X,Y)E+0(Y)pX), Vx&=B(X —n(X)E). (2.5)
Here (3 is a nozero constant. 1-Kenmotsu manifolds are referred as to Kenmotsu manifolds.

From this definition one can deduce that div{ =28(n —1). Hence B-Kenmotsu manifolds can not be
compact. In addition, 3-Kenmotsu manifolds are normal and satisfy

dn=0, d®=28nAe.

The action of local flows generated by £ on the structure tensor fields is described as

£eg=28(g—n@n), Lep=0, Len=0.
Thus g is not Killing vector field.

Example 2.1 (Warped product). Let N = (N, J,§) be a Kahler manifold. We consider a warped product
N =R x; N with base R and standard fiber N. Let z be a coordinate of R. We choose the warping function
f(2) as f(z) = ce?, where ¢ # 0 is a constant. The warped product metric is denoted by g = dz? + f(2)?g.

We introduce an almost contact structure (g, £, n) compatible to g in the following manner:

¢ n = dz,

:a’
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On the tangent space T, 5 N = T.R & T;N of N = R x; N at (z,), we introduce a linear endomorphism ¢ 5
by
0 on T.R,
PnX = . 2.5 N
exp(2€)s«p 0 Jup 0 exp(—2£)3X, on TpN.

Then the correspondence p — ¢, is a smooth endomorphism field on N and (¢,¢,n,5) is a Kenmotsu
structure.

Kenmotsu [19] showed the following local structure theorem:

Theorem 2.2. Let N be a Kenmotsu manifold. Then for any point p € N there exists a neighborhood U of p and positive
number ¢ such that U is represented as a warped product U = (—¢,¢) x ; N with warping function f(w) = ce® for some
¢ € R* and N is a Kihler manifold.

2.5.

Let us consider a Riemannian product M = N x R of a -Kenmotsu manifold N with the real line R. We
equip an almost complex structure J on M defined by (2.4). Then, since N is normal, M is a Hermitian
manifold. The exterior derivative df2 of the Kihler form  of M = N x R is computed as

dQY=d(® —2nAdt) =28nNAP

On the other hand we notice that
NAQ=nA(®P—-2nAdt)=nAo.

Hence (2 satisfies
dQ = (28n) A Q.

This formula shows that } is an LCK manifold with Lee form w = 23n. The corresponding Lee field and anti
Lee field are B = 23¢ and A = 230, respectively. Thus if we choose 8 = £1/2, then |B| = |A| = 1.
Since the metric g is the product one, Levi-Civita connection V of g satisfies

VaX=VxA=0

for any X € X(NV). In particular VA = 0. Thus (M, J, g) is an LCK manifold with parallel anti Lee field. The
covariant derivative VJ is computed as follows:

Proposition 2.3. Let M = N x R be LCK manifold with $-Kenmotsu base manifold N. Then the covariant derivative
VJ is given by

1. Forall X,Y € X(N),
(Vx )Y = (Vxp)Y + Bg(¢X, 9Y)0 = =B (n(Y)pX + (X, Y)E — g(0X, 0Y)0; ) -
2. In particular, forall X, Y € X(N),
(V)Y =0, (VxJ)B=—-23%pX.

3. Forall X,Y € X(N),
1
(VAJ)Y =0, (VxJ)A= —i\B\QX +28%n(X)E.

4. (VaJ)A=0.Hence VaJ =0.

2.6.

Let us realize the hyperbolic 3-space H3(—3?) of constant curvature —3? as a homogeneous Kenmotsu
manifold in the following manner. The hyperbolic 3-space H?(—?) is identified with the solvable Lie group

0 e P y z,y,z € R » C GL3R (2.6)
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equipped with the left invariant metric
g = ¥ (da® + dy?) + d2°.
As a Riemannian manifold H? is the warped product R x.s- R?. The group operation of H?*(—3?) is given
explicitly by
(2,y,2) - (2,5,2) = (x + e P2,y + e P75, 2 + 2). (2.7)
Let us define a representation p of (R(z),+) over R?(z,y) by

Then as a Lie group, H3(—/?) is a semi-direct product R x , R2.
The Lie algebra h3(—3?) of H3(—3?) is

—pw 0 U
0 —pw v u,v,w € R
0 0 0
Take an orthonormal basis
0 01 0 00 -5 0 0
Ee=looo], Bs=(001], Bs=( 0 -5 0
0 0 0 0 0 0 0 0 0
We denote by e; the left invariant vector field on H?(—3?) which is obtained by left translation of E;. Then we
have 5 5 5
aa=e Ty Te T, BT 50 (2.8)
[e1,€2] =0, [e2,e3] = Bea, [es,en] = —PBer. (2.9)

The Levi-Civita connection V of H?(—3?) is described as

velel = *6 €3, VeleQ = 0, VeleB = Bela

v6261 = 07 v6262 = _B 637 v€2€3 = 5627 (2‘10)

Ve,e1 =0, Ve,ea =0, Vees=0.

These formulas show that the Lie algebra h3(—3?) is non-unimodular.
Define an endomorphism field ¢ by

pey = ez, pea = —ep, pez = 0.

Next we put £ = e3 and 1 = dz. Then (p, &, 7, §) is a left invariant almost contact metric structure on H3(—32).
One can check that (H?(—32), ¢, £, 7, §) is normal and satisfies

dn=0, dd=287Ad.

One can check that the structure (¢, ¢,7,9) is normal. Hence H?(—3?) is 8-Kenmotsu manifold if 8 # 0. In
particular, when 8 = —1, H3(—1) is a Kenmotsu manifold. The homogeneous 3-Kenmotsu manifold H?(—3?%)
is interpreted as the warped product H?(—%) = R(2) X cs- E*(z, ).

3. J-trajectories on LCK manifolds

3.1. Frenet curves in almost Hermitian manifolds

Definition 3.1. If v is a curve in a Riemannian manifold A, parametrized by arc length s, we say that v is a
Frenet curve of osculating order r when there exist orthonormal vector fields E1, Es, - - - , E, along ~y such that

v =Ei, VyE| =k1FEy, VyEy=—k1E +kyFs,-- 3.1)
v’y’Erfl = —kKr_oB, o+ KT*IEM V'y’Er = —kp_1 By 1,

where k1, k2, - -+, k,—1 are positive C* functions of s. The function «; is called the j-th curvature of ~.
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A geodesic is regarded as a Frenet curve of osculating order 1. A circle is defined as a Frenet curve of osculating
order 2 with constant k;. A helix of order r is a Frenet curve of osculating order r, such that all the curvatures
K1, k2, "+ ,Kr_1 are constant.

For Frenet curves in almost Hermitian manifolds, we recall the following notion:

Definition 3.2. Let v(s) be a Frenet curve of osculating order r > 0 in an almost Hermitian manifold (4, J, g).
The complex torsions 7;; (1 < i < j < r) are smooth functions along ~ defined by 7;; = g(E;, JE;) (see [20]). A
helix of order r in (M, J, g) is said to be a holomorphic helix of order r if all complex torsions are constant. In
particular holomorphic helices of order 2 are called holomorphic circles.

For more informations on circles and helices in complex space forms, we refer to [1, 2, 3, 4, 20].

3.2. J-trajectory equation

Let v(u) be a smooth curve in an almost Hermitian manifold M = (M, J, g). A curve ~(u) is said to be a
J-trajectory with strength ¢ if it satisfies
V' =aJy

for some constant ¢. One can see that every J-trajectory has constant speed. Thus hereafter we parametrize
J-trajectories by arc length parameter s.

Note that when M is an almost Kdhler manifold, then its Kéhler form € is referred as to the Kihler magnetic
field on M. J-trajectories are called Kihler magnetic trajectories with respect to the Kdhler magnetic field €.

Now we start our investigation on curvature properties of J-trajectories in an LCK manifold M with parallel
anti Lee field.

First we observe that the first curvature «; is constant |¢| by comparing the .J-trajectory equation and the
Frenet formula (3.1). The Frenet formula implies that the first normal vector field E; is given by Ey> = +J+'. For
simplicity of description, hereafter we choose E; = Jv' and ¢ = k1 > 0.

Remark 3.1. If a Frenet curve « in an almost Hermitian manifold (M, J, g) is a J-trajectory, then
T2 = g(E1, JE2) = —1.

In case M is a Kdhler manifold, then every .J-trajectory is a holomorphic circle. For global behaviours of circles
in complex projective space, we refer to an article [2] by Adachi, Maeda and Udagawa.

Now let (s) be a non-geodesic J-trajectory in an LCK manifold with Es = J+'. Then by using the formula
(2.2) and Frenet equations, we have

2(Vy J)Y = 2koE3 = w(Es)E1 — w(Ep)Es + A. (3.2)

Note that (3.2) is rewritten as
2r9F3 = A— g(A,E1)E1 — g(A, Eq)Es. (3.3)

The equation (3.2) implies that when M is Kahler, x5 = 0. This conclusion is consistent with the fact “every
J-trajectory of a Kéhler manifold is a holomorphic circle" mentioned in Remark 3.1.
Moreover from (3.2) we notice that v is of order 2 if and only if

A=g(A E\)E| + g(A, Eq)Es.

Proposition 3.1. Let «y be a non-geodesic J-trajectory with strength q > 0 parametrized by arc length in an LCK manifold
M with parallel anti Lee field. Then the first and second curvatures of y are given by

1
K1=¢q, ko= 5\/|A\2 —w(@)? —w(Jy)? = (Vyw)y'. (3.4)

Sl

In particular k. is constant.

® The J-trajectory is a Frenet curve of osculating order 2 if and only if (V. w)y' = 0.
» Assume that a J-trajectory is of order r > 3. If w(v") = 0, then the second curvature r is constant.

Proof. Under the parallelism of A, from (3.2) and (2.3), we have

4k3 = |A]? —w(F1)? — w(E2)? = |A]? — g(A, E1)? — g(A, E2)* = 2(Vw)y. (3.5)
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This formula shows that x, = 0 if and only if (V./w)y’ = 0.
Next assume that v is of order r > 3. By the parallelism of A4, |A|? is constant. Assume that xy # 0.
Differentiating (3.5) by s, we get

2 2
d
Sriahy = — - > 9(AE)? = -2 g(A Ei)g(A V. E)
=1 =1

=—2{g(A, E1)g(A, k1 E2) + g(A, E2)g(A, —k1E1 + Ko E3)}
=—29(A, E2)g(A, ko Ei3) = —g(A, E2)g(A,w(E2) Er — w(Er)E2 + A)
=—9(A, E2) {w(E2)g(A, Ev) — w(E1)g(A, Ea)}
=—g(A, E) {|A? — g(A, E1)* — g(A, E»)*}
= —4r3 g(A, Ba) = —4w()r3.
Thus ks is constant if and only if w(vy’) = 0. O

Now we arrive at the main result of this paper.

Theorem 3.1. Let ~y be a non-geodesic J-trajectory with strength q > 0 parametrized by arc length in an LCK manifold
M with parallel anti Lee field. Then the order of ~y is at most 3. All the complex torsions of -y are constant.

Proof. Assume that the order of v is » > 3 and «; # 0. Then differentiating the left hand side of the equation
(3.3) along v, we get

V. (2%2E3) = 2(%’2E3 + KQV;Y/E?,) =2 (—K%EQ + K/QE3 + K2H3E4) .

Here we used the Frenet equations (3.1).
On the other hand, differentiating the right hand side of the equation (3.3) along v, we get

Vi (A—g(A E1)Ey — g(A, E2)E»)
=(9(A, E2)ka — g(A, E1)")E1 — (9(A, E2)' + g(A, Er)k1)Es — g(A, Eg)koEs
:H2w<JE3)E2 + 21€/2E3.

Here we used VA = 0 and the formula g(A, E2) = w(y')k2 = —2k5. Using (3.3) and (3.5), we get
Vo (A~ g(A E\)Ey — g(A, E3)Ey) = —2k3 Ea + 2K, E3.

Henceforth we obtain korx3 E4 = 0.
The complex torsions are computed as

713 = g(E1, JE3) = —g(JE1, E3) = —g(E2, E3) =0, T3 = g(E2, JE3) = —g(JE2, E3) = g(E1, E3) = 0.
O

In our previous paper we proved that non-geodesic J-trajectories in a Vaisman manifold are Frenet curves
of osculating order at most 4 [15].

4. J-trajectories in the product manifolds
In this section we study J-trajectories in the product manifold M = N x R with 3-Kenmotsu base manifold.

Let ~(s) = (7(s),t(s)) be a unit speed non-geodesic J-trajectory in M = N x R, where 7(s) is a curve in an
almost contact metric manifold N. Then the unit tangent vector field T'(s) = +/(s) is expressed as

0
T(s) =7'(s) =7 (s) +1'(s)5-
ot
The arc length parametrization condition is
9O (). 7 () + () = 1. (41)
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The acceleration vector field is computed as
/ <7 =/ " a
V’Y”Y = VW”Y + t (S)a
On the other hand, we have

B
JY =7 —t'¢+ n(ﬁ’)a- 4.2)

From these we deduce the following proposition [15]:

Proposition 4.1. An arc length parametrized curve ~(s) is a J-trajectory in M = N x R with almost contact metric
base manifold N if and only if it satisfies
Va7 =q(e7 - t'€), " =am(). (4.3)

In particular, when #(s) = constant, then the J-trajectory equation reduces to almost Legendre ¢-trajectory
equation for 7 (see Appendix).
Now let us assume that the base manifold is a 3-Kenmotsu manifold.

Proposition 4.2. Let +y be a non-geodesic J-trajectory with strength q # 0 parametrized by arc length in M = N x R
with ($-Kenmotsu base manifold N. Then +y has the curvatures

k=gl k2 = |BEY:
Proof. From Proposition 3.1, we have 2x3 = (V,w)y'. Next since w = 283, we get
(Vyw)y' =28(Vam)y' =28°(9(7,7) = n(7')?*) = 28°9(#7 7).
O

Let 6(s) be the angle function between ¢ and 7'. Then we have 7(¥') = [§’| cos 6. The second curvature «; is
rewritten as
Ko = [Bsin7|
in terms of 6.
Here we compute the derivative of cosf. We may consider the case cosf # 0 and siné # 0. By using the

formulas p p ()
— _ t'n(y
a "N — _gt! @ g
) =—at's 7 I
we get
d qtl —72 —/\2 qt/ sin2<9
—cosf = ——— (7] —n(7)?) = ———.
ds |,y/|3(| | ( ) ) |')//|2

Proposition 4.3. Let v = (7,t) be a J-trajectory with strength q > 0 parametrized by arc length in M = N x R with
(-Kenmotsu base manifold N. Assume that |7'| # 0 and sin @ # 0. Then 0 is constant if and only if t is constant. In such
a case cos ) = 0.

5. J-trajectories in H* x R

5.1.

In this section we describe J-trajectories in the LCK manifold M*(3) = H3(—4?) x R. The LCK manifold
M*(3) is realized as R*(x, y, 2, t) with metric

e?P*(dx® + dy?) + d2? + dt?

and complex structure
Jer =eq, Jeg=—e1, Jez=ey, Jeq= —e3.

Here
0 0

0 5, O
ﬂ2%7 egzeﬁza—y, e3 = —, €4= —.

e =e€e
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The left invariant orthonormal frame field {ey, o, e3, ¢4} satisfies
Ve,e1=—Be3, Veea=0, Vees=per, Vees =0,
Ve,e1 =0, Ve,ea=—Fes, Vees=L0es, Veeq4=0, (5.1)
Vese1 = Ve,ea =Ve,e3 =Ve,eq =0,
Ve,e1 =Ve,ea =V,,e3=V,eq4 =0.
Note that M*(3) is realized as a solvable Lie group

e P 0 =z 0
—Bz
8 60 3lJ g x,y,z,t € R » C GL4R
0 0 0 ¢

Moreover M*(f) is also regarded as a warped product
R*(z,t) x ¢ R*(z,y)

with warping function f(z,t) = exp(5z). The Lee form is w = 23 dt. The corresponding Lee field and anti Lee
fields are B = 23¢ and A = 230,, respectively.

5.2.

Let y(s) = (7(s),t(s)) = (z(s),y(s), z(s), t(s)) be a J-trajectory in M*(53). We express the unit tangent vector
field T'(s) = +/(s) as
T(s) =Ti(s)er + To(s)es + Ts(s)es + Tu(s)eq,

where
Ti(s) = 922/ (s), Ta(s) = Pyl (s), Tu(s) =2'(s), Tu(s) =1t'(s).

The unit speed condition is
Ty(s) + Ta(s)” + Ts(s)* + Tu(s)* = 2210 (@' () + ¢/ (5)) + 2/(5)° + 1) = 1.
By using the table (5.1), J-trajectory equation is deduced as the system
T| + BTy = —qTh, T+ BTsTy = qTy, T5—B(T7 +1T5) = —qTy, T;=qTs. (5.2)
The second curvature x5 is computed as
ra(s) = |87 (5)] = 18] VT1(5)% + Ta(s)2 = |B] 7% \/a/(5)2 + y/(5)2 (5.3)

Example 5.1 (Trajectories of order 2). From (5.3) equation one can see that ~ is of order 2 if and only if z(s) and
y(s) are constant. Here we determine J-trajectories with ¢ > 0 and k2 = 0. Such a J-trajectory is expressed as

7(s) = (2o, Yo, 2(s),(s))
for some constants z¢ and yo. The system (5.2) is reduced to
T} = —qTy, T, =qTs.
From this reduced system we get
(Ts(s), Ta(s)) = (Rcos(gs), —Rsin(gs))

for some nonzero constant R. Thus the J-trajectory ~(s) satisfying the initial condition v(0) = (0, yo, 20, to) is
R . R
(Jﬁo,yo, 20 + I sin(gs), to + E(COS(QS) - 1)) :

This is a circle in the totally geodesic flat plane R?(z,t). Note that this circle is a holomorphic circle in
H3(—/?) x R. The contact angle 6 of 7 is a non-constant and given by 6(s) = gs.
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Example 5.2 (Helical J-trajectories). Next we look for J-trajectories with ¢ > 0 and constant x5 > 0. From
Proposition 3.1, k9 is a positive constant if and only if w(v") = 0. Note that 7 is almost Legendre.

In the present case, we have w(v') = 287T3(s) = 232(s). Thus z(s) = zo. In this case the system (5.2) is reduced
to

Thus the J-trajectory ~(s) satisfying the initial condition v(0) = (o, yo, 20, to) is

<xo + ,/%(cos(qs) —1), 50 + % sin(gs), 20, to + Rs) :

where R is a non-zero constant such that R/ > 0. The J-trajectory is a holomorphic helix with x; = ¢ and
k2 = +/q|R)|.
5.3.

Let us return general situation. The case 77 + T = 0 was treated in Example 5.1, we may consider the case
T? 4+ T3 # 0. From the first and second equations of (5.2), we get

T\T] + ToTy = —BT5(T7 + T3).
The case T + T = 0 was treated in Example 5.1, we may consider the case T7 + T3 # 0. We get
ST,
Integrating this equations, we have
log(T? 4 T3) = —2B2(s) + constant.

Thus we may write
T1(s)* + Ta(s)? = r* exp (—2B2(s))
for some positive constant r. This fact implies that
a'(5)? +y/(s)* = r* exp(—4Bz(s)).
The functions 77 and 75 is expressed as
T1(s) = rexp(—Bz(s)) cosip(s), Ta(s) =rexp(—pFz(s))sin(s) (5.4)

for some function v (s).
If cos ¢ = 0, then T; = 0 and hence the J-trajectory equations (5.2) become

g1 =0, Tj=-BTTs, Ti—B(T7+15)=—qly, T;=qT5.

Thus ¢ should be 0. Hence v is a geodesic (see Appendix B).
Assume that cos ) # 0, then by using the first and second equations of (5.2), we have

1 dp d T,\ T —TT  q(T?+1T5) 2 q
7 - [ == = =qg(l+t = .
cos2vy ds any = (T1> T? T? q(1 + tan”y) cos? 1)
These computation imply that ¢’ = ¢q. Hence we obtain ¢(s) = ¢s + 1y for some constant .
Theorem 5.1. Let z(s) be a solution to the second order ordinary differential equation:
d2
d—z——qz—kﬁrezﬂz—i—c (5.5)

where C is a constant. Then the curves (x(s),y(s), z(s), t(s)) defined by

=r [ exp(—28z(s)) cos(gs + o) ds,

) =r [ exp(—282z(s sm(qs + ’(/)O) ds

s)ds+ Cs+tg

\\\

is a J-trajectory in H?(—3%) x R
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Proof. The third equation
Ty = B(T7 +T5) — T,
of (5.2) is rewritten as
d?z
ds?
From the fourth equation of (5.2), we have

= B(Tl2 + T22) — qTy = Br2e 207 — ¢Ty.

Tu(s) = qz(s) + C,
where C is a constant. Hence we obtain (5.5). O

Remark 5.1. In this section we investigate J-trajectories in the solvable Lie group M*(8) = H? x R3. The
solvable Lie group model (2.6) of the hyperbolic 3-space belong to the following two-parameter family of
solvable Lie groups:

S(a, B8) = 0 e P y z,y,z €R

In fact H3(—42%) = S(B, B).

Solvmanifolds with LCK structures have been studied extensively. de Andrés, Cordero, Fernandez, and
Mencia [5] gave an interesting family of 4-dimensional solvable Lie groups equipped with LCK structure.
Let G(k, n) be the connected solvable Lie group consisting of matrices of the form

ek? 0 0 O

x

—nyek* 1 0 0 t
0 0 e* 0 y |,

0 0 0 1 =z

0 0 0 01

where k € R satisfies coshk € Z* \ {1} and n € Z.
Take a left invariant one-forms

V' =dx — kadz, 9? =dy+ kydz, 9 =dz, 9*=dt+ knzydz + nxdy.

Then g= (9)?+ (¥?)% + (¥3)%> + (¥*)? is a left invariant Riemannian metric on G(k,n). Denote by
{E1, By, Es, E4} the left invariant orthonormal frame field metrically dual to {9, 92,9%,9*}. Then

A k
JE, = "B, JEy=FEs, JE3—=——E, JE4—=—E,.
k n
is a left invariant g-orthogonal complex structure on G(k, n). The resulting homogenous Hermitian manifold
G(k,n)is LCKif n # 0. Note that G(k,n) is represented as a semi-direct product H x , R?

{5 )

with abelian group R?(z, t) via the representation

e—k:z y B ekz 0
p 0 1) \ —nye* 1 )-

The LCK solvable Lie group G(k,n) admits a compact quotient G(k,n)/I'(k,n) [5] (see also [26, Theorem 2,
Remark 3.1]). Moreover there exits a compact quotient S(—k, k))/I"(k) so that G(k,n)/I'(k,n) — S(—k,k)/I'(k)
is a principal circle bundle (see [9, §2.4]).

Kamishima [16] proved that the compact quotient M (k,1) = G(k, 1)/I" is holomorphically isometric to Inoue
surface equipped with the LCK structure introduced by Tricerri [27]. Note that M (k,1) is not Vaisman.
Moreover M (k, 1) is holomorphically isometric to a compact quotient of Sol}. Here Sol] is one of the model
spaces of 4-dimensional geometries, see [10, 30]. Wall proved that Sol{ admits no compatible Kahler structure
[30, Theorem 1.2].

Kasuya proved that Oeljeklaus-Toma manifolds [21] (of type (s, 1)) are solvmanifolds and have no Vaisman
structures [18]. Note that Oeljeklaus-Toma manifolds of type (1, 1) are Inoue surfaces.

It would be interesting to study J-trajectories in LCK solvmanifolds, especially periodic J-trajectories in
G(k,n)/T(k,n).

y,zGR}
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A. (-trajectories on Kenmotsu manifolds

Al

Let N be an almost contact metric manifold with Levi-Civita connection V. A curve ¥(u) in N is said to be a

p-trajectory if it satisfies
V5 = a7

for some constant g. In case the fundamental 2-form @ is closed, then ¢-trajectories are called contact magnetic
curves. One can see that ¢-trajectories have constant speed.

Let 7(s) be a constant speed ¢-trajectory with strength ¢ in a S-Kenmotsu manifold N. Denote by 6(s) the
angle function of 7'(s) and &:
97().6) _ n7(s)

7' (s)] 7' ()l
The angle function 6(s) is called the contact angle of 7. A curve 7 is said to be a slant curve if 6 is constant [14].
In particular, curves with cos § = 0 are called almost Legendre curves or almost contact curves.

Now let us investigate the contact angle of a constant speed ¢-trajectory 7. Denote the speed of 7 by a > 0.
Then we get

cosf(s) =

0=3(q¢7,€) = 4(V57,8) =n(7) = (7, V5€) =n(7) = n(7)?
=(acosf) — Ba’® cos? @ = —ab' (sinf) — Ba’ cos? 6.
Hence we obtain
(sin®) 0’ = —af cos? 6.
From this equation we deduce the following fact.

Proposition A.1. Let N be a -Kenmotsu manifold. A constant speed curve @-trajectory ~(s) is a slant curve, then
sin@ = 0 or cos @ = 0. In the former case, ¢ = 0 and -y is a geodesic.

Remark A.1. Pandey and Mohammad claimed that every ¢-trajectory in a Kenmotsu manifold is slant. In
addition they claimed the existence of helical ¢-trajectories with constant contact angle so that sin6 # 0 and
cos @ # 0 in [24]. In the proof of [24, Theorem 1], they used K-contact property. However Kenmotsu manifolds
can not satisfy the contact metric condition & = dn since dn = 0.

A2
Now let us investigate o-trajectories in the hyperbolic 3-space H?(—/3?).
Let ¥(s) = (z(s),y(s), 2(s)) be a constant speed curve in H?(—3?). Then we have
0 0 0
=7(s) = 2/(s) — () — 1) 2 — Bz(s) ./ Bz(s), 1 ’
T(s) = 7'() = 2/(5) o 1/ (9)5 + /(5) - = 7/ (@)er 407y (s)ea + ' (s)es,
We put
Ty(s) = e™*a'(s),  Ta(s) = ™y (s),  Ta(s) = 2/(s).
By the constant speed condition, we may put
T1(5)% + Ta(s)? + Ts(s)? = a?
for some positive constant a.
Let 6(s) be a angle function of 7'(s) and &:
9(7(),6) _ Ty(s) _ Z(s) |
T~ VRGP R+ TP O+ y () + 25
In case 6 is constant, then 7 is said to be a slant curve [14]. If 7 is slant, then 2'(s) = a cos 6. From this we get
2(s) = (acosf)s + 2. Next, by the constant speed condition, T (s)? + Tx(s)? = a?sin” . Thus (T1(s), Tx(s)) is
represented as (asin 6 cos9(s), asin @ sin(s)) for some function (s).

cosf(s) =
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Proposition A.2 ([8]). Any slant curve in H3(—3?) is represented as

asinf fo‘s exp(—pB((acosO)u + zp) cos 0) cos P(u)du + xo

asinf [ exp(—B((acos)u + zp) cos 0) sin ) (u)du + yo
(acosB)s + zg

In particular, Legendre curves are parametrized as

<ia/ e A% cos (u)du + xo, ia/ e P70 sinap(u)du + yo, Zo>.
0 0

Now let 7 be a ¢-trajectory. Note that 7 has constant speed a > 0.
The acceleration vector field is

Vs = (11 + BT3Th)er + (Ty + BT3Tz)es + (T3 — BTT — BT5 )es.
The ¢-trajectory equation is the system
T{ + BTsT1 = —qT>, T+ BTsTy = qT1, T~ B(TF +13) = 0.

If 7 is a slant p-trajectory, then 77 + T = 0. Hence both z(s) and y(s) are constant. The velocity is T’ = Tse3. On
the other hand we notice that |T'| = a = |T3| = a| cos 0. Hence cos § = +1.
Thus 7 is a vertical geodesic parametrized as

(.’IIQ, Yo, +as + ZO)
with velocity 7' = +aé.

Proposition A.3. The only slant p-trajectories in H3(—/32%) are vertical geodesics. In particular there are no almost
Legendre p-trajectories.

B. Geodesics in M*(f3)

In this section we study geodesics in the LCK manifold M*(3) = H3(—4?) x R.
From (5.2), v(s) = (z(s), y(s), 2(s), t(s)) is a geodesic if and only if

T +BT3T, =0, Ty+pBT3Ta=0, Ty—B(TE+T3) =0, T,=0. (B.1)

Remark B.1. Since M*(3) is represented by M*(3) = R?(z,t) Xexp(s2) R*(x,y) as a warped product, one can
deduce the geodesic equations (B.1) by applying the following proposition [22, p. 208]:

Proposition B.1. Let (B, gg) and (F, gr) be Riemannian manifolds. Take a warped product M = B x ¢ F. Then a unit
speed curve y(s) = (vg(s),vr(s)) in M is a geodesic if and only if it satisfies

2 d
V3 s = far(veve) eradp f, V3 v = “Fy st Vr- (B.2)
Here V' and V¥ are Levi-Civita connections of B and F, respectively. The function
FO* 97 (Vr ) (B.3)

is a conserved quantity of a geodesic .

First of all we notice that ¢(s) =ty + cs for some constant ¢ because of the fourth equation of (B.1). Next, the
conserved quantity (B.3) is e*#*(T? + T2). Put r = ¢?%\/T? + T3 > 0. Then T} and T are expressed as

T1(s) = rexp(—28z(s)) cos(s), To(s) = rexp(—28z(s))sin(s)

for some function v (s). In other words, we retrieve (5.4).
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Example B.1 (Horizontal line). In case 77 + T3 = 0, i.e., 7 = 0, we get
T, =0, Ti+T;=1.
Hence T3 and T are expressed as
T5(s) =cosp, Ty=sinpy

for some constant p. Thus we obtain

v(s) = (x0, Yo, 20 + (cos u)s — 1,to + (sin pu)s).

This is a line in the totally geodesic plane {(x¢, y0, z,t) | 2,t € R}. In other words, v(s) is a line horizontal with
respect to the Riemannian submersion R?(z, t) X 5= R*(x,y) — R?(2,t).

Next we study geodesics with 77 + T3 # 0. Then from the third equation of (B.1), we get
T)(s) = Br? exp(—282(s)).

This equation is rewritten as

d?z 2 —28z

E = ﬂ"’ e . (B4)
This ODE is a special one of the Toda lattice [13, 25]. The ODE (B.4) is also called 1-dimensional Liouville equation
or Bratu equation [7, 11, 12].

Assume that cos ¢ # 0, then by using the first and second equations of (B.1), we have

1 dy  d d (T,\ T4 — ToT!
cos21 ds  ds any ds <T1> T?

Hence #(s) is a constant. In case cos ¢(s) is identically zero, then #(s) is a constant =7 /2. Hence we conclude
that ¢(s) is a constant and denote it by p.

Proposition B.2. Let z(s) be a solution to the Toda lattice (B.4) then the curve v(s) = (x(s), y(s), z(s), to) defined by

x(s) = rcosu/exp(—?ﬁz(s))ds, y(s) :rsin,u/exp(—2ﬁz(s))ds7

is a geodesic in H?(—43?) x R.

For simplicity we choose 8 = 4 and r = /2, then the general solution to the Toda lattice (B.4) satisfying the
initial condition z(0) = 2o is given by [13, 25]:

1
2(s) = B log cosh(2e™2%0%) + 2.
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