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Abstract
In this work, we show a categorical property for crossed squares of commutative algebras by defining a
specific object in this category and then we give the construction of the pullback with this object.
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1. Introduction

Whitehead introduced crossed modules [1] as a homotopy 2-type connected space. In his work Whitehead
shows that for a CW-complex
0 :ma(X, P, x) — m (P, *)

is a crossed module. Later Porter adapts this notion for crossed modules of algebras [8]. The commutative algebra
case for crossed modules can be found in the works of Gerstenhaber [9] and Lichtenbaum-Schlessinger [10].

Guin- Waléry and Loday defined crossed squares in [11] as an algebraic model for homotopy 3-type connected
spaces. Thus crossed squares model homotopy types in dimensions bigger than 3. Later Ellis defined the com-
mutative algebra version of crossed squares in [2]. 2- crossed modules and quadratic modules are also models
for homotopy 3- types. Quadratic modules defined by Baues and 2-crossed modules defined by Conduché. The
commutative algebra versions of quadratic modules and 2-crossed modules defined in [13], [14] respectively. Also
Conduché shows that a mapping cone of a crossed square is a 2-crossed module [12]. The relations between the
category of crossed squares and related categories such as simplicial groups, 2-crossed modules are given in [3], [4]
and [13] as illustrated in the following diagram.

Crossed Squares

14 3

Quadratic Modules < 2-Crossed Modules e Simplicial Algebras_,

Categorical properties of these related categories such as pullback, limit and colimit are investigated in [5] [6],
[7].The pullback construction is highly related with fibration. The fibration of 2-crossed modules is given in [16].
The category of pairs of crossed modules is mentioned in [7] to investigate the bifibration of crossed squares of
groups. In section 3 we adapt this category for commutative algebras and construct a crossed squares from any pair
of crossed modules. In last section, we construct the pullback of crossed squares over commutative algebras.

2. Preliminaries

In this section, we will recall the definitions of crossed modules and crossed squares. Now we give the definition
of crossed modules of algebras from [15].
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Definition 2.1. Let C and R be two k-algebras and R acts on C. The morphism
0:C =R

of k-algebras is called pre crossed module if
d(r-c)=rd(c)

for all ¢in C and r in R. In addition to this condition if 0 : C' — R satisfy
c-o(c)=cc
then @ : C — R is called a crossed module and denoted with (C, R, §).

Example 2.2. Let R be an algebra and I be an ideal of G. (I, R, inc) with inc : I — R is a crossed module. Where R
acts on I by conjugation.

Example 2.3. Let M be a R- module. (M, R,0j) is a crossed module with zero morphism 0y : M — R,
OJW (m) = €eRr .

Definition 2.4. A commutative diagram

of commutative algebras with actions of the algebra R on C, D and E and h-map
h:CxE—D

is called crossed square [2] if forall ¢,/ € C,d € Dande,e’ € E,r € R, k € k:
The 8, a, 0,6 and 08 = da are crossed modules;
B, a preserve the action of R;

kh(e,e) = h(ke,e) = h(c, ke);

h(c,e+¢€') = h(c,e) + h(c,e);

h(c+ ' e) = h(c,e) + h(d,e);

r-h(c,e) =h(r-c,e) = h(c,r-e);

Bh(c,e) =c- e

ah(c,e) =e- ¢

h(c,a(d)) =c¢-d;

0. h(B(d),e) =e-d.

= B ol o e

C
We will denote such a crossed square with ( D R ) . Let
E

C c’
w:| D R |- | D R
E E'

be a morphism of crossed squares. Then the morphisms

¢p: D — D pc: C —
vp: E — F vr: R — R
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are crossed module morphisms making the diagram

CxFE

Sﬂm

C'x E' W

D C

<

=

is commutative and the homomorphisms ¢p, pc, ¢ are pr-equivariant. We will denote this category by Crs?.

Example 2.5. Let (C, R, 0) be a crossed modules over commutative algebras and (C’, R’, ") be any ideal of (C, R, 0).
The diagram

with b : C x R' — C" h-map given by h(cr’) = ¢’ for ¢in C and 1’ in R’ is a crossed square.

Example 2.6. Let I and J be two ideals of a commutative ring . The diagram

JTICHI
J——R

is a crossed square with h : J x I — J NI and h-map is given by h(ji) = ji.

3. Crossed Squares from Pairs of Crossed Modules

In [7] Brown and Sivera mentioned bifibration of crossed squares over the category of pairs of crossed modules
in groups. In this section, we will give the definition of the category, pairs of crossed modules, for commutative
algebras.

Definition 3.1. Let i : C — P and ¥ : E — P be crossed modules of commutative algebras. The category, pairs of
crossed modules, X M od? consists of objects

~
=

=

F—
v

and with the morphisms preserving the action of R on C and E. Shortly we will write (C, E, R, u1,¥) for a pair of
crossed modules.

C
Let ( D R ) be a crossed square and f = (f1, f2, f3) : (C', E',R',i/,¥'") — (C, E, R, u, ) be a morphism
E
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in XMod? as given by the following diagram.

C/

’ \L \\f:l
N

R/

DAY,

F—
We define
fr=A(,,d) e E' x C" x D :9'(e') = p/(), f2(e') = a(d), f3(c") = B(d)}
and f1(¢/,c,d) =, B2(€’, ¢, d) = € to give the next proposition where o : D — C'and 6 : D — E.
Proposition 3.2. The diagram
f* B2 '
Bli i;ﬂ
E——=R
19/
constructed with the data above is an object in Crs?.

Proof. 1. From the definition ;" and ¢’ are crossed modules. First, let us show that 3 is a crossed module.

Bl (s d) = i) e, ol - d)
e

— CH'/B]_(e/,C/,d)

forc’ € ¢, (¢/,c,d) € f*and

(61(6/,6/,60)'(EI,CH,d/) — / (e// c// d/)

( /( /) / C// fS(C”) . d)
= W) e o(d) - &)
( / // / // dd/)

= (e, d)(e” ", d)

for (¢/,c',d), (¢",c",d") € f*. Similiar way S; is a crossed module. Since compositions of two crossed modules
1 81,9 B are crossed modules and from the definition of f* it is clear that x/3; = 9¥/5s.
2.81 and f; preserves the action for v’ € R’ and (¢/, ¢/, d) € f*

ﬂQ(r/' (6/,cl,d)) = 52(7”,'6/77“/-0/,‘][1(7'/) d)
— .

= 1 Ba(e,d,d)

3. Define
MW :E xC — E xC'xD
(e, ) = (W) e 0 (€) - ¢ h(fa(e), £3(c)))

C
where h : E x C' — D is the h-map of ( D R ).Forc’EC”,e’eE’andkEkwehave
E

k-h'(e,c) k(u' () - €', 9" (e") - ¢, h(fale'), f5(c")))
(k-p'(d) e, k() - k- h(fg( ') 14
(W' (c') - ke', 9’ (ke') - ¢ h(kfz( "), f3(c")
(' () - ke/’ﬁ’(ke’)c"’h(fz(ke') f3(c"))
= MW(ke',d)

(
)

<))
)
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4.Forc,c’ € C’and e’ € F/;

36

—~ —~ A~~~ - —~ —~ —~ —~ —~
B o < RS = RS < RS = RS <
—~=~ = o~ NN % = =~ NN % RSN 3
—~ NS/~ — ~nsm - NS/~ — s, NSNS
R R e gy B e T DTy B e T )
OC——~ w T P S [N 2N =
L=< PRI PRGN PRI SIS PRI
AT —~0 o S —~0 o L X —~p o S, —~0 o L X —~0 o S
s - \\U/alvx/mu\f ) \/\//mv\/ol.v\/.nﬂufﬁo \/\//alv\/wv\f ) \/\/@\/m.v\/mmrho \/\/(ex(e\f [}
— — T o .~ RS S (SRS IS . RS S SRS
\i/]lT/@QU O ST O == ] O ST O = O S0
T — - —— . v = ~— ~— ~~ —— . v = ~— ~— -~ —— . v w
AN WL YE 2 El R WL PE 2 El R wsl vE
L v R Ly R S [ = o
unjé = PSRN L ==l PN L = =g PN e
S~ R S N Lol al’ R S N = Lol al R S N
PSS [S) o ) == O L L ek (SR =3 O L L Ak
o= . — s — s — LT - — s — T -
T N O3V L3 o= X L3V =y N e L3 Vs
+/c 3 [SEEN S S 3) /cvlc o TS ) o S 3 <
~. 5 + h//HCI h?ll RS h.,//NCI h/l N h/IHC/
LS NS [S) TV U~ = TV VU TR TV U~ = T VR )
— =~ WV — WV — = WV — V— — W — —
Loxn = RS "% T T >3 T >3
— ESEREN R RN N
S== % o= T E o T Ao o= T E o T O o= T E
S e ) < &= %) < S v [ S ) < S w ) <~ &3
-~ - ﬂo (/T ~ — D (/T w L — (/T “ — D (/r w L — (/r W — D
~ N N N = I Ny Ny > Ny NN Ny Ny
ot - > > =< > 7MUOU > - =< > ,amvov > T .2 <
o~ —~ N ~ < -~ —~ ~ < =~ =~ ~ <
< <" v <" <" T =~ <" <" o <" T — < RO I
< Iel [\8) L QO [\ L O, ~ Q L Vv, QO [\SEE SR [\8) Lo Vv, Q
R It . —  ~ <0 —~ < —~  ~ < . —~ < o~
EN ~Ne~—s RO~ ~= — Q ~e~——s RO~ = —~ Q o~~~ =
+ ES [ NG S C [ NG S [ [ SN
— R — [SPNSTN ST, < SRS SR 3 vV TV T T . VU U~ PRSI ST
- - h/\ — N [\ /I\/I\(/C IT — N [\8] /I\/I\/I\/C /T — N —
IS N Y T N S N Y T N TSI~ —~
— v v o 2 2 I o LT 3 I oo 2 2 I o T 2 I e o T 2 I o
E o O — . O — . O Q — . &= = — T . O QU ~— —_ =
0 NG . LT TEE T E s DI
L N N N N N N N
SRR~ LT EIT3E2 v B2 3 LTEEETE L E2E: LY EETE:
O — = [
I
+++th | | V VO 1 | | | e O B O O O |
/m.v\/e /@ /6 1T —~ —~ —~ —~ —~
e L, ~0 ~0 0 RS o
oo Q - - ~
SIS ~o o ) o v
I I X 3 = = = = =
—— . . .
- “ “ “ “

)
6.Forc e C',¢',e E'and 1’ € R';
7.Ford e C',e € E'and ' € R/;
8.Forcd e C',¢’ e B andr’' € R';
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r' k(e )

I
~——
-~

9.For (¢/,c,d) € f*and e” € E’;

W(e, B, d)) = n(e", )

= (w(d)-e"0'(e") - <, h(fa(€"), f'()))
= V()" (") - h(f2(e”), 0(d))
_ (e/ e el Cl,fg(eﬂ) -d)
= ¢ (,d,d)
10. For (¢/,¢/,d) € f*and ¢’ € C’;
N(Ba(e,c,d), ")y = h( )
= (u ( )€l 0'(e') - " A fa(€), f3(c”)))
= (¢ () - h(5(d). fy(e)
— ( /1, / / // 3(6”)'d)
= (¢, ' d d)

Conclusion 3.3. There exist a functor
F: XMod? — Crs?

from the category of pairs of crossed modules to that of crossed squares.

4. Pullback in Crs?

In this section, we will give the construction of a pullback object in Crs? using pairs of crossed modules.

C

Definition 4.1. Given a crossed square ( D R | and a morphism of pairs of crossed modules
E

f={(f1,f2. f3) : (C",E', R, y/,¥') — (C, E, R, 1,9) the pullback crossed square can be given by

Cl

i) A crossed square ( fr
E/

R ) such that

fr=A(e,d,d) e E' x C"x D :9'(e') = 1/ (¢'), fa(e') = a(d), fa(c') = B(d)}

ii) Given any morphism of crossed squares

D, o
f3
B
D C
£’ R
k \JN
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there is a unique crossed square morphism making the diagram

C/
( Dl R/ )
E/

(1141 - J/(B,fl,fz,fs)

o C
f* R - D R
§od (e, f1,f2,f3) E

Next we define a morphism

commutative.

a:f* — D
(e,d,d) — d

to give the following proposition.
Proposition 4.2. (f*, 81, B2) is the pullback object for the pair (', 9").

Proof. For (¢/,c/,d) e E' xC" x D;
faBa(€',cid) = fa(€)

= 6(d)
= Jda(e,d,d)
= faf2 =da
w'Bi(e, ', d) w(c)
= ()
= ¥Ba(e,d,d)
= Wp=7p
f351(elvc/7d) = f3(cl)
= 0(d)
= Odale,d,d)
= f3f1 =0«
C
Furthermore since (f1, fa2, f3) € Mor(XMod?) we have fip' = pfs, 9fa = f19 and | D R | is a crossed
E

square ;10 = 96 making the following diagram

RN

B

f*
B2

1
D

Cl
f3
P‘l
C

59
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commutative. Thus (a, f1, f2, f3) is a morphism in Crs?®. Let g = (¢, fi1, f2, f3) be another morphism in Crs?

71

fi ¢
f3
o '
72 p - C
s
P — R "
N
E R
9
and an h-map
hiy:E'xC" — ff
(e/,c) =X
be given. Define
& fi =

= (1(@),72(2), o (2))
Next we will show that ¢ : ff — f* is well-defined. We know that for

(¢',d,d) € f* & 9'(e) = W/(c), fs(c)) = 0(d), f2(€') = 6(d)

Forz € f;
fs(a(®)) = fap(r) = dd(x) = 0d(!(z))
fan(@)) = fon(e) = ba'(z) = (/' (2))
This shows that (71 (2),v2(2), o/ (z)) € f*. Then we get
af(z) = a(n(z),2(@),d(z) = o)
Pré(x) = Pr(n(x),72(x), 0’ (2)) = m(x)
Pof(x) = Pa(m(x),72(2), 0 () = 72(x)

That is we have the following diagram

i = o
3
£ w fs
Y2 \
D 7 C
5
E v R
%
fa f1
FE R
9
Let
§off = f

x = (,d,d)
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be another morphism satisfying

Bi&’ (x) = (), o8’ () = 2 (2) , 0" (x) = o' (2).

For z € f{ we have;

pif' (z) = pi(e,dd) = ¢ =m()
/825/ (’I) = /62 (6/7 C/a d) = 6/ =72 (l’)
af' (z) = a(e,d,d) = d =d(x)
this implies (71 (z),72 (), ¢ (z)) = (¢/,,d) . Since
gx) = (¢,¢,d)
= (’71 (l’) )y V2 (x) ) o (‘L))
= £(z)
= (x)=¢(2)
= =<
¢ is unique. As a result (f*, 51, f2) is the pullback object for the pair (y/, 9'). O
Conclusion 4.3. Pullback object exists in Crs?.
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