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Abstract – In 1979, Popa introduced the notion of rare continuity. 

 Bhattacharya  introduced the concept of 

rare  set and rarely continuous functions. This paper is devoted 

to the study of upper and lower rarely - continuous 
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1. Introduction 
 

The spaces  which no separation axioms 

are assumed unless explicitly stated open and open sets play an important role in 

generalizations of continuity in structure. By using these sets many authors introduce 

and studied various types of generalizations of continuity. In year 2000, Popa and Nori [13] 

introduced on M-continuous functions.  One of the most significant of those notions is 

continuous s. Continuity and multifunction are basic topics in several 

branches of mathematics such as in general topology. In 1989,  introduced the 

notion of rarely . In year 2000, Noiri and Popa [11] introduced 

and investigated on upper and lower M-continuous  in year 2010, 

Bhattacharya (Halder) [8] introduced and investigated rarely  continuous function. 

Recently (2013) Ekici, Jafari [3] introduced and investigated rare s-  for 

multifunction. The purpose of the present paper is to introduce the concept of rare -  

–continuous multifunctions i.e the notion of rare -  – continuity, as a generalization of 

rare continuous multifunction and study some of its properties. 
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In the next section, some of the important preliminaries required are cited. These are 

required to proceed further through this paper. 

 

 

2. Preliminary  
 

In this section some of the important required preliminaries are given. 

 

Definition 2.1. [17] A subfamily  of P(X) is called a minimal structure on X if   

and X . Each member of  is said to be an  open set, and the complement of an 

 open set is said to be   closed set. We denote by  a nonempty set X with a 

minimal structure  on X. 

 

Definition 2.2. [17] Let X  a nonempty set and  a minimal structure on X. For a 

subset A of X,  -ClA and  –  are defined as follows:  

 

 –  }, 

 – ) = {G : G A, G  }. 

 

Definition 2.3. [5]  A rare set is a set S such that  and a dense set is a set S 

such that   

 

Definition 2.4. [12] A function f: X  Y is called a rarely continuous function if for each 

 and each  there exist a rare set  with and 

  . 

 

Definition 2.5. [8] Let   be a minimal structure on X. A subset A of X is said to be an 

open   [resp., ] set if   –  = A [resp.,  –  = A]. 

 

Definition 2.6. [8] A subset A of X is said to be a rare [resp., dense]  set if  –  

=  [resp.,  –  = X].  

 

Definition 2.7. [8] A function f :  is called a rarely  -  continuous 

function if for each open   set G containing f(x) there exists a rare   set RG with G ∩ 

  - ) =  and an open   set U containing x such that . 

 

 By a multifunction   we mean a point to set correspondence from X to Y and 

assume that  for all  Let  be a multifunction. We denote the upper 

and lower inverse of a subset K of a space Y by (K) and (K), respectively, which are 

defind as follows : 

 

(K)  = and (K)  

 

Definition 2.8. [15] A multifunction  is called 

 

(1)  if for each  and each open set M having connected  

complement such that  there exists a preopen set N containing x such that 
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(2)  if for each  and each open set M having connected 

complement such that  there exists  a preopen set N containing x such that 

 

 

 A multifunction  is called  

 

(1)  at and if for each open set M of Y having 

connected complement such that x , there exists a preopen set N containing x such 

that N Cl(M)),  

 

(2) )  at and if for each open set M of Y having 

connected complement such that x there exists  a preopen set N containing x such 

that  
 
(3)  if it is upper (resp. lower) weakly s-pre 

continuous at each   

 

  A multifunction  is called   

 

(1) upper rarely s-  at  if for each open set M having connected 

complement such that , there exist a rare set  with  and a 

preopen set N containing x such that  , 

 

(2) lower rarely  s-  at  if for each open set M having connected 

complement with  there exist a rare set  with  and a 

preopen set N containing x such that  for every . 

 

(3)    s upper(resp. lower) rarely s-

pre continuous at each . 

 

 : Let  be -  continuous and injective. 

Then g preserves rare  sets. 

 

  The following statements are equivalent for a function f : X → Y . 

 

(1) The function f is rarely -  continuous at  

 

(2) For each open  set containing f(x) there exists a open  set  containing x such 

that  

 

 
 
(3) For each open  set G containing f(x) there exists a open   set U containing x such 

that  

 

 

 

  Let  be a rarely -  continuous function. 

Then the graph function , defined by g(x) = (x, f(x)) for every x in X, 
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is a rarely -  ×  continuous function. 

 

  Let  be a rarely -  continuous function 

and  a one to one -  continuous function. Then 

 is rarely -  continuous.  

 

 

3.   

 

In this section we introduced rarely -  continuous multifunction and also investigate 

some of its property.   

 

 The multifunction  is called  

 

(1) Upper rarely -  continuous (briefly . - .c.) if for each  and each   

open set  with  , there exist a rare    set    disjoint from V and an open 

   set U containing x such that  
 
(2) The multifunction  is called lower rarely - .-continuous (briefly  

- ..c.)  if for each and each  open set    ; there exist a 

rare  set disjoint from V and   

;    

 

  : 

 

(1) F  , 

 

(2) For each open  set with there exists such 

that       

 

(3) For each   open  set  with  there exists  such that -

 
 
Proof:   (1)  (2):  Let  be an open   set containing  Since  is an open  set,  

 - - -   

 

Also,  - Int (  is an open  set containing  Since is a  upper rarely  

- continuous function there exists a rare  set with  - Int ( - ∩  -

Cl  ) = , and an open set  containing  so - -

 So, we have  

 

-  -  

-  [ -  (  -  ] ∩ -  

 - - -   

 -  -  

 

: From (3),  -  -  so  -  - 

 -   
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:  Let there exist an open  set  containing  with the properties given 

in (3). Then there exists an open  set U containing x such that  -  
 – ). We have 

 

 -  - -  

 [ ) - -   –  

= ) - -  ( -  

=  -   ( -  

 

Let   - -  and  = – . Then,  = 

  is a rare set such that –  . Therefore from 

Definition 2.7, F is a rarely -  continuous function. 

 

. For a multifunction  the following are equivalent:  

 

(1) . - .c at  

 

(2) For   such that   , there exists a rare  set  with 

-  -  (   

 

(3) For each open   set  such that    a rare   set  with 

-        -  

 

(4) For each regular open    set    , there exists a rare set  

with   (     such that   -   

 

Proof: (1)  (2)   set  such   . By (i) ,there exist a rare 

 set   with -  ( ) =  and open   set  U containing x such that 

 for each . Therefore, u (V ) for each  and hence 

 Since U   (X, x), we obtain xU -  (  (V  )). 

 

 Suppose that  is an open  set containing   there exist a rare 

  set  with -  such that x  -  Since   

V ∩ -  ( )    (Y \ -ClV)  (  -ClV\ V). Now, we have   

(  (Y \  Let  = (  (Y \  -  It follows that 

  a rare  set with -  ∩  = . Therefore, -  

 - Int (  ( - ).  

 

(3)(4): Let  be any regular open  set of Y such that By (iii), there exists 

a rare set  with (V) ∩  =  such that x - (  ( - )  ). Put 

then P is a rare set and  Moreover, we have  

 - Int (  (  -  - Int (  ( ( V) - V)  - Int 

(  (   

 

(4)(1): Let  open    set  such that Then Int(  

and    Int(  is regular open -  set  in Y. By (iv), there exists a rare set  

with V )  such that x  - Int ( (  )). Therefore, there exists 
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U  (X, x) such that ( ));  )    . This 

shows that  is lower rarely   - continuous at x.      

         

    The following statements are equivalent for a 

function  
 
(1) The function f is rarely -  continuous at  

 

(2) For each open   set V containing f(x) there exists a open  set U containing 

x such that -  - Y \ V) = . 

 

(3) For each open   set V containing f(x) there exists a open  set U containing 

     x such that - -   

 

   then for any open 

 set   and any open   set  there exists a rare 

set  disjoint from V and a nonempty open  set  such that    

 

 Let V Y be open     , and let U X be an open  set 

containing . By Theorem 3.2, there exists G   (X; x) such that  has 

empty interior   , say  . In addition, is disjoint from 

V. Then  is an  -open set containing x. If    then W is a non- 

empty  open set contained in U.  

 

 
 

 For a multifunction  the graph multifunction 

 is defined as  

for each   

 

. Let    .  

Then the graph function   , defined by  for 

each   -  . c   multifunction.   

 

 Suppose that  and that W is any open   set containing  (x). It 

follows that there exists an open  set U and an open  set V such that (x, F(x))  

 Since F - .c multifunction, from  there exists an 

open  set D containing x such that    - Int F(D)   -Cl V . . 

It follows that E is an open set containing x for which    

 

          -    -  U  –  - ) 

 

. -  .c   multifunction.   

 

 : Let f : (X, ) → (Y,  ) be a rarely -  

continuous function. Then the graph   , defined by 

 for every x in X, is a rarely -    continuous function. 
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   . - .c multifunction and  

 a one to one u. - . . Then 

 
 

Proof: Suppose that    )  V, where V is an open  set in Z. By 

 G is u. - .c , therefore there exists an  open set D Y 

 .  , 

there exists a rare  set RD with D ∩  -Cl (  and an open set U containing 

x such that F(U)  D RD. It follows from Theorem 2.11 that G( ) is a rare  set in Z. 

Since  is a subset of and G is injective, we have  -Cl ( )) ∩V=. This 

implies that  e result.  

 

  (X, ) → (Y,  ) be a rarely -  

and g:  a one to one  - continuous 

function. Then  -  

 

 : Let X be a nonempty set having two minimal structures  and  

such that UV  whenever U  and V  .If a multifunction   (X, ) → 

(Y,  ) satisfies the following two conditions: 

 

(1) F : (X, ) → (Y,  ) is upper  rarely continuous and  

 

(2) For each open set G containing F(x) and having connected complement, (  

Cl( )) is a  closed set of X, where  is  rare then F : (X, ) → (Y,  ) is upper 

   continuous.  

 

(3)  Let  and G be an open set of Y containing F(x) . Since 

 upper  rarely continuous , there exist V  containing 

x and a  rare set  with  – ( )∩G =  such that  . If we suppose 

that x ( –Cl ) then , but 

 

 

 

This is a  contradiction. Thus x ( ( ))   . Let U =V (X-  – (RG)) .Then 

U   and xU since xV and  -   (  – ( )). Let , then 

and F(s)   –  ( ) = . Therefore, we have F(s)   = and hence 

F(s)   . Since U  containing x , it follows that :  is upper  

–   continuous.   

 

 Let f:  be a function. ) is 

called regular  open if the image of every  open subset of X is  open set in Y.   

 

 Let (X, ) be a  structure. X is called  -  , if for each pair of 

 x and y in X, there exist disjoint  open sets U and V such that xU 

and yV.  

 

 If F : (X, )→(Y, ) is an r  -open   upper  –  rarely 

continuous  multifunction and Y is mY-T2 , then F : (X, )→(Y, ) is  pre closed. 
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 Suppose that  and }. Since Y is -  then there exist 

disjoint rare  open set  and G such that F(x)  and and yG. 

Since ))G =  implies    y  –Cl( )). Since F : (X, )→(Y, )  r open   

upper  –  rarely continuous multifunction then  there exists a  open set A 

containing x such that  -Int(F(G)) = F(G)   – ( )). Suppose that G is not 

contained in Then there exist a point aG such that F(a) = y. 

Since  , then we have   is a 

contradiction. Therefore,  and   is  open in 

X. Thus,  is  open in X. Hence F -(y) =  is 

closed in X. 

 

: Let  be a upper  –  rarely continuous function and Y is a 

 –Hausdorff, then there exist a  open set U of X containing x and an  open set V 

of Y containing y such that F(U) ( Cl(V) =  for each   

 

 Suppose that   . Since Y is  –Hausdorff, then there 

exist disjoint  open sets V and  such that yV and , respectively. We have 

  -  .Since F is upper  –  rarely continuous function, then then 

there exists a  open set U containing x such that   . It follows from that 

 

 

 Let  be a   . If    is called r  open if 

 is   open in Y for every  open set A of X.    

 

 If  (  ) (Y, ) upper  –  rarely continuous function and 

r  open, then  is upper weakly  –  continuous.   

 Suppose that  and V is an  open set of Y  . Since  

upper  –  rarely continuous function then there exists a  open set U containing 

  such that  

  V).  

 

 , F : (X , ) (Y, ) is upper weakly -  continuous.   
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