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Soft Lattices

Faruk Karaaslan' Naim Cagman? and Serdar Enginoglu®

Abstract

Soft set theory was introduced by Molodtsov in 1999 as a general mathemat-
ical tool for dealing with problems that contain uncertainity. In this paper,
we define concept of a soft lattice, soft sublattice, complete soft lattice, mod-
ular soft lattice, distributive soft lattice, soft chain and study their related
properties.

Keywords: Soft sets, soft sublattices, complete soft lattices, modular soft
lattices, distributive soft lattices, soft chain.

1 Introduction

Soft set theory [31] was firstly introduced by Molodtsov in 1999 as a general mathematical
tool for dealing with uncertainty. The operations of soft sets are defined by Maji et al.[30]
and redefined by Cagman and Enginoglu[6]. Recently, the properties and applications on
the soft set theory have been studied increasingly [2, 9, 17, 34, 38]. The algebraic structure
of soft set theory has also been studied in more detail [1, 4, 11, 18, 19, 21, 22, 23, 24, 25],
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and many interesting applications of soft set theory have been expanded by embedding
the ideas of fuzzy sets [4, 8, 12, 28, 35, 37].

The soft lattice structures are constructed by Nagarajan and Meenambigai [32] and Li
[27] over a soft set. In this paper, different than Li [27] and Nagarajan and Meenambigai
[32], we define soft lattices over a collection of soft sets by using Cagman and Enginoglu’s
[6] operations of the soft sets. We also give an algebraical and a set-theorical definition of
soft lattices and we prove that algebrical and set-theorical definitions are equivalent. In
addition, we introduce complete soft lattice, soft sublattice, soft chain, distributive soft
lattice, modular soft lattice and discuss their related properties.

2 Soft set theory

In this section, for subsequent discussions, we have presented the basic definitions and
results of soft set theory which are taken from earlier studies [6, 30, 31].

Throughout this work, U refers to an initial universe, P(U) is the power set of U, E
is a set of parameters and A C E.

Definition 2.1. A function fa : E — P(U) such that fa(z) =0 if x ¢ A, is called a soft

set over U.
The set of all soft sets over U is denoted by S(U).

Definition 2.2. Let fa € S(U). If fa(x) =0 for all x € E, then fa is called an empty
soft set, denoted by fs.
If fa(x) =U for all x € A, then fa is called A-universal soft set, denoted by f;.
If A= FE, then the A-universal soft set is called universal soft set denoted by fp.

Definition 2.3. Let fa, fp € S(U). Then, fa is a soft subset of fg, denoted by foCfp,

if fa(z) C fg(zx) for allz € E.
fa and fp are equal, denoted by fa = fg, if and only if fa(x) = fp(x) for allx € E.

Remark 2.4. fuCfg does not imply that every element of fa is an element of fg.
Therefore the definition of classical subset is not valid for the soft subset. For example,
let U = {uq,uz,us,us} be a universal set of objects and E = {x1,x2,x3} be the set
of all parameters. If A = {x1} and B = {x1,23}, and fa = {(z1,{u2,us})}, fB =
{(z1, {uz,us,us}), (z3, {u1,us})}, then for all e € fa, fa(xz) C fp(x) is valid. Hence
faCfp. It is clear that, (x1, fa(x1)) € fa but (z1, falz1)) & [B-

Proposition 2.5. If fa, fg € S(U), then
1. falfp
2. faCfa
3. faCfa

4. faCfp and fpCfc = falfc
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Definition 2.6. Let f4 € S(U). Then, soft complement of fa is defined by f§ = fae
such that fae(x) = f4(z) = U\ fa(z) for allz € E.

Definition 2.7. Let fa, fg € S(U). Then, soft union of fa and fp is defined by fa0fp =
faop such that faop(x) = falx) U fe(x) for all xz € E.

Soft intersection of fa and fp is defined by faNfp = famnp such that faqp(z) =
fax)N fp(x) for all z € E.

Proposition 2.8. If fa, fB, fc € S(U), then

1. faOfa = fa

2. faUfs = fa

3. faUfg = [z

4. faOfS =[5

5. faUfp = fBUfa

6. (faUfg)Ufc = faU(fBUfc)

Proposition 2.9. If fa, fB, fc € S(U), then
1. fanfa = fa

2. falfe = fa

3. fanfg = fa

4. fanfi = fo

5. fanfe = fBNfa

6. (fanfe)nfe = fan(fenfe)

Proposition 2.10. [6] If fa, fB, fc € S(U), then
1. faU(feNfc) = (faOfs)N(faUfc)
2. fan(fUfc) = (fanfB)O(fanfc)

3 Soft Lattices

In this section, the notion of soft lattices is introduced and several related properties and
some characterization theorems are investigated.

Definition 3.1. Let £L C S(U), and Y and A be two binary operations on L. If the set
L is equipped with two commutative and associative binary operations Y and A which are
connected by the absorption law, then algebraic structure (L, Y, A) is called a soft lattice.

Theorem 3.2. Let (L, Y, A) be a soft lattice and fa, f5 € L. Then

farlfB=fae faY fB=fB
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Proof.

Conversely,

faY [B

fa X fB

(fa X fB)Y fB
fBY (fa X fB)
fBY (fB A fa)

fB

fa A (faY fB)

fa

O

Example 3.3. Let U = {uy, us, us, ug, us,us} and L ={fa,, fas, fas, fass fas} CSU).

Assume that

fa,
.fA2
fA3
fa,
fas

e1, {u1, uz, us}), (e, {us, us}), (es, {ua, us})}
e1, {u1,uz,us}), (e2, {us,us})}

e1, {u1,uz})}

e, {ui})}

{«(
{(
{(e1, {u1,us}), (es, {ua,ue})}
{«(
{(

Then (L£,0,0N) is a soft lattice. Tables of the operations are as follows, respectively;

and

U .fA1 fA2 fA3 .fA4 fA5
fao | far far fan fan fa
fas | far fas fa, fao fa.
.fA3 fAl fAl fA3 fA3 fAs
Jfag | far fas fas fag fa,
fas | far fas fas far [fas

N .fA1 fA2 fA3 .fA4 fA5
fao | far fas fas far fas
fas | fae fas far fao [fas
fas | fas far fas fao fas
.fA4 .fA4 .fA4 fA4 fA4 fA5
.fA5 .fA5 .fA5 fA5 fA5 fA5

The Hasse Diagram of it appears in Figure 1.

Theorem 3.4. (L£,Y,A) be a soft lattice and fa, [B

defined by

€ L. Then a relation =< that is

falfee falkfe=Ffaor faY fp=[B

is an ordering relation on L.

Proof. 1. <isreflexive. f4 = fa < fa A fa= fa.
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fa

fas fas

fA4

fas

Figure 1: A soft lattice structure

2. = is antisymmetric. Let be fa < fp and fp =< fa. Then from hypotesis,
fa = faAfs
= fBAfa
= fB

3. = is transitive. Let be fa < fp and fp < fc. Then

faxfc = (faifB)Afc

= far(fB A fo)
= faAfB
from hypothesis fa <X fc.
O
Theorem 3.5. Let (L£,Y, A) be a soft lattice and fa, fg € L. Then,
1. fahfp =2 faand fa X fp=fB
2. fa2faY fpand fg 2 faY [B
Proof. 1. By Definition 3.1,
(faX fB) Y fa=faY (fa X fB) = fa
from Theorem 3.4. We get fa A fp = fa. It can be show that fa A f5 =< fB.
O

The proof 2 can be made similarly way.
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Theorem 3.6. Let (L, Y, A) be a soft lattice and fa, fB, fc, fp € L. Then

faRfeand fo 2 fp=fakfc2fBAfD

Proof. From hypothesis and Theorem 3.4, fa A fg = fa and fo A fp = fco

(fa A fe) A (fB A fD) [(fa A fo) A fB] A fD
[fa A (fo X fB) A fD
[fa X (fB A fO)] A fD
[(fa A fB) A fe] A fp
(fa X fB) A(fc A fp)
= fakfc

Then, from Theorem 3.4, fa A fc =X fB A [D. O

Theorem 3.7. Let (L£,Y, A) be a soft lattice and fa, B, fc, fp € L. Then,

fe2faand fp 2 fe = fY fo 2 faY fe
Proof. Proof is made similarly to Theorem 3.6. O
Example 3.8. From Ezxzample 3.35. fA2§fAl and fA4§fA3. Then fA2ﬁfA4§fAlﬁfA3.

Lemma 3.9. Let (L, Y, A) be a soft lattice and fa, fp € L. Then, fa Y fp and fa A fB
are the least upper and the greatest lower bound of fa and fg, respectively.

Proof. From Theorem 3.5, f4 A fp and fa Y fp are a lower bound and an upper bound
of fa and fp, respectively. Assume that, f4 A fp is not a greatest lower bound of f4 and
fB. Then, fo € L is exist, such that fa A fg = fc X faand fa A fB = fo = fB. Hence,
by Theorem 3.6, fo A fo =X fa A fp. Thus fc < fa A fp. That is fo = fa A fp. This is
a contradiction.

For fa Y fp the proof can be made similarly. O

Theorem 3.10. A soft lattice is a poset.

Proof. The proof is obviously, from Lemma 3.9. O
Theorem 3.11. Let £ C S(U). Then, an algebraic structure (L, Y, A, =) is a soft lattice.
Proof. For all fu, fp and fo € L,

1. From Lemma 3.9,
faAfe=faand fa X fp = [fB
from Theorem 3.6
faXkfB=[fBAfa
Similarly,
fBAfa=faX[B

Then, fa A fg = fg A fa. By the same way, the proof of f4 Y fg = fg Y fa can
be made.

10
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2. From Theorem 3.5,

(faAfB) A fo =X falfp=fpand (fa X fB) A fc = fc

from Theorem 3.6,

(fa X f) A fe 2 fB A fe (1)
Also

(faXfB) A fo 2 fakfp=fa (2)
from (1) and (2)
(fa X fB) A fo 2 faX(fB A fo)
Similarly,
faX(fe A fo) 2 (fa X fB) A fe
Then,
(fa X fB) A fo=far(fB A fo)

By the same way, the proof of f4 Y (fp Y fc) = (fa Y fB) Y fc can be made.

3. From Theorem 3.5,
Ja 2 (faY fB) and fa X fa,
and from Theorem 3.6,
fa 2 (faY fB) A fa

Similarly,

(faY fB) A fa = fa.

Then, fa A (fa Y fB) = fa. By the same way, the proof of fa Y (fa A fB) = fa
can be made.

O

Note 3.12. According to this theorem, a soft lattice (L, Y, A) has the same character with
(L, Y, A, =). Therefore, we shall identify any soft lattice (L, Y, A) with (L,Y, A, =) and
use these two concepts as interchangeable.

Lemma 3.13. Let £L C S(U). Then, soft inclusion relation C that is defined by
faCfs & faUfB = fB or fa0fp = fa
is an ordering relation on L.

Proof. For all fa, fp and fc € L,
1. C is reflexive. fAQfA
2. Cis antisymetric. fAQfB and fBQfA < fa=fB

3. C is transitive. f4Cfp and fCfc = falfc

11



Journal of New Results in Science 1 (2012) 5-17

Corollary 3.14. Let (£,0,0,C) is a soft lattice.

Definition 3.15. Let (£, Y, A, <) be a soft lattice and fa € L.
If fa = fB for all fg € L, then fa is called the minimum element of L.
If fg <X fa for all fg € L, then fa is called the maximum element of L.

Definition 3.16. Let (L, Y, A, =) be a soft lattice. If fg = fa or fa = fp for all
fa, fB € L, then L is called a soft chain.

Example 3.17. Let U = {u17u27u37u47u57u6}' L= {fAlquzv fA37 fA47 fAs} and

far = {(er, {u1,u2,u3}), (€2, {us, us}), (€3, {ua, ue})}
fa, = {(ex,{u1,u2,u3}), (e2,{us, us})}

ng, = {(61,{u1,U3}),(€3,{u4,u6})}

.fA4 = {(61,{U1,U3})}

fas = {le,{w})}

Although, for S = {fa,, fas, fas, fas s (S,0,0,C) is a soft chain, (£,0,0,C) is not
soft chain because fa, and fa, can not comparable.

Definition 3.18. Let (£, Y, A, =) be a soft lattice. If every subsets of L have both a
greatest lower bound and a least upper bound, then it is called complete soft lattice.

Example 3.19. Let U = {uy,us,us} and L = {fa,, fas, fas, fa,} such that,

fa, ={(ex, {u1})}

fa, = {(ex, {u1, u2}), (e2,{us})}

ng, = {(617 {ulv u2})7 (627 {u27 U3})},

fan=1e

Then (L£,U,N,C) is a complete soft lattice. Because each finite subset of L has a greatest
lower bound and a least upper bound.

Definition 3.20. (£, Y, A, =) be a soft lattice and S C L. If S is a soft lattice with the
operations of L, then S is called a soft sublattice of L.

Theorem 3.21. Let (L,Y, A, =) be a soft lattice and S C L. If fa X fg € S and
faY fee S forall fa,fp €S8, then S is a soft sublattice.

Proof. 1t is clear from Definition 3.20. O
Corollary 3.22. FEvery soft chain is a soft sublattice.
Corollary 3.23. Ewvery soft lattice is a soft sublattice of itself.

Proof. Let S be a soft chain. Since any two elements of S is comparable, fa A fp € S
and fa Y fp € S, for all fu, fp € S. Thus S is a soft sublattice. O

Example 3.24. S, given in Example 3.17, is a soft sublattice.

12
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Definition 3.25. Let (£, Y, A, =) be a soft lattice and fa, fp and fc € L. If
(faY fB) A(faY fe) 2 faY (fa X fc)

fa X (faY fe) 2 (fa X fB) Y (fa X fo),

then L is called a one-side distributive soft lattice.
Theorem 3.26. Every soft lattice is a one-side distributive soft lattice.

Proof. Let fa, fB, fc € L. From Theorem 3.2 and 3.5, we have

faifp =2 faand fa X fp X fp X fBY fc. Since fa A fp X faand fa A fB = fBY fo,
then

fakfe=(faAfB)A(faAfB) 2 far(fBY fC) (3)

and also we have fa A fo =X fa and fa A fo = fo 2 fB Y fo. Since fa A fo < fa and
fa X fe 2 fBY fc, then

fakfo=(farfo) A (fakfc) 2 far(fBY fo) (4)
From (3) and (4), we get the result,
(fa X fB)Y (fa i fe) X fai(fBY fo)
O

Definition 3.27. Let (L, Y, A, =) be a soft lattice. If L satisfies the following axioms, it
is called distributive soft lattice:

faX(fBY fo)=(fa X fB)Y (fa X fo)

faY (fB A fe)=(faY fB) A (faY fc)
forall fa, fp and fo € L.
Theorem 3.28. (£,0,N, C) is a soft distributive lattice.

Proof. Since soft intersection is distributive over soft union operation, the proof is trivial
O

Example 3.29. Let U = {u17u27u37u47u57u6} and L = {f@qu17fA27fA37fA47fA5}
Then, L C S(U) is a soft lattice with the operations U and N. Assume that,

fa, = {(61, {ul,UQ,U3,U4}), (627 {U3, u5})a (637 {ula U3, U4})}

fAz = {(61,{ul,UQ,U4}),(62,{U3,u5}),(63,{U1,U3})}
fas = Aler,{ur, uz,us}), (e2, {us, us}), (es, {u1, ua})}
fa, = {(61,{U4}),(63,{u1,U3})}
fAs = {(61,{ul,u2}),(€2,{U3,u5})}

fo =0

(£,0,N,C) is a soft distributive lattice. The Hasse Diagram of it appears in Figure 2.

13
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fa

fAz fA3
Jas fa,

Jo

Figure 2: A soft distributive lattice structure

Definition 3.30. Let (£, Y, A, =) be a soft lattice. Then L is called soft modular lattice,
If it satisfies the following axiom,

fe2fa=fax(fBY fo) = (fa X [B)Y fe
for all fa, fp and fo € L.
Theorem 3.31. A distributive soft lattice, is a soft moduler lattice.
Proof. 1t is clear from Definition 3.27. O
Note that, modular soft lattice may not be a distributive soft lattice

Proof. Let (L, Y, A, =) be a distributive soft lattice. Then fa A (fg Y fo)=(fa A fB)Y
(fa A fo). Hence, from Theorem 3.4, fo < fa= fa A (fBY fc)=(fa X fB)Y fc. O

Corollary 3.32. (£,0,N,C) is a soft moduler lattice.

Example 3.33. Let U = {u17u27u37u47u5} and L = {f@awafszfAsvaz;} -Then L is
a soft lattice with the operations U and N. Assume that,

fAl = {(61,{ul,UQ}),(62,{U3}),(63,{u2,U4}),(64,{u5})}
fAz = {(81,{11,1,11,2}),(62,{11,3})}
fas = {(es, {uz,us})}
fa, = {(64,{u1,U5})}
fo =0

(£,0,M,C) is a soft modular lattice. The Hasse Diagram of it appears in Figure 3.

14
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fa

fA? ng [ fA4

Jo

Figure 3: A soft moduler lattice structure

Theorem 3.34. Let (£, Y, A, =) be a modular soft lattice. Then
fazfe=fa=feA(faY fc)
for all fa, fp and fo € L.
Proof. The theorem is clearly from Definition 3.30. O
Example 3.35. Assume that, (£,0,N, Q) is given as a modular soft lattice. Then
faCfs = faCfBN(faUfc).
Note that, modular soft lattice may not be a distributive soft lattice.

Example 3.36. In Evample 3.33, since fa, N (fas U fay) # (fa, 0 fag) U (fas 0 fas),
although (L£,0,N,C) is a modular soft lattice, it is not a distributive soft lattice.

4 Conclusion

The soft set theory has been applied to many fields from theoretical to practical. In
this study, we defined the concept of soft lattice as an algebraic structure and as a set-
theoretic and shown that these definitions are equivalent. We then investigated several
related properties and some characterization theorems.
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