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Abstract

In this study, a numerical model for axial heat conduction effects in laminar circular tube flows
has been developed using the finite difference method. The calculations have been done
using different Peclet numbers in the range of 0.5 to 100. Constant heat flux and constant
wall temperature boundary conditions have been used. The validity of the numerical
model has been checked by some data in the literature. The results were presented for
temperature variation, Nusselt number, and energy absorbed before the heated section.
The axial conduction effects may be important for micro tubes, which are to be used in micro
heat exchangers.

LAMINAR KANAL AKISLARINDA EKSENEL ISI iLETIiMi
0zetge

Laminar silindirik kanal akislarinda eksenel 1si iletimi etkileri igin sonlu farklar yontemi
kullanilarak sayisal bir model gelistirildi. Hesaplamalar 0.5-100 Peclet sayilart
araliginda yapildi. Sabit 1s1 akist ve sabit yiizey sicakligi sinwr kogullart kullanildi. Sayisal
yontemin gecerliligi literatiirdeki bazi verilerle kontrol edildi. Sicaklik dagilimi, Nusselt
sayist ve isitilan yiizeyden dnce absorbe edilen enerji icin sonuglar ortaya kondu. Eksenel
is1 iletim etkileri mikro 151 degistiricilerde kullanilan mikro tiipler i¢in dnemli olabilir.

Keywords : Axial Heat Conduction, Laminar Duct Flows.
Anahtar Kelimeler : Eksenel Isi Iletimi, Laminar Kanal Akislari.
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1. INTRODUCTION

The Graetz problem is known as the heat transfer problem of laminar
fluid flow in ducts. It has many applications and has been studied extensively
since Graetz (1885). The classical Graetz problem considers the forced
convection heat transfer of the fluids flowing in ducts while neglecting axial
conduction in the fluid.[1]

This study covers the Peclet number range from those of liquid
metals where axial conduction may not be neglected to oil flows where the
axial conduction effects is not important on the temperature distribution
inside the laminar duct flows. Nowadays developing micro machines, the
axial conduction effects may be important in ducts of the micro heat
exchangers.

The axial conduction effects of laminar flows in circular ducts for
constant wall temperature and constant heat flux have been studied in this
study. Finite difference method has been used to solve the governing
equations [2,3]. The validity of the results has been compared with some
existing results in the literature. The results were presented for bulk mean
temperature variation, Nusselt number behavior, and energy absorbed before
the heated section.

2. DEFINITION OF THE PROBLEM
2.1. The Geometry of the Problem

Consider a circular tube where a laminar fully developed flow is
inside (Figurel). The flow is heated from x=0 by two different mechanisms.
In the first case, it is heated by the wall at constant temperature. In the
second case, it is heated by constant heat flux. The upstream wall is
insulated.
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Heat transfer by way of constant wall
insulated wall temperature or constant heat flux

////////%HHT‘T‘T‘T

Figure 1. Laminar fully developed flow inside the geometry of the problem

2.2. The Important Parameters

The Reynolds Number for the duct flows is defined as
VD
Re, =— (1)
)]
where V is mean velocity, D is diameter, v is kinematic viscosity of the fluid.

For laminar duct flows, Re , <2300.

The Prandtl number is defined as

pr=" )

where «a is thermal diffusivity.
The Prandtl number is:
Pr<<1 for the liquid metals
Pr=1 for the gases

Pr>>1 for the oils.
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The value of the Prandtl number strongly affects the relative growth of the
velocity and thermal boundary layers. If the Prandtl number is about 1, the
velocity profile and the temperature profile develop together and at the same

rate.

Peclet number is defined as

Pe=Re . Pr 3)

and it is a measure of the quantity of the axial heat conduction effects in the
fluid. The axial conduction is assumed negligible for Pe>10 and the axial
conduction term can be assumed small in the governing equation for this
case. But the axial conduction effects can be significant when the Peclet
number is smaller. The purpose of this numerical study is to show the
importance of the axial conduction effects and the heat absorption upto the
entrance from where the heating starts when the Peclet number is small.

The Nusselt number is defined as
_hD
k

Nu (4)

where k is the thermal conductivity of the fluid and h is the convection
coefficient.

The velocity profile in the laminar fully developed flow for the circular

u(r) 21{1—(%) } (5)

tube is:
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where r is measured from the centerline and r, is tube radius.

The heat transfer for a duct flow can be expressed using Newton's
law of cooling,

q =hT,-T,) (6)

where h is the convection heat transfer coefficient, Ty, is the wall
temperature and T, is the mean temperature of the fluid, where T,, is

[ puc, TdA

T, =44—— (7)
e

v

For the constant ¢, and incompressible flow through the circular tube, T, is

2
T,= j uTrdr — [2] (8)

o 0
3. EQUATIONS

3.1. Constant Wall Temperature Case
3.1.1 The Governing Equation

For circular duct flow, the viscous energy equations in cylindrical
coordinates is

. . T
upﬁ+vrpﬂ— li(krﬁ—T]+L2i ka—T +i(k8—] =0 )
dx dr |ror or) r-op\ 0O¢) oOx\ or
where i is enthalpy di = cdT +d—P [3].For constant k, Symmetric temperature
Jo,

T .
distribution (Z_q) = 0] , no radial velocity (v, = 0), equation becomes
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O’T 10T O°T uoT
At = —— (10)
or" ror ox° o ox
The equation can be nondimensionalized by

-T 2
:TO ’]/'+:L’u+:£’ x+: X/ro ’u+:2(1—}/‘+)
I, -T, r, 14 Re Pr

where T, is wall temperature, Tk is fluid entrance temperature.

The governing equation becomes

(1_r+z\69 90 100 1 00

—+— + 11
Toxt art  rtort Pet gyt (ih
3.1.2 Boundary Conditions
The boundary conditions for this case are:
00 .
at r* =0, Py =0 (symmetry boundary condition)
A
0=0
N for x">0
at v =1, < 90
—=0 for x"<0
or
as x" — —o, T—>T, 0—1
as x" >+, T —>T, 6->0
3.1.3 The Bulk Mean Temperature
The mean temperature at a cross-sectional area of duct is :
2
T, = 7 ! wi T,y rdr (12)
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Let’s define the bulk mean temperature, 6, =

3
|
~|

Then the bulk mean temperature becomes:

0. = 4}(1—# )9(x+’r+)r+dr+ (13)
0

3.1.4 The Nusselt Number

The Nusselt number is :

Nu="~ (14)

When the convection equation ¢, = (T, -7, ) and the conduction equation

q, = —kg—g are plugged in Nusselt number, the Nusselt number becomes:
r

r=r,

2 a0
0, or

Nu = (15)

=l
3.1.5 Heat Absorption Upto the Entrance

The energy absorbed upto the entrance is :

07,
E o =270, ”.(t —t, )rdrdx (16)

—0(
when nondimensionalized with the non-dimensional parameters:

01
T | S a7
o e plo —0(
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3.2. Constant Heat Flux Case
3.2.1 The Governing Equation
The governing equation is :
o'T 10T o'T _udl

a7t 2 A
or" ror ox° oox
The equation can be nondimensionalized by

t,—t 4

e

< ,F =—.,u zi,)f:x”” ,u+:2(1—r+2)
qd/k r V Re Pr

The governing equation becomes

( )00 0’6 1 06 1 0°0
1= A+ = 2 + + + 2 2
ox"  ort r-ort Pe oyt

(18)

3.2.2 Boundary Conditions

The boundary conditions are:

at r* =0, 5—9+ =0 (symmetry boundary condition)
A

o0 1
+ A5 DS
at o1, J0 2 Jor 20
69:0 for x"<0
or”
as x' »>-o, t—>t, 650

as x" — 400, 0—-2x"+ l+r . [4]
48 8 2
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3.2.3 The Bulk Mean Temperature

The mean temperature at a position is :

7

2
Ty = %3 J.u(x,r)T(x,r)r dr

q.d/k

o 0

Let’s define the bulk mean temperature, 6, =
Then the bulk mean temperature becomes:
1
0. :4j(l—r+ )9(x+’r+)r+dr+ (19)
0
3.2.4 The Nusselt Number

The Nusselt number is :

_hd

Kk

When the convection equation ¢, = h(T o —Tm) and the non-dimensional

Nu

bulk mean temperature are plugged in Nusselt number, the Nusselt number
becomes:

(20)

3.2.5 Heat Absorption Upto the Entrance

The energy absorbed upto the entrance is :

07,
Eabsorbed = 27Tpcp J.J.(t_te )I’drdx

—0(
when nondimensionalized with the non-dimensional parameters:

E 01
——orbed _ — _ArPe ”Pfdfd)f (21)
q,P¢,T, lk =0
4. NUMERICAL RESULTS
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4.1. Bulk Mean Temperature vs. X'

The bulk mean temperature was plotted vs. x' for both constant wall
temperature case and constant heat flux case. The results were calculated and
plotted for Peclet numbers 0.5, 1, 2, 3, 5, 10, 50, and 100. The validity of
Figure 2 has been checked by comparison with Ref. 6.

CIRCULAR TUBE CONSTANT WALL TEMP. FLOW, THETA BULK MEAN

[ === ————————

Theta Bulk Mean

Figure 2.a : Bulk Mean Temperature vs. x ' at Constant Wall Temperature Case

CIRCULAR TUBE CONSTANT WALL TEMP. FLOW, THETA BULK MEAN

Theta Butk Mean
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Figure 2.b : Enlarged view of Figure 2.a

The Bulk Mean Temperature vs. x for constant wall temperature and
constant heat flux cases are seen on Figures 2 and 3. As it is seen from the
graphs, when Peclet number gets smaller, the axial conduction effects
becomes very important and the temperature of the fluid upto the entrance
mcreases. As the Peclet number increases, the axial conduction effects
decrease. When the Peclet number is 50 and 100, the bulk mean temperature
at x =0 is almost equal to the entrance temperature.

CIRCULAR TUBE CONSTANT HEAT FLUX FLOW, THETA BULK MEAN

Theta Bulk Mean
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Figure 3.a. : Bulk Mean Temperature vs. X' at Constant Heat Flux Case
GIRCULAR TUBE CONSTANT HEAT FLUX FLOW, THETA BULK MEAN
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Figure 3.b : Enlarged view of Figure 3.a

4.2. Nusselt Number vs. x*

The Nusselt number vs. x~ was plotted for both constant wall
temperature and constant heat flux cases. The results were calculated and
plotted for Peclet numbers 0.5, 1, 2, 3, 5, 10, 50, and 100 to see how Peclet
number affects the nusselt number distribution in the flow. For laminar fully
developed conditions and for large Peclet numbers, Nusselt number goes to
3.66 for constant wall temperature. This case is plotted in Figure 4. The
numerical results where Nusselt number goes to as X gets larger is seen in
Table 1.

CIRCULAR TUBE CONSTANT WALL TEMP. FLOW, NUSSELT NUMBER
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Figure 4 : The Nusselt Number vs. x" at Constant Wall Temperature Case

Pe 0.5 1 2 3 5 10 50 100

Nu.no |4.0971 4.0276 3.9224 3.8506 3.767  3.6948 3.6586 3.6572

Table 1 : The Nusselt Numbers for Various Peclet Numbers as X" goes to infinity for
Constant Wall Temp Case
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Nusselt number goes to 4.36 as x' gets larger for constant heat flux
case. As it is seen on Figure 5, Nusselt number goes to 4.36 independent of
Peclet number.

CIRCULAR FLOW CONSTANT HEAT FLUX CASE, NUSSELT NUMBER
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Figure 5 : The Nusselt Number vs. x" at Constant Heat Flux Case

4.3. Heat Absorption upto the Entrance

Since bulk mean temperature upto the entrance increases, it shows
that heat absorption by the fluid upto the entrance increases by decreasing
Peclet number. The absorbed heat for constant wall temperature and constant
heat flux cases were plotted vs. Peclet number in Figure 6 and Figure 7.
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Figure 6 : The Absorbed Energy upto the Entrance for Constant Wall Temp Case
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Figure 7 : The Absorbed Energy upto the Entrance for Constant Heat Flux Case

S. CONCLUSION

Axial conduction effects in duct flows are important and have to be
considered for the cases of Pe<10. The bulk mean temperature and Nusselt
number variations vs. downstream distance were plotted as seen in the
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results. It is seen obviously seen the increase in the temperature against the
flow direction from x=0 as the Peclet number decreases. Heat absorption by
the fluid in the insulated region was also quantified by using the
nondimensional parameter E". The heat absorption increases logarithmically
as the Peclet number decreases, as seen in the heat absorption graphs.
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