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ABSTRACT. In this article, we introduce the notion of complex valued modular
metric spaces. We also a prove generalization of Banach Fixed Point Theo-
rem, which is one of the most simple and significant tests for existence and
uniqueness of solution of problems arising in mathematics and engineering for
complex valued modular metric spaces. In addition, we express some results
related to these spaces. Finally, we give an application of our results to digital
programming.

1. INTRODUCTION AND PRELIMINARIES

In 2011, Azam et al. @ introduced the notion of complex valued metric spaces
and they gave generalization of Banach contraction mapping principle . Then,
this space has been studied by many authors. After that, they obtained various
fixed point theorems on this spaces . On the other
hand, a lot of researchers have contributed introducing different concepts on these
structures. And they extended them to b-metric, rectangular metric, generalized
metric spaces, etc. .

In 1950, Nakano introduced modular spaces . In 2008, Chistyakov intro-
duced the notion of modular metric spaces, which has a physical interpretation
and he gave the fundamental properties of modular metric spaces . In 2011,
Mongkolkeha and et. al. proved contraction-type fixed point theorems on modu-
lar metric spaces . Since the 2010, many researchers as Kumam, Cho, Alaca,
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Khamsi, Mutlu have contributed to develop these structures introducing various
fixed point theorems on modular metric spaces [9,3L(8}|13}/14,/17.|18},/19,127,[28].

The aim of this paper is to introduced the concept of complex valued modular
metric spaces, which is more general than well-know modular metric spaces, and
give some fixed point theorems under the contraction condition in these spaces.
Further, we discuss some results and an application related to these new spaces in
digital programming.

Complex valued modular metric spaces form a special class of cone modular metric
space. This idea is useful in defining rational expressions which are not meaningful
in cone modular metric spaces. Thus, many results of analysis cannot be generalized
to cone modular metric spaces. So the complex valued modular metric spaces are
important spaces.

Let z1,20 € C, 21 = a1 + ib1, 22 = as + iby where ay,b3,a1,bo € R and 3 be a
partial order on C. Then z; = 23 < a1 < ag and by < by. Therefore, it is 0bV10us
that z3 = 29, if

(i) a1 = ag and by = by or;

(ii) a1 < ag and by = by or;

(iii) a3 = ag and by < bs or;

(IV) a1 < as and by < bs.

Specially, z1 3 22 if 21 # 22 and one of conditions (ii), (iii), (iv) is satisfied. Also,
z1 < z2 if only the condition (iv) is satisfied.

Definition 1. [29] Let X be a linear space on R (or C). If a functional p : X —
[0, 00] holds the following conditions, we call that ¢ is a modular on X : (1) p(0) = 0;
(2) If z € X and p(ax) =0 some numbers o > 0, then = 0;

(3) p(—) = plz), for all & € X;

(4) plax + By) < p(x) + ply) for some o, >0 witha+ B =1 and z,y € X.

2. MAIN RESULTS

Let X #0, A € (0,00) and w : (0,00) Xx X x X — C is a function. Throughout
this article, the value w(\, z,y) is denoted as wy(z,y) for all A > 0 and z,y € X.

Definition 2. Let X # (). The function w : (0,00) x X x X — C is called a complex
valued metric modular on X, if
(CM1) wy(z,y) =0 & z=vy;
(CMQ) W)\(a? y) = ("J)\(ya z) ;
(CM3) wys (2, 5) 3 (3, 2) + wa(2 1)
forall z,y,z € X and A\, > 0.
If instead of (CM1), we only have the condition
(CM1%*) wy(z,z) =0 for all A >0, x € X,
then X\ is said to be a complex valued metric pseudo-modular on X.
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Definition 3. Let w: (0,00) x X x X — C be a complex valued metric (pseudo-)
modular on X. For any xg € X, the sets

X,={reX: /\lim w(z, o) = 0}
and
X5 ={r e X :3Ix=Az) > 0 such that wx(x,x0) < +o0}

are said to be complex valued modular spaces (around xg).

If w is complex valued metric modular on X, the complex valued modular spaces
X, can be equipped with a metric, generated by w and given by

dy(z,y) =inf{\ > 0: wx(z,y) 3 A} for any z,y € X,,.

Example 4. Let (X,d) be a complex valued metric space. Then the functional
w: (0,00) X X x X — C defined by

d(z,y)

A
is a complex valued modular metric on X. Indeed, complex valued metric spaces
are also complex valued modular metric spaces.

w)\(a:,y) =

Definition 5. Let X, be a complex valued modular metric space and {an}nen be
a sequence on X,. Then,

(1) {an}nen is called a complex valued modular convergent sequence to a € X,
if for every e € C with € = 0 there exists ng € N such that wy(ay,a) < € for all
A >0 and n > ng. And this is denoted with a, — a as n — oo or lim,_ - a, = a.

(2) {an}nen is called a complex valued modular Cauchy sequence, if for every
e € C with € = 0 there exists ng € N such that wy(ap, apim) < € for all X > 0 and
n > ng as m € N. This is denoted with limy, oo wx(@n, Gnim) = 0 for all X > 0
and m > 0.

(3) X, is called a complete complex valued modular metric space, if every mod-
ular Cauchy sequence {a,} on X, converges to a € X,,.

(4) The set K C X, is called closed, if the limit of a complex valued modular
convergent sequence on K still in K.

(5) The set K C X,, is called bounded, if

d, (K) = sup{wa(z,y)| 2,y € K} < o0
for all X > 0.

Lemma 6. Let X, be a complex valued modular metric space and {a,}nen be
a sequence on X,. Then {a,} converges to a € X, if and only if wx(an,a) —
0 asn — oo.

Lemma 7. Let w: (0,00) X X x X — C be a complex valued modular metric space
and {an }nen be a sequence on X,,. Then, {a,} is a complex valued Cauch sequence
on X, if and only if wx(an, anim) — 0 as m,n — oo for all m € N.
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Lemma 8. Let w and z be complex numbers. If w - 0, |z| <1 and w 3 zw, then
w=0¢cC.

Proof. Let w = a + ib, z = ¢ + id where a,b,c,d € R. By properties of complex
numbers, we have

w=0=a>0,b>0 (1)
and
lzl<l=Ve+d2<1l=|*+d* <1
Also, since zw = (ac — bd) + i(ad + bc), w 3 zw implies
a < ac—bdand b < ad + be. (2)
We assume that a # 0. Since a > 0 and |c| < |¢? + d?| < 1, we get ac < a. From
, we have bd < 0. This implies b > 0 and d < 0. Then we obtain that ad < 0

which contradicts with b(1 — ¢) < ad for |¢| < 1. Thus, a =0. Asa =0, 0<1—c¢,
from (2) b(1 —c) <0and b=0. So,w=a+ib=0¢€C. O

Theorem 9. Let X, be a complete complex valued modular metric space. Suppose
that T : X, — X, is a mapping satisfying

wA(Tz,Ty) 3 z wa(z,y), z€Cas|z| <1 (3)
forall A >0 and z,y € X,,. Then T has a unique fixed point on X,,.

Proof. Let xzy € X, be arbitrary. We define a sequence {z,} such that z,41 =
T, =T"x, for all n > 0. Using (3), we have

WA(Zn, Tnt1) = wWa(Txn—1,Txn) 32 Wr(Tn—1,2n) 3 - 32" wrlzo,z1)  (4)

for A\>0and n > 0.
Using and axiom (iii) in the definition of complex valued metric spaces, we

obtain that
n+s—1

WA(Tn, Tnts) X D0 walws,wiz1)
3> Y wal(ze, )
j=n ’
,-—\<, 1iZW%(£UO7CL'1)

some A >0, s >0and n e N.
Now, we take limit as n — oo,
. . n
limy, 00 w)\(xn7$n+s) i limy, 00 12:‘*)%(37071;1)
wx (zo,71) n
= ——lim, .02

1—=z

We know that |2"| = |z|™ — 0. Then 2" — 0 € C. So, we obtain that

03 lim wy(zy, pes) =0. (5)
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for all A > 0 and s > 0. From (), we can say that {x,} is a Cauchy sequence. As
X, is a complete complex valued modular metric space, there is at least one point
p € X, such that lim, . owx(zn,p) = 0.
We show that p is a fixed point of 7. By using and the axiom (iii) in the
definition of complex valued modular metrics, we get
wa(p,Tp) 3 wy(p,Tan) +wy(Tan, Tp)
3 ws (@) + 2 03 (T0sp)

(6)

for all A >0, n >0 and z € C with |z| < 1. If we take limit as n — oo in (6] for
A>0and z € C, since z,, — p, we obtain that

0% lim w(p,Tp) 3 0. (7)

Equation implies wy(p, Tp) = 0. So, Tp = p.

In this sequel of the proof, we show the uniqueness of the fixed point p of the
mapping T'. We assume the existence of a point r which is another fixed point of
T as p # r. From , we get

wa(p,r) = wA(Tp, Tr) 2 z wr(p,T)

Since wy(p,7), z € C and |z| < 1, by Lemma we obtain that wy(p,r) = 0 for all
A>0.So,p=r. O

Now, as a corollary of this theorem, we express a generalization of the Banach
fixed point principle in complex valued modular metric spaces.

Corollary 10. Let X, be a complete complex valued modular metric space, z be
a complex number such that Imz = 0 and |z| < 1. If T : X, — X, is a mapping
satisfying

wa(Tx, Ty) 3 z walx,y)
forall X >0 and z,y € X, then T has a unique fized point.

Theorem 11. Let X,, be a complete complex valued modular metric space. If
wx(T"z, T"y) 3 z walx,y)
forallA>0,n>0,2¢€C and z,y € X, as |z| < 1, then T has a unique fized

point.
Proof. Since
w)\(TnxaTny) /5 z CU)\(.’E, y)7

from Theorem [J] there exists a unique fixed point p of 7" on X,,. Then T"p = p
as p € X,,. Then, we have

T"(Tp) =T(T"p) =Tp.

Hence, T'p is further fixed point of T". Since p is a unique fixed point of 7", T'p = p.
So, p is a fixed point of the mapping 7. We assume that there exists another fixed
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point 7 of T. So, Tr = r. Therefore, T"(T'r) = Tr, which contradicts with the
uniqueness of fixed point p for T". Then, p is a unique fixed point of T'. ([l
Example 12. Let X = C. The mapping w : (0,00) x C x C — C is defined by
|a1 — a2| + Z|b1 — b2|

A
for all A > 0 where z; = a1 + ib; and zo = as + iby. Then, it can be shown that

wi(z1,22) =

tsacompletecomplexvaluedmodularmetricspace. W ede fineamapping
T:C, — C,, such that Tk = g and we take z = % € C. Then, for all z1,z2 € C and
A >0, we have
ﬂ Z£> _ ‘(11 —a2| +Z|b1 —bg‘
373 3\

wA(Tz1,Tz9) = wy(

and

o |a1 — CLQ‘ +’L|b1 — b2|
W)\(Zl,ZQ)— Y .

Hence, wx(Tz1,Tz) 3 zwx(z1,22). From Theorem@ T has a fixed point, which is
immediately seen to be 0 € C.

Let X, be a complex valued modular metric space, K C X,,, ¥ : K — C be a
function and {z,} be a sequence in K. 1 is called lower semi-continuous (l.s.c.) on
K if

lim wy(zp,z) =0and lim inf(¢(z,)) = h imply ¢¥(z) < h
for all {z,,} C K and A > 0.

Theorem 13. Let X, be a complete complex valued modular metric space and v :
X — C be a lower semi-continuous function on X,,. If any mapping T : X, — X,
satisfying

wi(z, Tz) < P(x) — P(Tx) (3)
for all A > 0 and xz,y € X, then T has a fixed point in X,,.

Proof. For each x € X, denote,
M(z) = {y e Xy :walz,y) 3 ¢(x) —¢(y) for all A > 0},
a(z) = inf{y(y):ye M(z)}
Let x € M(z). Then, M(z) is not empty and 0 < a(z) < ¥(z). We take an
arbitrary point z € X,,. Now, we form a sequence {z,} on X, as follows:

Let 1 = « and when z1, 9, ..., 2, have been chosen, choose ,+1 € M(x,) such
that

1
Y(Tnt1) < alz,) + n
for all n > 1. By doing so, we get a sequence {z, } satisfying the condition

W/\($n7 xn-‘rl) ;5 ¢($n) - w($n+1)7 (9)
a(zn) < Y(wpg) < aw,) + %
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for all n > 0 and A > 0. Then, {¢(z,)} is a nonincreasing sequence and it is
bounded from below by zero. So, the sequence {¢(x,)} is convergent to a number
D > 0. By virtue of @, we get

D = lim ¢(z,) = lim a(z,). (10)

n—0o0 n—oo

Now, let k£ € N be arbitrary. From @ and , there exists a number N such
that

1ﬁ(1‘n)<D—‘r% for all n > Nj.

Since 1 (z,,) monotone, we get

1
for m > n > Nj. Then, we obtain that
Y(xp) — Y(zm) < % forall m>n> Nj. (11)

Preserving the generality, suppose that m > n and m,n € N. From , we get

W (Tny Tng1) S Y(T0) — Y(Tng1)

m—n

for all Tin > 0. Now, we obtain that

WA(Tn, Tm) 3 Wﬁ(xnvmrH»l) + wﬁ(anrl»anrZ) +oeee W (Tm—1,Tm)
3 X Wleg) — (i)
= Y(xn) — Y(Tm)
(12)
for all m,n > Ni. Then, by ,
1
WA (Tpy Tyn) < % for all m >n > N,. (13)

Letting & or m,n to tend to infinity in , we conclude that

lim  wy(zp,Tm) = 0.

m,n— oo

Then, {z,}nen is a complex valued modular Cauchy sequence. Hence, from the
completeness of X, there exist a point p € X, such that x,, — p as n — oo. Since
1 is lower semi-continuous, using the equation (12)), we have

Y(p) < limemooinfib(z,)
2 limpmeotnf(Y(2n) — wr(Xn, Tm))
= 1#(%) - w)\(xn,p)

and hence

Wx(Tn;p) ZY(Tn) — Y(p).
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Thus, p € M(z,,) for all n > 0 and a(z,) < ¢(p). So, by (L0)), we have D < ¢(p).
Moreover, by lower semi-continuity of 1) and , we get

Y(p) = lim p(z,) = 9.
So, ¥(p) = S. From we know that Tp € M (p). Since p € M (p) for n € N, we get
wr(@n,Tp) T wy(@n,p)+ws(p,Tp)
3 ¥(@n) —4(p) +¢(p) — (Tp)
Y(zn) —(Tp).

Then T'p € M(z,,) and implies a(z,) < ¥(Tp). Thus, we obtain S < ¢(T'p). Since
¥(T'p) < ¥(p) by (8) and 9(p) = S, we get

¥(p) = S < ¢(Tp) < ¥(p).
Therefore, ¥(Tp) = ¥(p). Then from , we get
wx(p, Tp) 3 ¥(p) —»(Tp) = 0.
Thus, Tp = p. O

Example 14. Let X = C. We define the mapping w : (0,00) x C x C — C by

o |a1 — CL2| +i|b1 - b2|

wx(z1,22) = 3

for all A > 0 where z1 = a1 4+ iby and z3 = a9 + iby. C,, is a complete modular

metric space. Define T : C, — C, by Tz =% and v : C, — C by ¢ (z) = |a| +i|b|

where z = a +tb. Then for all z=a+1ib € C and X\ > 0, we have
_la—gl+ib— 3l _ flel+igbl _ 3

= = < — )
wr(5T2) : A2 < (lal + i)

and

4 4

Hence, wx(z,Tz) < (z) — ¢(T). From Theorem [13, the mapping T has a fived
point.

0 = o2) = (b4 )~ (#4851 ) = Sal oo

3. AN APPLICATION TO DYNAMIC PROGRAMMING

In the section, we express an application of Theorem [J]to dynamic programming
which is a powerful tecnique for solving some complex problems in mathematics,
economics, computer science and bioinformatics.

Let X, be a complete complex valued modular metric space induced by w :
(0,00) x Cx C—C, S C X,, Z be a Banach space and P C Z.

We consider the functional equation

q(z) = Sg}g{f(x,y) + H(z,y,q(p(z,9)))} (14)
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wherex € S, 9 : SXP — S5, f:SXxP—-Cand H:SxPxC — C. We show
that existence of unique solution of the functional equation . We suppose that
B(S) is the set of all bounded complex valued function on S. We define

[[E|| = sup [k()|
zesS
for an arbitrary k € B(S). We take complex valued metric modular w on B(S) as

k(z) — g(x) k(z) — g(x)
. . } (15)

for all k,g € B(S) and A > 0. On the other hand, we take a Cauchy sequence
{kn}nen in B(S). Then {k, }nen is convergent to a function ¢t € B(S).

+1

wx(k, g) = sup {‘

x€Z

Theorem 15. Let f: SXxP — C and H: Sx PxC — C be bounded. We suppose
that T : B(S) — B(S) defined by

T(k)(z) = Sgg{f(m’y) + H(z,y, k(p(z,v)))}

for allk € B(S) and x € S. If

H(x,y,k(x)) — H(x,y,g(a:)) ' —I—Z‘ H(m,y,k(x)) — H(.Z‘,y,g(l‘))
A A

< zwa(k, g) (16)
forallA>0,xz€ S,y € P, kge B(S) and a arbitrary complex number z where
|z| < 1, the functional equation has a unique solution.

Proof. Let « € S and k,g € B(S). Then there exist y1,y2 € P and a complex
number § > 0 such that

T(k)(2) 3 f(@,y1) + H(z,y1, k(o(z,y1))) + 6 (17)
T(g9)(x) 3 f(x,y2) + H(z,y2, 9(p(2,y2))) + 0 (18)
T(k‘)(.’l]) i f(x7y1) + H(x7y17 k(@(zmyl))) (19)
(20)

T(9)(x) = f(@,y2) + H(z,y2, 9((z, y2)))-
From and , we obtain that

T(k)(x) =T(g9)(z) T H(z,y,k(o(x,y1))) — H(x,y2,9(p(,92))) + 9
3| H(zyr, k(e(x, 1)) — H(z,y2, 9(0(2,92)))| + 9.

So, for A > 0
T(k)(x) ;T(g)(fv) < ‘H(fv,yl,k(@(w,yl))))\H(zyyz,g(w(x,yz))) ‘ n % (21)
Similarly, combining and we have
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Therefore, from and ,

T(k)(x) ;T(g)(ﬂﬂ) =< ‘H(%yhk(w(w’yﬁ)) ; H(z,y2,9(o(2,92))) ‘ Jr% (23)

for all A > 0. Since % > 0 in inequality , we can ignore the contrary the %
Therefore,

T(k)(x) — T(g9)(=)
A

From inequality , we easily obtain that
‘T(k)(ﬂf) —T(9))| | THk) () —T(9)(=)

N (24)

A

H(mvyla k(@(xvyl))) - H(xvy%g((p(‘r7 y2))) ’

A A

=< 'H(z)yla k((p(l’,yl))) B H(Zl',yg,g(@(l’,yg))) ’
~ )
H(z,y1, k(p(z,11))) — H(z,y2, 9(¢(x, y2))) ‘

+z‘ \

From and , we get
wA(T(k),T(9)) 3 zwa(k, 9)-

Then, from Theorem@, T has a unique fixed point ¢ € B(S). That is, the functional
equation has a unique solution. ([

Open problem How can we obtain coupled fixed point theorems and common
fixed point theorems in these metric spaces?
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