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Abstract: In this paper, at first we introduce the concepts of filter- annihilator, LI- ideal- annihilator, right-
filter- annihilator, left- filter- annihilator, right- LI- ideal- annihilator, and left- LI- ideal- annihilator. Then
by using of these concepts, are constructed six new types of graphs in a lattice implication
algebra(L, v,a,’,—,0,I) which are denoted by ®&p(L), ®4(L),Ar(L),Zr(L),As(L), and Z,(L),
respectively. Then basic properties of graph theory such as connectivity, regularity, and planarity on the
structure of these graphs are investigated. Secondly, by utilizing of binary operations @ and & we
construct graphs ¥z (L) and ¥, (L), respectively. Thirdly, via the binary operations @ and ®, concept of
annihilator we construct graphs Q(L) and Q4 (L), respectively. Finally, by utilizing of binary operations a
and v, we construct graphs Yz (L) and ¥, (L), respectively, some their interesting properties are presented.
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1. Introduction

Algebraic combinatorics is an area of mathematics that employs methods of abstract algebra
in various combinatorial contexts and vice versa. Associating a graph to an algebraic structure
is a research subject in this area and has attracted considerable attention. In fact, the research
in this subject aims at exposing the relationship between algebra and graph theory and at
advancing the application of one to the other. The story goes back to a paper of Beck [1] in
1998, where he introduced the idea of a zero-divisor graph of a commutative ring with
identity. He defined I'(R) to be the graph whose vertices are elements of R and in which two
vertices x and y are adjacent if and only if xy = 0. Recently, Halas and Jukl in [2] introduced
the zero divisor graphs of posets. The study of the zero-divisor graphs of posets was then
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continued by Xue and Liu in [3], Maimani et al. in [4]. More recently, a different method of
associating a zero-divisor graph to a poset P was proposed by Lu and Wu in [5]. In order to
research the logical system whose propositional value is given in a lattice, Xu [6] proposed the
concept of lattice implication algebras, and discussed some of their properties. Xu and Qin [7]
introduced the notions of filter in a lattice implication algebra, and investigated their
properties. In [8], Y. B. Jun et al. proposed the concept of an LI- ideal of a lattice implication
algebra. In this paper, we deal with zero-divisor graphs of lattice implication algebras based
on filter and LI- ideal. Jun and Lee [9] defined the concept of associated graph of BCK-
algebra and verified some properties of this graph. Zahiri and Borzooei [10] associated a new
graph to a BCl-algebra which is denoted by G (X), this definition is based on branches of X.
The study of graphs of BCI/ BCK- algebras was then continued by Tahmasbpour such that in
[11, 12] studied chordality of graph defined by Zahiri and Borzooei, introduced four types of
graphs of BCK- algebras which are constructed by equivalence classes determined by ideal
I and dual ideal 1. Also, in [13, 14] introduced two new graphs of lattice implication algebras
based on Ll-ideal. Furthermore, in [15, 16] introduced two new graphs of BCK- algebras
based on fuzzy ideal y; and fuzzy dual ideal w,v, two new graphs of lattice implication
algebras based on fuzzy filter ur and fuzzy LI- ideal 4. In this paper, the graphs defined are
slightly different from the graphs defined in [11, 12, 13, 14, 15, 16]. Also, this paper is
divided into eight parts.

In Section 2, we recall some concepts of graph theory such as connected graph, planar graph,

outerplanar graph, Eulerian graph, and chromatic number, among others.

Section 3, is an introduction to a general theory of lattice implication algebras. We will first
give the notions of lattice implication algebras, and investigate their elementary and
fundamental properties, and then deal with a number of basic concepts, such as filter, and LI-

ideal, among others.

In Section 4, inspired by ideas from Behzadi et al. [17], we study the graphs of lattice
implication algebras which are constructed from filter-annihilator and LI- ideal-annihilator,
denoted by @5 (L) and ®,(L).

In Section 5, inspired by ideas from Behzadi et al. [17], we study the graphs of lattice
implication algebras which are constructed from right- filter- annihilator, left- filter-
annihilator, right- LI- ideal-annihilator, left- LI- ideal- annihilator, denoted by
Ap(L), 2p(L),A(L), and X4 (L), respectively.
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In Section 6,we introduce the associated graphs ¥ (L) and ¥, (L) which are constructed from

binary operations @ and &), respectively.

In Section 7,we introduce the associated graphs Qg (L) and Q4 (L) which are constructed from

concept annihilator, binary operations @ and &, respectively.

In Section 8, inspired by ideas from Alizadeh et al. [18], we introduce the associated graphs

Yr(L) and Y, (L), which are constructed from binary operations v and A , respectively.

2. Introduction to Graph Theory

In this section, for convenience of the reader, we recall some definitions and notations

concerning graphs and posets for later use.

Definition 2.1. ([18, 19]) For a graph G, we denote the set of vertices of G as V(G) and the set
of edges as E(G). A graph G is said to be complete if every two distinct vertices are joined by
exactly one edge. The greatest induced complete subgraph denotes a clique. If graph G
contains a clique with n elements, and every clique has at most n elements, we say that the
clique number of G is n and write w(G) = n. Also, a graph G is said to be connected if there
is a path between any given pairs of vertices, otherwise the graph is disconnected. For distinct
vertices x and y of G, let d(x,y) be the length of the shortest path from x to y and if there is
no such path we define d(x,y) := co. The diameter of G is diam(G) = sup{d(x,y); x,y €
V(G)}. Also, the girth of a graph G, is denoted by gr(G), is the length of the shortest cycle in
G if G has a cycle; otherwise, we get gr(G) = oo. The neighborhood of a vertex x is the set
N;({x}) = {y € V(G); xy € E(G)}. Graph H is called a subgraph of G if V(H) € V(G) and
E(H) € E(G). A graph G is called regular of degree k when every vertex has precisely k
neighbors. A cubic graph is a graph in which all vertices have degree three. In other words, a
cubic graph is a 3- regular graph. Moreover, for distinct vertices x and y, we use the notation
x — y to show that is x connected to y. Let P = (V, <) be a poset. If x < y but x # y, then
we write x < y. If x and y are in V, then y covers x in P if x < y and there is no z € V, with
x <z <y.Two sets {x € P;x covers 0} and {x € P; 1 covers x}, denoted by atom(P) and
coatom(P), respectively. Let L € P, we say L is a chain if forall x,ye L,x <y ory < x.

Chain L is maximal if for all chain L', L < L" implies that L = L'.

Definition 2.2. ([1]) If K is the smallest number of colors needed to color the vertices of G so
that no two adjacent vertices share the same color, we say that the chromatic number of G is K

and write y(G) = K. Moreover, we have y(G) = w(G).
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Definition 2.3. ([19]) A closed walk in a graph G containing all the edges of G is called an
Euler line in G. A graph containing an Euler line is called an Euler graph. We know that a
walk is always connected. Since the Euler line (which is a walk) contains all the edges of the
graph, an Euler graph is connected. Euler’s theorem says that the connected graph G is

Eulerian if and only if all vertices of G are of even degree.

Definition 2.4. ([20]) A subdivision of a graph is any graph that can be obtained from the
original graph by replacing edges by paths. Graph G is planar if it can be drawn in a plane
without the edges having to cross. Proving that a graph is planar amounts to redrawing the
edges in such a way that no edges will cross. One may need to move the vertices around and
the edges may have to be drawn in a very indirect fashion. Kuratowski’s theorem says that a
finite graph is planar if and only if it does not contain a subdivision of K5 or K3 5. The clique

number of any planar graph is less than or equal to four.

Definition 2.5. ([21]) Let G be a plane graph. A face is a region bounded by edges. An
undirected graph is an outerplanar graph if it can be drawn in the plane without crossing in
such a way that all of the vertices belong to the unbounded face of the drawing. There is a
characterization of outerplanar graphs that says a graph is outerplanar if and only if it does not

contain a subdivision of K, or K5 3.

Definition 2.6. ([22]) The number g is called the genus of the surface if it is homeomorphic to
a sphere with g handles or equivalently holes. Also, the genus g of a graph G is the smallest
genus of all surfaces in such a way that the graph G can be drawn on it without any edge-
crossing. The graphs of genus zero are precisely the planar graphs since the genus of a plane is
zero. The graphs that can be drawn on a torus without edge- crossing are called toroidal. They
have a genus of one since the genus of a torus is one. The notation y(G) stands for the genus

ofagraph G.

Theorem 2.7. ([23]) For the positive integers m and n, we have:
O () =[5 =3)n—-4)|ifn =3,

@) ¥ (Kmn) = [30n = 2)(n = 2)] ifm,n > 2.
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3. Introduction to Lattice Implication Algebras

Definition 3.1. ([24]) By a lattice implication algebra we mean a bounded lattice (L, v, A, 0,1)
with order-reversing involution " and a binary operation — satisfying the following axioms:
(IDx->W->2)=y->(x—>2),

(I2)x » x =1,

B)x-»>y=y" ->x,

(IM)x-y=y->x=I=>x=Y,

(I5)x—=y)=»y=(->x) ->x,

LD Gxvy) =z = (x = 2)A(y = 2),

(L2)(xny) = z = (x = 2)v(y = 2),

forall x,y,z € L.

Note that the conditions (L1) and (L2) are equivalent to the conditions

(L3)x = (yaz) = (x = y)a(x = z), and

(L4)x - (yvz) = (x » y)v(x — z), respectively.

We can define a partial ordering < on a lattice implication algebra L by x < y if and only if

x — y = I. Therefore, the following statements hold:
Ofx<ythenx->z>y->zandz->x<z-y.
(i) Ifx <y, theny’ < x".

Definition 3.2. ([24]) A subset F of L is called a filter of L if it satisfies the following

conditions:

(DI €F,

(i)(Vx,y€elL),(x>y€EF,xeF>yEeEF).

A filter P of L is prime if xvy € P impliesx € Pory € P.

Definition 3.3. ([24]) A nonempty subset A of a lattice implication algebra L is said to be an
LI- ideal of L if

()0 € A.

(ii)(x>y) eAandy € Aimply x € A, forany x,y € L.
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An LI-ideal A of L is prime if xny € Aimpliesx € Aory € A.

Definition 3.4. ([24]) Binary operations @ and & as follows:
x@y=x"->yxQy=x->y)"

Theorem 3.5. ([24]) The following statements hold for any x,y,a,b € L:

xR@y=yQx,xDy=yDx.

()xRy<x<xDyxQy<y<xDy.

(N0 R®x=0,IRx=xxQ@x'=0,0Dx=x,] Px=1xPx' =1

(ivYlfx<ay<bthenxQ@Qy<a@@bxPy<a®Db.

4. Graphs of lattice implication algebras based on filter and LI-
ideal via the concepts of filter- annihilator and LI- ideal-
annihilator

Definition 4.1. Let M be a nonempty subset of L, F and A be a filter, an LI- ideal of L,

respectively. Then, the set of all zero-divisors of A by F and A are defined as follows:
()AnnpM ={x € L;x > m e Form > x € F,Ym € M}.
(i) AnmyM ={x € L; (x >m) € Aor(m > x) € A,Vvm e M}.

Proposition 4.2. Let M and N be nonempty subsets of L, F and A be a filter, an LI- ideal of L,
respectively. Then, the following statements hold:

() FU{0} € AnngM, AU{l} S Anny,M.

(ii) If M € N, then AnngN € AnngM and AnnyN S AnnyM.

(iii) If 0 € M, then AnngM = Anny(M — {0}) and AnnyM = Ann,(M — {0}).
(iv) If I € M, then AnngM = Annp(M — {I}) and AnnyM = Anny(M — {I}).
(v) AnngF = L and AnnyA = L.

(vi) If F = {I}, A = {0}, then we have

AnngM = {y; y is comparable to any element in M}, AnnygM =

{y; y is comparable to any element in M}.

Proof. (i) Let x € F, then by Definition 3.1 (iii), we have m - x € F,v m € M. Also, 0 —»
x=1,VYx €L,SoFU{0} € AnnzM. Similarly, we can prove AU {I} € Ann,M.
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(ii) Suppose that x € AnnpN,thenx > n€ Forn—>x € F,VYn € N,but M € N, therefore
x—>neForn->x€F,VneEM.iex € AnngM, hence AnnpN € AnnzM. Similarly, we

can prove AnnyN € AnnyM.

(iii) According to Definition 4.1 (i), we have AnngM =N,y Annpm. Also, Anng{0} = L.
Then, AnnpM = Anng(M — {0}). Similarly, we can prove Anny,M = Ann,(M — {0}).

(iv) According to Definition 4.1 (i), we have AnngM =N,y Anngm. Also, Anng{l} = L.
Then, AnngM = Anng(M — {I}). Similarly, we can prove Anny,M = Ann,(M — {I}).

(v) Let x € L, we know by Definition 3.2, x > m € F,Vm € F, then x € Ann;F, hence

AnngF = L. Similarly, we can prove AnnyA = L
(vi) The proof is easy.
Definition 4.3. Let F and A be a filter, an LI- ideal of L, respectively. Then, we have:

(i) ©p(L) is a simple graph, with vertex set L and two distinct vertices x and y being adjacent
if and only if Anng{x,y} = F U {0}.

(ii) @,(L) is a simple graph, with vertex set L and two distinct vertices x and y being
adjacent if and only if Ann,{x,y} = AU {I}.

Example 4.4. Let L = {0,a, b, c, d, I'} and the operation — be defined by the following table:

TABLE 1. Binary operation — for Example 4.4

— |l 0|a| bl e| d| [
o | [ I} 11| 1|1
a c| I b|e| b1
b d| al | bl a1
c al|lal|l I T]| all
d | bl T 1| b T]|1
I Ol al|l bl e| d|l [T

Therefore, (L,a,v, , =,0,1) is a lattice implication algebra. One can see that F =
{b,c,I1},A = {0,c} are a filter, an LI- ideal of L, respectively. Also, we have Anng{0} =
Anngp{a} = Annp{b} = Anng{c} = Annp{d} = Anng{I} = L and Annyu{0} = Anny{a} =
Anny{b} = Anny{c} = Anny{d} = Ann,{I} = L. Therefore, the graphs ®(L) and ®,(L)
are empty graphs.
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Theorem 4.5. Let F and A be a filter, an LI- ideal of L, respectively. Then the following

statements hold:

() Ne({0}) = Ne({I}) = @, where G = Pp(L).

(ii)Ng({0}) = Ng({I}) = @, where G = @4 (L).

Proof. (i) We know Anng{0} = L and Anng{I} = L. Also, for all x € L,x # 0,1, we have,
FuU{0,x} € Anng{x}. Then F U{0,x} € Annz{0,x} and F U{0,x} S Anng{x, I}, for all
x €L,x+#0,1. So, by Definition 4.3 (i) of graph ®-(L), for all x € L,x # 0,1, if xis

connected to elements 0, I, then x € F. So by proposition 4.2 (v), Anng{x} = L. So, 0,1 are

not connected to x, forall x € L.

(ii) We know Ann,{0} = L and Ann,{I} = L. Also, for all x € L,x # 0,1, we have, A U
{0,x} € Anny{x}. Then AU {0,x} € Anny{0,x} and A U {0,x} S Ann,{x, I}, for all x €
L,x # 0,1. So, by Definition 4.3 (ii) of graph ®4(L), for all x € L,x # 0,1, if x is connected
to elements 0,1, then x € A. So by Proposition 4.2 (v), Anny{x} = L. So, 0,1 are not

connected to x, forall x € L.
Theorem 4.6. Let L = {0,1} U atom(L),F = {I} and A = {0} be a filter, an LI- ideal of L,

respectively. Then, E(®z(L)) = E(P4(L)) = {xy; x,y € atom(L)}.

Proof. We know Anngy{l} =L, Annipy{0} =L, by Proposition 4.2 (vi), since L =
atom(L) U {0, I}, we have, for all x € atom(L), Anngp{x} = {0,x,1}. On the other hand we
know Anngy{x, y} = Anngy{x} N Anngy{y}. Then by Definition 4.3 (i) of graph @, (L), x
and y are adjacent if and only if x,y € atom(L). Similarly, we have Annin{l} =1L,
Anng{0} = L and for all x € atom(L), Anny{x} = {0, x, I}. Then by Definition 4.3 (ii) of
graph @4, (L), x and y are adjacent if and only if x,y € atom(L).

Theorem 4.7. Let L = {0,1} U atom(L),F = {I} and A = {0} be a filter, an LI- ideal of L,

respectively. Then, w (CD{,}(L)) =w (dD{O}(L)) = |atom(L)|.
Proof. Straightforward by Theorem 4.6.

Theorem 4.8. Let F = {I} and A = {0} be a filter, an LI- idealof L, respectively. Then the

following statements hold:
()N ({x}) = {y; y is not comparable to x}, where G = ®r(L),x # 0,1.

(ii))Ngs({x}) = {y; y is not comparable to x}, where G = ®,(L),x # 0,1.
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Proof. (i) We have, for all x € L,x # 0,1, Annip{x} = {y; y is comparable to x}. On the
other hand, we know Anngy{x,y} = Anngy{x} N Anngy{y}. Then by Definition 4.3 (i) of

graph @, (L), x and y are adjacent if and only if x and y are not comparable to each other.

(it) We have, for all x € L,x # 0,1, Annp{x} = {y; y is comparable to x}. On the other
hand, we know Anngg{x, y} = Annge{x} N Anne{y}. Then by Definition 4.3 (ii) of graph

®@oy(L), x and y are adjacent if and only if x and y are not comparable to each other.

Theorem 4.9. Let F and A be a filter, an LI- ideal of L, respectively. Then the following
statements hold:

(Da(PpL)) 2 |FI.
(iDa(Pa(L)) = |Al
Proof. (i) We suppose that x,y € F. Then by Proposition 4.2 (v), we have, Annp{x} =L,

Anng{y} = L. Therefore, by Definition 4.3 (i) of graph @z (L), xy & E(®(L)). Therefore,
by Definition 2.1 of independent set, we have a(®(L)) = |F|.

(ii)We suppose that x,y € A. Then by Proposition 4.2 (v), we have, Anny{x} =1L,
Anny{y} = L. Therefore, by Definition 4.3 (ii) of graph ®,4(L), xy ¢ E((DA(L)). Therefore,
by Definition 2.1 of independent set, we have a(®4(L)) = |A].

Theorem 4.10. Let F be a prime filter, A be a prime LI- ideal of L,|L — F| > 1,|L — A| >

1. Then the following statements hold:
(i)®g(L) is an empty graph.
(ii)® 4 (L) is an empty graph.

Proof. (i) We suppose, on the contrary, that ® (L) is not an empty graph. Therefore, there
exist x,y € L, such that xy € E(CDF(L)). So, by Definition 4.3 (i) of graph ®(L), we have,
Anng{x,y} = F U {0}. On the other hand, since |[L — F| > 1, we canchoose z € L,z ¢ F,z #
0. Since F is a prime filter,thenz - x e Forx - z€ F,andz—>y € Fory - z € F, hence

z € Anng{x, y} that is contradiction, complete proof.

(i) We suppose, on the contrary, that ®,(L) is not an empty graph. Therefore, there exist
x,y € L, such that xy € E(®,(L)). So, by Definition 4.3 (ii) of graph ®,(L), we have,
Annyg{x,y} = A U {I}. On the other hand, since |L — A| > 1, we canchoose z € L,z &€ A,z +
I. Since A is a prime LI- ideal, then (z > x)' €A or (x »z)' € A, and (z — y)' € Aor

(y = z)" € A, hence z € Anny{x, y} that is contradiction, complete proof.
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5. Graphs of lattice implication algebras based on filter and LI-
ideal via the concepts of right- filter- annihilator, left- filter-
annihilator, right- LI- ideal- annihilator, and left- LI- ideal-
annihilator

Definition 5.1. Let F and A be a filter, an LI- ideal of L, respectively. Denote Ann&{x} =
(yveLix>y€eF}, Annk{x}={yeL;y->x€F}, Annf{x}={yeL; (x> y) €A},
Annk{x} ={y € L; (y » x)' € A}, which are called right- filter- annihilator, left- filter-
annihilator, right- L1- ideal- annihilator, left- LI- ideal- annihilator, respectively.

Definition 5.2. Let F and A be a filter, an LI- ideal of L, respectively. Then, we have:

(i) Ag(L) is a simple graph, with vertex set L and two distinct vertices x and y being adjacent
if and only if AnnZ{x} € AnnZ{y} or AnnZ{y} € Annk{x}, there is an edge between x and y

in the graph 2 (L) if and only if Annk{x} € Annk{y} or Annk{y} € Annk{x}.

(ii) A4(L) is a simple graph, with vertex set L and two distinct vertices x and y being adjacent
if and only if Annf{x} € AnnR{y} or Annf{y} € Annf{x}, there is an edge between x and y

in the graph X, (L) if and only if Annk{x} € Annk{y} or Annk{y} € Annk{x}.

Example 5.3. Let L ={0,a,b,c,I}. Define the partially ordered relation on L as 0 < a <

b < ¢ < I, and define,” — "' as follows:

TABLE 2. Binary operation — for Example 5.3

— | 0| alb| | 1
0 Iy 1)1
a | e| T| T 1|1
b bl e| I| T 1
c | al bl el T|1

Ol al b| c| 1

Then (L, v, A,”, =) is a lattice implication algebra. Let F = {I} and A = {0}. Therefore, we
have Ann&{0} = Annf{0} = L, AnnR{a} = Annf{a} = {a, b, ¢, I}, AnnR{b} = Annk{b} =
{b,c, 1}, AnnE{c} = AnnE{c} = {c, I}, AnnR{I} = Annk{1} = {I}.

Also, Annk{0} = Annk{0} = {0}, Annk{a} = Annk{a} = {0, a}, Annk{b} = Annk{b} =
{0,a, b}, Annk{c} = Annk{c} = {0,a,b, c}, Annk{I} = Annk{I} = L.
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Therefore graphs Ag (L), A4(L), 2x (L), and X, (L) are complete graphs, respectively.

Proposition 5.4. Let F and A be a filter , an LI- ideal of L, respectively. Then, the following
statements hold:

(i)w(AF(L)) > max{|A|; A is a chain in L}.

(ii)a)(ZF(L)) > max{|A|;Ais a chain in L}.
(it)w(A4(L)) = max{|Al; A is a chain in L}.
(iv)w(ZA(L)) > max{|A|; A is a chain in L}.

Proof. (i) According to Definition 3.1 (i), if x <y then, y - z < x — z. On the other hand
now we let x < y, z € AnnR{y}. Then, by Definition 5.1, y — z € F. So, by Definition 3.2 of
filter, x > z € F. So, z € Annf{x}. Then, Annf{y} € Annf{x},xy € E(Ar(L)), complete

proof.

(it) According to Definition 3.1 (i), if x < y then, z - x < z — y. On the other hand now we
let x <y, z € Annk{x}. Then, by Definition 5.1, z - x € F. So, by Definition 3.2 of filter,
z >y € F. S0, z € Annk{y}. Then, Annk{x} S Annk{y},xy € E(Zz(L)), complete proof.

(iii) According to Definition 3.1 (i), (ii), if x <y then, (x - z)' < (y — 2)’. On the other
hand, now, we let x <y,z € Annf{y} then, by Definition 5.1 (y - z)' € A. So, by
Definition 3.3 of LI- ideal, (x - z)' € A . So, z € Annf{x} then, Annk{y} € Annf{x},xy €

E(A4(L)), complete proof.

(iv) According to Definition 3.1 (i), (ii), if x <y then (z - y)' < (z - x)'. On the other
hand, now, we let x < y,z € Annk{x} then, by Definition 5.1 (z - x)’ € A. So, by Definition
3.3 of LI-ideal, (z » y)' € A. So, z € Annj{y} then, Annj{x} © Annj{y}, xy € E(Z,4(L)),

complete proof.

Theorem 5.5. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:

()AF(L) is connected, diam(Ag(L)) < 2, gr(Ap(L)) = 3.

(i) Z(L)is connected, diam(Z(L)) < 2, gr(Z(L)) = 3.

(iii)A4 (L) is connected, diam(A4 (L)) < 2, gr(84(L)) = 3.

(iv)Z,(L) is connected, diam(Z,(L)) < 2,gr(Z,(L)) = 3.
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Proof. (i) For all x € L,0 < x < I, then by Proposition 5.4 (i), 0,1 are connected to any
element in L. So, Ap(L) is connected, diam(Ag(L)) < 2, gr(Ap(L)) = 3.

(ii) For all x € L,0 < x < I, then by Proposition 5.4 (ii), 0, are connected to any element in
L. So, Zx(L) is connected, diam(Zr(L)) < 2, gr(Z(L)) = 3.

(iii) For all x € L,0 < x < I, then by Proposition 5.4 (iii), 0,1 are connected to any element
in L. So, A,(L) is connected, diam(A4(L)) < 2, gr(As(L)) = 3.

(iv) Forall x € L,0 < x < I, then by Proposition 5.4 (iv), 0,1 are connected to any element
in L. So, Z,(L) is connected, diam(Z,4(L)) < 2, gr(Z,(L)) = 3.

Theorem 5.6. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:

(D)Ap(L) is regular if and only if it is complete.
(ii)Xr (L) is regular if and only if it is complete.
(iit) A4 (L) is regular if and only if it is complete.
(iv) Z,(L) is regular if and only if it is complete.

Proof. (i) Suppose that Az (L) is regular. By Theorem 5.5(i), deg(0) = |L| — 1. Since Ag(L)
is regular, for all x € L, deg(x) = |L| — 1. Hence, Ar(L) is complete. Conversely, a complete

graph is regular.

(ii) Suppose that X (L) is regular. By Theorem 5.5(ii), deg(0) = |L| — 1. Since Xz(L) is
regular, for all x € L,deg(x) = |L| — 1. Hence, Xz(L) is complete. Conversely, a complete

graph is regular.

(iii) Suppose that A4 (L) is regular. By Theorem 5.5(iii), deg(0) = |L| — 1. Since A4(L) is
regular, for all x € L,deg(x) = |L| — 1. Hence, A4(L) is complete. Conversely, a complete

graph is regular.

(iv) Suppose that X4 (L) is regular. By Theorem 5.5(iv), deg(0) = |L| — 1. Since X,(L) is
regular, for all x € L,deg(x) = |L| — 1. Hence, X,(L) is complete. Conversely, a complete

graph is regular.

Theorem 5.7. Let L be a chain, F and A be a filter, an LI- ideal of L, respectively. Then, the

following statements hold:

()Ap(L),2r(L),A4(L), and X4 (L) are planar graphs if and only if |L| < 4.
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(ii))Ap(L), 2p (L), A4 (L), and X, (L) are outerplanar graphs if and only if |L| < 3.
(ii)Ap(L), Zr (L), A4 (L), and X4 (L) are planar graphs if and only if |L]| < 7.

Proof. (i) According to Proposition 5.4, Ap(L), Xz (L),A, (L), and X4 (L) are complete graphs,
respectively, if |L| = 5, then Ap(L), Zr(L),A,(L), and X, (L) have a subgraph isomorphic to
Kz, respectively, then by Kuratowski’s theorem Ap(L),2r(L),A4(L), and X,(L) are not
planar, respectively. Conversely, we knowK; has five vertices, hence if Ag(L), Zr(L), A4(L),
and 2, (L) are not planar, respectively, then Ag(L), Zr (L), A4(L), and X, (L) have at least five
vertices, respectively, which is contrary to |L| < 4.

(ii) According to Proposition 5.4, Ag(L),2r(L),A4(L), and X,(L) are complete graphs,
respectively, if |L| = 4, then Ap(L), Xr(L),A4(L), and X, (L) have a subgraph isomorphic to
K,, respectively, then by Definition Ap(L),2r(L),A,4(L), and X4(L) are not outerplanar,
respectively. Conversely, we knowK, has four vertices, hence if Ap(L),2r(L),A4(L), and
24(L) are not outerplanar, respectively, then Ap(L),Xr(L),A,(L), and X4(L) have at least

four vertices, respectively, which is contrary to |L| < 3.

(iit) According to Proposition 5.4, Ap(L),2r(L),A4(L), and X,(L) are complete graphs,
respectively, if |L| = 8, then Ap(L), Zr(L),A,(L), and X, (L) have a subgraph isomorphic to
Kg, respectively, then by Theorem Agp(L),2r(L),A4(L), and ZX4(L) are not toroidal,
respectively. Conversely, we knowKg has eight vertices, hence if Ap(L),Zr(L),A4(L), and
24(L) are not toroidal, respectively, then Ag(L),2r(L),A4(L), and X, (L) have at least eight

vertices, respectively, which is contrary to |L| < 7.
6. Graphs of lattice implication algebras based on filter and LI-
ideal via the binary operations @ and .

Definition 6.1. Let F and A be a filter, an LI- ideal of L, respectively. Then we have:

(¥R (L) is a simple graph, with vertex set L and two distinct vertices x and y being adjacent

ifandonlyifx@ y € F.

(ii) ¥,4(L) is a simple graph, with vertex set L and two distinct vertices x and y being

adjacentifand only if x ® y € A.

Example 6.2. Let L = {0,a, b, c,d, I} be lattice implication algebra defined in Example 4.4 ,
F ={b,c,1},A = {0, c} be a filter, an LI- ideal of L, respectively. Therefore, by Definition
3.2, binary operations @ and @ are produced by the following tables:
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TABLE 3. Binary operation @ for Example 6.2

&l 0l alb| el d
0|0 alb| el d
a | a|lal | ]| a
bl b T| 1| 8| I
c | el T b c| b
d| d|la| | b| a
] Iy 11111

e e | e | e | B | e | B

TABLE 4. Binary operation & for Example 6.2

@l 0|lal bl e| d| I
O(ofo[f0]0]0]O0
a | 0l al d| 0] d| a
] O d| e| e| O b
P 010l e e O ¢
d | O dl O] 0] O] d
Ol al b| e| d| I

Therefore,(¥(L)) = {0b, 0c, 01, ab, ac, al, bc, bd, b, cd, cl, dI}and E (¥4 (L)) =
{0a, 0b,0c, 0d, 01, ac, bc, bd, cd, cI, 01}

Theorem 6.3. Let F and A be a filter, an LI- ideal of L, respectively. Then the following

statements hold:
(i)deg(a) = |L| = 1in¥Yx(L), wherea € F.
(i) deg(a) = |L| — 1 in ¥4(L), where a € A.

Proof. (i) We know by Theorem 3.5 (ii) , forall x € L,x @ a = a, where a € F. Then by
Definition 3.2 of filter x @ a € F. So by Definition 6.1 (i) of graph ¥(L), xa € E(¥x(L)).
Then deg(a) = |L] — 1.

(it) We know by Theorem 3.5 (ii), for all x € L,x @ a < a, where a € A. Then by
Definition 3.3 of LI- ideal x @ a € A. So, by Definition 6.1 (ii) of graph ¥,(L),xa €
E(¥,(L)). Then deg(a) = |L| — 1.

Theorem 6.4. Let F and A be a filter, an Ll-ideal of L, respectively. Then the following

statements hold:
(DWg(L) is regular if and only if it is complete.

(i))¥4 (L) is regular if and only if it is complete.
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(i) Suppose that ¥ (L) is regular. Since by Theorem 6.3 (i), deg(a) =|L| —1,a € F, we
have deg(x) = |L| — 1, for all x € L. Hence ¥ (L) is complete. Conversely a complete graph

is regular.

(i) Suppose that ¥, (L) is regular. Since by Theorem 6.3 (ii), deg(a) = |L| —1,a € A, we
have deg(x) = |L| — 1, for all x € L. Hence ¥, (L) is complete. Conversely a complete graph

is regular.

Theorem 6.5. Let F and A be a filter, an LI- ideal of L, respectively, x,y,a,b € L,x < a,y <
b. Then, the following statements hold:

() If xy € E(¥r(L)), thenab € E(¥r(L)).
(i) If ab € E(¥,(L)), then xy € E(¥,(L)).

Proof. (i) We know by Theorem 3.5 (iv) thatif x <aand y < b, thenx Py <a @ b. If
xy € E(¥r(L)) based on Definition 6.1 (i) of graph ¥x(L),x @ y € F. Thus by Definition
3.2 of filter a @ b € F. Hence, ab € E(¥r(L)).

(ii) We know from Theorem 3.5 (iv) thatif x <aand y < b,then x  y <a ® b, and if
ab € E(¥,(L)), then by Definition 6.1 (ii) of graph ¥4(L),a ® b € A. Thus by Definition
3.3 of LI-ideal x ® y € A. Hence,xy € E(¥,(L)).

Theorem 6.6. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:
(i) deg(0) = |F] in the graph ¥ (L).
(ii) deg(I) = |A| in the graph ¥, (L).

Proof. (i) According to Theorem 3.5 (iii), 0 @ x = x € F, for all x € F. So, by Definition
6.1 (i) of graph ¥ (L), element 0 is connected to any element of F. So, deg(0) = |F]|.

(i) According to Theorem 3.5 (iii), I @ x = x € A, for all x € A. So, by Definition 6.1 (ii)
of graph ¥, (L), element I is connected to any element of A. So, deg(I) = |A]|.

Theorem 6.7. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:
(i)x" € Ng(x), where G = Wp(L).

(ii)x" € Ng(x), where G = ¥, (L).
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(i) According to Theorem 3.5 (iii), x' @ x =1 € F, for all x € F. So, by Definition 6.1 (i)
of graph W (L), element x is connected to x'. So, x" € N; (x).

(i) According to Theorem 3.5 (iii), x' ® x = 0 € A, for all x € A. So, by Definition 6.1 (ii)

of graph ¥, (L), element x is connected to x". So, x" € N (x).

Theorem 6.8. Let F and A be a filter, an LI- ideal of L, respectively, x <y, then the

following statements hold:
(i)deg(x) < deg(y) in the graph ¥ (L).
(i) deg(y) < deg(x) in the graph ¥, (L).

Proof. (i) Let x < y,z be connected to x then z @ x € F. On the other hand, z @ x <
z @y, then z @ y € F. Therefore, by Definition 6.1 (i) of graph ¥ (L), z is connected
to y, thus deg(x) < deg(y).

(ii) Let x < y,z be connected to y then z @ y € A. On the other hand, zQ x <z Q y,
then z @ x € A. Therefore, by Definition 6.1 (ii) of graph ¥,(L), z is connected to x.
Thus, deg(y) < deg(x).

Theorem 6.9. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:
(Dgr(¥Pp(L)) = {3,}.
(i) gr(Pa(L)) = {3, }.

Proof. (i) Let |coatom(L)| = 2 then we can choose m, m’ € coatom(L). It is clear that I —
m—m'—1 is a cycle of length 3. Now, suppose |[coatom(L)| =1, then we have

coatom(L) = {m}. Now we have the following cases:

(i) If L] = 4. Then there exist x; € L,x; # 0,m,I. So, x; » m = I. Since x; < m. Otherwise
x; > m that implies x; = I, then x; = 0 that is contradiction. Then I — x; —m — I is a cycle

of length 3. Thus, in this case we have gr(¥z(L)) = 3.

(i) If |L| =3,m € F. Then L = {0,m,I}. Also, we have 0@ m =m € F. Then 0 —m —
I — 0 is acycle of length 3. Thus gr(¥x(L)) = 3.

(ii)) If |L| = 3,F = {I}, we have 0 @ m = m & F. Thus 0 is not connected to m, so ¥ (L) is
star graph. Then gr(¥z(L)) = .
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(ii) Let Jatom(L)| = 2 then we can choose a,a’ € atom(L). Itisclearthat0 —a —a’ — 0 is
a cycle of length 3. Now, suppose |atom(L)| = 1, then we have atom(L) = {a}. Now we
have the following cases:

(i) If |L| = 4. Then there exist y; € L,y; # 0,a,1. So, (a = y;")' = 0. Since a <y’
Otherwise a > y;' that implies y; = 0, then y; = I that is contradiction. Then 0 —a —y; — 0
is a cycle of length 3. Thus, in this case we have gr(¥,(L)) = 3.

(i) If [L] =3,a € A. Then L ={0,a,1}. Also, we have [ @ a=a € A. Then —a—0—1
is a cycle of length 3. Thus gr(¥,(L)) = 3.

(iii) If |L] = 3,A={0}, we have I @ a = a & A. Thus I is not connected to a, S0 ¥,(L) is
star graph. Then gr(¥,(L)) = o.

Theorem 6.10. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:

Dw(¥Pr(L)) = max{|F|, |coatom(L)| + 1}.

(iDw(¥a(L)) = max{|Al, |latom(L)| + 1}.

Proof. (i) We have mvn =1, for all m,n € coatom(L), since mvh<m' - n=m@

n.Thenm @n=1. So, mn € E(‘I’F(L)). Also, forall x,y e F,x @y =x"—->y € F. Thus
Xy € E(‘I’F(L)), this implies that a)(‘I’F(L)) > max{|F|, |coatom(L)| + 1}.

(ii) We have anb = 0, for all a,b € atom(L), since a @ b = (a » b")' < anb. Then a Q
b=0. So, ab € E(‘I’A(L)). Also, for all x,y€eAx®@y=(x—->y') €A. Thus xy €
E(¥,(L)), this implies that w(¥,(L)) = max{|A|, latom(L)| + 1}.

Theorem 6.11. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following
statements hold:

()¥Wg(L) isan Euler graph if and only if |L| is odd.

(ii))¥4 (L) is an Euler graph if and only if |L] is odd.

Proof. (i) Theorem 6.3 (i) says that ¥ (L) is connected. So, by Euler’s theorem, ¥ (L) is an
Euler graph if and only if the degree of any vertex is even. Therefore, if (L) is an Euler

graph, then deg(I) is even. On the other hand, by Theorem 6.3 (i), deg(l) = |L| — 1 in the
graph Wz (L). Therefore, if ¥ (L) is an Euler graph, then |L| is odd. Hence, this is proved.
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(i) Theorem 6.3 (ii) says that ¥, (L) is connected. So, by Euler’s theorem, ¥, (L) is an Euler
graph if and only if the degree of any vertex is even. Therefore, if ¥,(L) is an Euler graph,
then deg(0) is even. On the other hand, by Theorem 6.3 (ii), deg(0) = |L| — 1 in the graph
¥, (L). Therefore, if ¥, (L) is an Euler graph, then |L| is odd. Hence, this is proved.

Theorem 6.12. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following
statements hold:

(@) If |coatom(L)| = 4, then W (L) is not planar.

(ii) If |coatom(L)| = 3, then W, (L) is not outerplanar.
(iii) If |coatom(L)| = 7, then W (L) is not toroidal.
(iv) If |atom(L)| = 4, then ¥, (L) is not planar.

(v) If |atom(L)| = 3, then ¥, (L) is not outerplanar.
(vi) If |atom(L)| = 7, then ¥, (L) is not toroidal.

Proof. (i) We know vertex I is connected to any element in L. Also, for all x,y € coatom(L),
we have x @y =1 € F. Since xvy < x" - y,xvy = I. Then, for all x,y € coatom(L), xy €
E(‘I’F(L)). So, by assumption, Wg(L) has a subgraph isomorphic to Ks. Then, by

Kuratowski’s theorem ¥ (L) is not planar.

(ii) We know vertex I is connected to any element in L. Also, for all x,y € coatom(L), we
have x @y =1 € F. Since xvy <x' —» y,xvy =1. Then, for all x,y € coatom(L),xy €
E(¥s(L)). So, by assumption, ¥z(L) has a subgraph isomorphic to K. Then, by Definition
2.5 W (L) is not outerplanar.

(iii) We know vertex [ is connected to any element in L. Also, for all x,y € coatom(L), we
have x @y =1 € F. Since xvy < x' - y,xvy = 1. Then, for all x,y € coatom(L),xy €
E(¥:(L)). So, by assumption, ¥ (L) has a subgraph isomorphic to Kg. Then, by Theorem 2.7
Y (L) is not toroidal.

(iv) We know vertex 0 is connected to any element in L. Also, for all x,y € atom(L), we
have x ® y = 0 € A. Since xay = (x' -» y)’,xay = 0. Then, for all x,y € atom(L),xy €
E(¥,(L)). So, ¥,(L) has a subgraph isomorphic to Ks. Then, by Kuratowski’s theorem
¥, (L) is not planar.

(v) We know vertex 0 is connected to any element in L. Also, for all x,y € atom(L), we

have x ® y = 0 € A. Since xay = (x' -» y)’,xay = 0. Then, for all x,y € atom(L),xy €
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E(‘PA(L)). So, W, (L) has a subgraph isomorphic to K,. Then, by Definition 2.5 ¥, (L) is not
outerplanar.

(vi) We know vertex 0 is connected to any element in L. Also, for all x,y € atom(L), we
have x ® y = 0 € A. Since xay < (x' - y)’,xay = 0. Then, for all x,y € atom(L),xy €
E(‘PA(L)). So, ¥, (L) has a subgraph isomorphic to Kg. Then, by Theorem 2.7 ¥, (L) is not

toroidal.

7. Graphs of lattice implication algebras based on filter and LI-

ideal via the concepts of annihilator, binary operations @ and

X.

Definition 7.1. Let F and A be a filter, an LI- ideal of L, respectively. Then the set of all zero-

divisors of x by F and A are defined as follows:

DAnng{x} ={y € L;x @y € F}.

(iDAnng{x} ={y € L;x ® y € A}.

Definition 7.2. Let F and A be a filter, an LI- ideal of L, respectively. Then we have:

(D)Qr(L) is a simple graph with vertex set L and two distinct vertices x and y being adjacent

if and only if Anng{x,y} = F.

(ii))Q4 (L) is a simple graph with vertex set L and two distinct vertices x and y being adjacent

if and only if Anng{x,y} = A.

Example 7.3. Consider lattice implication algebra is defined in Example 4.4, F = {b,c, I},
and A={0,c}. Then, we have Anng{b}= Anng{c}= Anng{l} =L, Anng{0} =
Anng{a} = Anng{d} = F, Anng{0} = Anng{c} = L, Anng{a} = Anng{l} =

A, Anng{b} = Anng{d} = {0,b,c,d}, Then E(Qr () =
{0a,0b,0c,0d,01,ab, ac,ad, al, bd, cd, dI’} and E(u) =
{0a,ab,ac,ad,al,01,bl,cl,dl}.

Theorem 7.4. Let F and A be a filter, an LI- ideal of L, respectively. Then the following
statements hold:

(i) deg(0) = |L| — 1,deg(I) = |Dg(L)|, in the graph G = Qr(L), where Dg(L) ={x €
L; Anng{x} = F}.
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(i) deg(I) = |L| —1,deg(0) = |[Dg(L)|, in the graph G =Q,(L), where Dg(L) =
{x € L; Anng{x} = A}.

Proof. (i) We know Ng({0}) ={x € L; Anng{0,x} = F}, Anng{0,x} = Anng {0} n
Anng{x} = F n Anng{x} =F, then deg(0)=|L|—1,N;({I}) = {x € L; Anng{x, 1} =
F} = Dg(L). Thus, deg(I) = [Dg(L)|.

(i) We know Ng({I}) = {x € L; Anng{x, I} = A}, Anng{x, I} = Anng{x} N Anng{l} =
Anng{x}nA =4, then deg()=|L|—1,N;(0) ={x € L; Anng{0,x} = A} = Dg(L).
Thus, deg(0) = |Dg (L)|.

Theorem 7.5. Let F and A be a filter, an LI- ideal of L, respectively. Then the following

statements hold:

(Ddiam (Qp(L)) < 2.

(i)diam(Qu(L)) < 2.

Proof. (i) We know by Theorem 7.4 that the vertex 0 is connected to every element in L.

Now, if there exist x,y € L, x,y # 0 and xy € E(Qz(L)), then diam(Qr(L)) = 1; otherwise,
diam(Qp(L)) = 2.

(i) We know by Theorem 7.4 that vertex I is connected to every element in L. Now, if there
exist x,y € L, x,y # I,xy € E(Qu(L)), then diam(Q,(L)) = 1; otherwise, diam(Q,(L)) =
2.

Theorem 7.6. Let F and A be a filter, an LI- ideal of L, respectively. Then the following
statements hold:

(i) Graph Qx(L) is regular if and only if it is complete.

(i) Graph Q4 (L) is regular if and only if it is complete.

Proof. (i) Suppose that Qz(L) is regular. We have deg(0) = |L| — 1. Since Q(L) is regular,

deg(x) = |L| — 1, for all x € L. Hence, Qz(L) is complete. Conversely, a complete graph is

regular.

(ii) Suppose that Q,(L) is regular. We have deg(l) = |L| — 1. Since Q4(L) is regular,
deg(x) = |L| — 1, for all x € L. Hence, Q4 (L) is complete. Conversely, a complete graph is

regular.
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Theorem 7.7. Let F and A be a proper filter, a proper LI- ideal of L, respectively. Then the

following statements hold:

(Da(Qr(L)) = |F|, where G = Qg(L).

(i)a(Q,(L)) = |A|, where G = Q,(L).

Proof. (i) We know for all x,y € F,Anng{x} = L and Anng{y} = L. Then, Anng{x,y} =
L. Now, if xy € E(Qg(L)), then L = F which is contradiction. Then a(Qr(L)) = |F|.

(it) We know for all x,y € 4, Anng{x} =L and Anng{y} = L. Then, Anng{x,y} = L.
Now, if xy € E(Q,(L)), then L = A which is contradiction. Then a(Q,(L)) = |A|.

Theorem 7.8. Let F be a filter of L. Then Qx(L) is a star graph if satisfies the two following

conditions:

()|DgL)| = 1,Dg (L) = {x € L; Anng{x,y} = F}.

(ii)|atom(L)] = 1.

Proof. We know the vertex 0 is connected to every element of L. Now, suppose there exist
x,y # 0 in such away that xy € E(Qg(L)), thus Anng{x,y} =F. On the other hand

latom(L)| = 1. Let a € atom(L), thus a < x and a < y, if there exists t where t @ a € F,

then tx € F and t @ y € F, since Anng{x,y} = F, we have t € F, which implies a €

Dg (L), this is contrary to |Dg (L)| = 1as 0 € Dg(L),a # 0.

Theorem 7.9. Let A be an LI- ideal of L. Then Q,(L) is a star graph if satisfies the two
following conditions:

()|pg(L)| =1,Dg(L) = {x € L; Anng{x,y} = A}.

(ii)|coatom(L)| = 1.

Proof. We know the vertex I is connected to every element of L. Now, suppose there exist
x,y # 1 in such away that xy € E(Q4(L)), thus Anng{x,y} = A. On the other hand
|coatom(L)| = 1. Let m € coatom(L), thus x < m and y < m, if there exists s where s Q
meA thens @ x € Aand s Q@ y € 4, since Anng{x,y} = A, we have s € A, which implies

m € Dg(L), this is contrary to |Dg (L)| = 1as I € Dg(L),m # I.

Proposition 7.10. Suppose that |Dg(L)| =n, |Dg(L)| = n, then the following statements
hold:

Dw(Qp(L)) =n+ 1.
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(iDw(Qu@L)=n+1.

Proof. (i) Let |Dg(L)|=n, then there exist xj,xy,...,x, € Dg(L). So, for all i=
1,2,..,n,t @ x; € F implies t € F, then x;x; € E(Qp(L)) for all i,j = 1,2,...,n. Also, the
vertex 0 is connected to every element in L. Hence, Qz(L) contains a clique of length n + 1.
So, by Definition 2.1 of clique number w(Qr(L)) = n + 1.

(it) Let [Dg(L)| = n, then there exist xy,x,, ..., x, € Dg(L). So, forall i =1,2,..,n,t ®
x; € A suggests ¢t € A. Then x;x; € E(Qu(L)) for all i,j =1,2,..,n. Also, the vertex I is
connected to every element in L. Hence, Q4(L) contains a clique of length n + 1. So, by

Definition 2.1 of clique number w(Q,(L)) = n + 1.

Theorem 7.11. Let F and A be a filter, an LI- ideal of L, respectively. Then the following

statements hold:

(D)Qg(L) is an Euler graph if and only if |L| is odd.

(ii)Q4 (L) is an Euler graph if and only if |L] is odd.

Proof. (i) According to Theorem 7.4 (i), we know Qg (L) is a connected graph. So, based on
Euler’s theorem, which states that a connected graph is an Euler graph if and only if the
degree of every vertex is even, hence Qr(L) is an Euler graph, then deg(0) is even.

Meanwhile, according to Theorem 7.4 (i), we have deg(0) = |L| — 1, therefore, if Qz(L) is

an Euler graph, then |L| is odd. Hence, this is proved completely.

(ii) According to Theorem 7.4 (ii), we know Q4(L) is a connected graph. So, based on
Euler’s theorem , which states that a connected graph is an Euler graph if and only if the
degree of every vertex is even, thus, if Q4(L) is an Euler graph, then deg(l) is even. On the
other hand, with Theorem 7.4 (ii), we have deg(l) = |L| — 1, so, if Q4(L) is an Euler graph,
then |L| is odd. Hence, this is proved completely.

Theorem 7.12. Let F and A be a filter, an LI- ideal of L, respectively. Also, Dg(L) =
{m,1},Dg (L) = {0, a}, where m € coatom(L),a € atom(L), A = {x € L; m covers x}, and

B = {x € L; x covers a}. Then the following statements hold:
(i) If |A| = 3, then Qg (L) is not planar.

(i) If |A| = 2, then Qz(L) is not outerplanar.

(iii) If |JA| = 6, then Qg (L) is not toroidal.

(iv) If |B] = 3, then Q4 (L) is not planar.
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(v) If |B] = 2, then Q4 (L) is not outerplanar.
(vi) If |B| = 6, then Q4 (L) is not toroidal.

Proof. (i) Let |A| = 3, then there exist x;,x,,x3 €EA. We have t @ x; <t P m forall i =
1,2,3. If there exists t where t @ x; € F,i = 1,2,3,then t @ m € F. Since Dg (L) = {m, I},
then t € F. So, mx;, x;x; € E(Qe(L)) for all i,j = 1,2,3. Also, the vertex 0 is connected to
every element in L. So, the induced subgraph of Qg(L) on {0, x4, x5, x3, m} is isomorphic to

Ks. Thus, based on Kuratowski’s theorem, Qz(L) is not planar.

(ii) Let |A] = 2, then there exist x;,x, € A. We have t @ x; <t @ m forall i =1,2. If
there exists t such that t @ x; € F,i = 1,2, then t @ m € F. Since Dg (L) = {m, I}, then t €
F. So, x;xj,x;m € E(Qg(L)) for all i,j = 1,2. Further, the vertex 0 is connected to every
element in L. So, the induced subgraph of Qz(L) on {0, x,, x,, m} is isomorphic to K,. Hence,

based on Definition 2.5, Qg (L) is not outerplanar.

(iii) Let |A| = 6, then there exist x4, ...,xs €E A. Wehavet @ x; <t@ mforalli=1,..,6.
If there exists t where t @ x; € F,i = 1,...,6, then t @ m € F. Since Dg (L) = {m, I}, then
t € F. S0, x;xj,x;m € E(Qp(L)) forall i,j = 1, ..., 6. Also, the vertex 0 is connected to every
element in L. So, the induced subgraph of Qg(L) on {0,xy, ..., xs, m} is isomorphic to Kg.

Then, according to Theorem 2.7, Qz(L) is not toroidal.

(iv) Let |[B| = 3, then there exist x;,x,,x3 € B.We have s @ a <s @ x; foralli =1,2,3.
If there exists s such that s @ x; € A,i =1,2,3, then s @ a € A. Therefore, s € A. So,
ax;, x;x; € E(QA(L)) for all i,j =1,2,3. In addition, the vertex I is connected to every
element in L. Hence, the induced subgraph of Q4(L) on {a, x;, x5, x3, I} is isomorphic to Ks.

Then, with Kuratowski’s theorem, Q, (L) is not planar.

(v) Let |B| = 2, then there exist x;,x, € B. We have s ® a < s ® x; for all i = 1,2, then
s @ a € A. Thus, s € A. So, ax;, x;x; € E(Qa(L)) for all i,j = 1, 2. Additionally, the vertex
I is connected to every element in L. So, the induced subgraph of Q,(L) on {a, x;,x,,1} is

isomorphic to K,. Hence, based on Definition 2.5, Q4 (L) is not outerplanar.

(vi) Let |B| = 6, then there exist x4, ...,x, € B.Wehave s @a <s Q@ x; foralli =1, ...,6.
If there exists s such that s @ x; € A,i = 1, ..., 6. Also, the vertex I is connected to every
element in L. So, the induced subgraph of Q,(L) on {a, x4, ..., xs, I} is isomorphic to Kg.

Hence, by Theorem 2.7, Q, (L) is not toroidal.
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8. Graphs of lattice implication algebras based on filter and LI-
ideal via the binary operations V and A.
Definition 8.1. Let F and A be a filter, an LI- ideal of L, respectively. Then, we have:

(D)Yr(L) is a simple graph, with vertex set L and two distinct vertices x and y are adjacent if

and only if xvy € F.

(ii)Y, (L) is a simple graph, with vertex set L and two distinct vertices x and y are adjacent if

and only if xay € A.

Example 8.2. Let L = {0, a, b, I'} and operators of L be defined in the following tables:

TABLE 5. Binary operation V for Example 8.2

VvIi0o|lal|l b| [
0|0 al| b| [
a | alal|l I| 1
] ] I b I
ryryryr1|\1i

TABLE 6. Binary operation A for Example 8.2

Al O] al b T
I o] 0] 0 0
] 0] a|l 0] a
bloloOo|b| b
I o0lalb| 1

TABLE 7. Binary operation — for Example 8.2

— | 0| al b

0 I 1|1
7 bl T b
b al al [

[ [ ) N .

I O al b
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TABLE 8. Unary operation “ for Example 8.2

"TOolal bl T
I b a| 0

Then (L,v,a,”,—) is a lattice implication algebra. We suppose F = {I} and A = {0} be a
filter, an LI- ideal of L, respectively. Then E(Yz(L)) ={0I,ab,al,bI}, and E(Y,(L)) =
{0a, 0b, 01, ab}.

Lemma 8.3. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following
statements hold:

(i) deg(x) = |L| — 1, in the graph Yz (L), where x € F.
(ii) deg(x) = |L| — 1, in the graph Y, (L), where x € A.

Proof. (i) Let x € F,y be an arbitrary element in L, then xvy € F. Since x < xvy, F is a filter

of L. So, xy € E(¥z(L)), complete proof.

(ii) Let x € A,y be an arbitrary element in L, then xay € A. Since xay < x,A is an LI- ideal

of L. So, xy € E(¥,(L)), complete proof.

Theorem 8.4. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following
statements hold:

(0)Yg(L) is regular if and only if it is complete.

(i)Y, (L) is regular if and only if it is complete.

Proof. (i) Let Y(L) be a regular graph. By Lemma 8.3 (i), we have deg(l) = |L| — 1. Now,

since Yz (L) is regular, then for any x € L,deg(x) = |L| — 1. This means that Yz(L) is a

complete graph. Conversely, a complete graph is regular.

(i) Let Y4 (L) be a regular graph. By Lemma 8.3 (ii), we have deg(0) = |L| — 1. Now, since
Y, (L) is regular, then for any x € L,deg(x) = |L| — 1. This means that ¥, (L) is a complete

graph. Conversely, a complete graph is regular.
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Proposition 8.5. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:

Dw(Yp(L)) = |F|.

(iDw(Ya(L)) = |AI.

Proof. (i) Straightforward by Lemma 8.3 (i).

(ii) Straightforward by Lemma 8.3 (ii).

Theorem 8.6. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:

(0) Yr(L) is connected, diam(¥;(L)) < 2.
(i) Y, (L) is connected, diam (¥, (L)) < 2.
Proof. (i) Straightforward by Lemma 8.3 (i).

(ii) Straightforward by Lemma 8.3 (ii).

Theorem 8.7. Let F # {I} and A # {0} be a filter, an LI- ideal of L, respectively. Then, the

following statements hold:
Dgr(¥e(L)) =3.
(igr(Ya(L)) = 3.

Proof. (i) Let a # I be an element in F, x be an arbitrary elementin L,then] —a—x—1isa

cycle of length 3 in Y (L), complete proof.

(ii) Let a # 0 be an element in A, x be an arbitrary element in L, then 0 —a—x—0 is a

cycle of length 3 in ¥, (L), complete proof.

Proposition 8.8. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:
() If Yz(L) is planar, then |F| < 4.

(it) If Yz(L) is outerplana, then |F| < 3.
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(i) If Yz (L) is toroidal, then |F| < 7.

(iv) If Y4 (L) is planar, then |A| < 4.

(v) If Y4(L) is outerplanar, then |A| < 3.

(vi) If Y4 (L) is toroidal, then |A| < 7.

Proof. (i) According to Lemma 8.3 (i), Y(L) is a complete graph on F, if |F| = 5 then Yz (L)
has a subgraph isomorphic to K5 which by Kuratowski’s theorem, Y (L) is not planar.

(ii) According to Lemma 8.3 (i), Yz(L) is a complete graph on F, if |[F| > 4 then Yz (L) has a
subgraph isomorphic to K, which by Definition 2.5, ¥ (L) is not outerplanar.

(iit) According to Lemma 8.3 (i), Yz (L) is a complete graph on F, if |F| = 7 then Yz (L) has
a subgraph isomorphic to Kg which by Theorem 2.7, Yx(L) is not toroidal.

(iv) According to Lemma 8.3 (ii), Y4 (L) is a complete graph on 4, if |A| = 5 then ¥, (L) has

a subgraph isomorphic to Kg which by Kuratowski’s theorem, ¥, (L) is not planar.

(v) According to Lemma 8.3 (ii), Y, (L) is a complete graph on A4, if |A| = 4 then Y, (L) has a
subgraph isomorphic to K, which by Definition 2.5, ¥, (L) is not outerplanar.

(vi) According to Lemma 8.3 (ii), Y4 (L) is a complete graph on A, if |A| = 7 then ¥, (L) has
a subgraph isomorphic to Kg which by Theorem 2.7, Y, (L) is not toroidal.

Theorem 8.9. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:
() If Yz(L) is an Euler graph then |L| is odd.
(ii) If Y4 (L) is an Euler graph then |L]| is odd.

Proof. (i) According to Lemma 8.3 (i), for all x € F, deg(x) = L] — 1. Now, if Yz(L) is an
Euler graph then degree of every vertex in F is even. So, |L| is odd, complete proof.

(i) According to Lemma 8.3 (ii), for all x € A, deg(x) = |L| — 1. Now, if Y, (L) is an Euler

graph then degree of every vertex in A is even. So, |L| is odd, complete proof.

Theorem 8.10. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:
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() If F =N4<j<n P; and, foreach 1 < j < n, F #Ny<j<p = Pi, Where P; are prime filters of L.
Then w(Yr(L)) = n = x(Yx(L)).
(i) If A =Ny<<pn Py and, foreach 1 < j <n, A #Nq<j<nxj P;, Where P; are prime LI- ideals

of L. Then w(¥, (L)) = n = x(Y,(1)).

Proof. (i) For each j with 1 < j < n, consider an element x; in (N1<j<p i< P;) — Pj. We have
A = {xy, ..., x,} is a clique in Yz(L). Hence w(Yx(L)) = n. Now, we prove that y(¥z(L)) <
n. Define a coloring f by putting f(x) = min{i; x € P;}. Let f(x) = k, x and y be adjacent
vertices. So, x € P, and xvy € F. Since Py is prime, y € P, and so f(y) # k. Now, since
w(Yz(L)) < x(Yr(L)), the result hold.

(it) For each j with 1 < j < n, consider an element x; in (Ny<jcpnizj Pi) — P;. We have 4 =
{x1, ..., %} is a clique in ¥,(L). Hence w(Y,(L)) = n. Now, we prove that x(¥;(L)) < n.
Define a coloring f by putting f(x) = min{i; x € P;}. Let f(x) =k, x and y be adjacent
vertices. So, x & P, and xay € A. Since Py, is prime, y € P, and so f(y) # k. Now, since
w(¥(L)) < x(Ya(L)), the result hold.

Theorem 8.11. Let F and A be a filter, an LI- ideal of L, respectively. Then, the following

statements hold:

(i) If F =nj¢; P;, where P; are prime filters of L, ] is an infinite set and, for each i € J, F #
Njxi P;. Then w(Yr(L)) = o0 = x(¥z(L)).

(ii) If A =nje; Pywhere P’ are prime LI- ideals of L, J is an infinite set and, for each i € J,

A#0 PY.Then (Y, (L)) = oo = x(Ya(L)).

Proof. (i) For each i € J, there exists x; € (njii P; — P;). Now, one can easily see that the set

of x; forms an infinite clique in ¥z (L). Since w(¥x(L)) < x(¥#(L)), the assertion holds.

(ii) For each i € ], there exists x; € (njil- P — Pl-). Now, one can easily see that the set of x;

forms an infinite clique in ¥, (L). Since w(¥,4(L)) < x(¥,(L)), the assertion holds.
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