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ALTERNATIVE PARTNER CURVES IN THE EUCLIDEAN
3—SPACE

BEYHAN YILMAZ AND AYKUT HAS

ABSTRACT. In the present paper, a new type of special curve couple which are
called WC*—partner curves are introduced according to alternative moving
frame {N,C, W}. The distance function between the corresponding points of
reference curve and its partner curve is obtained. Besides, the angle function
between the vector fields of alternative frame of the curves is expressed by
means of alternative curvatures f and g. In addition to these, various charac-
terizations are obtained related to these curves.

1. INTRODUCTION

The curves are the fundamental structure of differential geometry. Numerous
studies of curves are carried out in 3—dimensional Euclidean space. Two curves
which have some special properties at their corresponding points are called curve
pairs. Hence, curve pairs are attracted the attention of many researchers [T}, 2, [3] [13].
The most famous types of curve pairs are Bertrand partner curves. The Bertrand
curves were firstly described by Bertrand Russell in 1850. These curves have the
common principal normal vector. The classic characterization for Bertrand curves
is that a regular curve « in E? is the Bertrand curve if and only if ar(s) +b7(s) = 1
holds [7]. The other famous curve pair are the Mannheim partner curves. These
curves are defined by Mannheim with the equality x?+7% = w? =constant. Another
characterization can be made as two curves o and 8 in E? which are called Manneim
partner curves if the principal normal vector fields of « coincide with the binormal
vector fields of § at the corresponding points of curves [5, [6] 12 [T4].

This paper is expected to define a new kind of curve pairs which are called
W C* —partner curves and give various characterization of these curves. For this
purpose, an alternative frame on original curve is used and another curve is defined
using this frame. First of all, a brief summary of curve theory and alternative frame

Received by the editors: March 11, 2019: Accepted: February 25, 2020.
2010 Mathematics Subject Classification. MSC[2010] 53A25, 53A40,53A04.
Key words and phrases. Slant helix, alternative frame, curve pairs.

©2020 Ankara University
Communications Faculty of Sciences University of Ankara-Series A1 Mathematics and Statistics

1



2 BEYHAN YILMAZ AND AYKUT HAS

are presented. Afterwards, the definition and main characterizations corporated to
distance function and angle function of WC* —partner curves are introduced.

2. PRELIMINARIES

Let o = a(s) be a regular unit speed curve in the Euclidean 3—space where s

T
o . I
be its principal normal vector and B = T x N be its binormal vector. The triple
{T, N, B} be the Frenet frame of the curve c. Then the Frenet formula of the curve
is given by

measures its arc length. Also, let T = o' be its unit tangent vector, N

T'(s) 0 k(s) 0 T (s)
N'(s) | = —k(s) 0 7(8) N (s) (2.1)
B'(s) 0 —7(s) O B(s)

where k (s) and 7 (s) are curvature and torsion of «, respectively [10]. Also, the
geodesic curvature of spherical image of principal normal indicatrix of a space curve
« is given
/€2 NG

(K2 + 72)3/2 (H) '
If we reconstruct the above equation via the harmonic curvature function H which
is introduced by Ozdamar in [§], we can easily see that
-7 T

k(1 + H2)3/2° K
From the equation , the unit Darboux vector W of « is as follows

1
It is obvious that the Darboux vector is vertical to the principal normal vector field
N from equation (2.2). With the help of the vector fields W and N, along afs),
C = W X N unit vector field is defined. These three orthogonal vectors creates
a new frame defined by Uzunoglu et al. in [II]. This frame is designation by
{N,C, W} and alternative frame to curve rather than the Frenet frame {T', N, B}.
The alternative frame and derivative formula of the alternative frame are given by

o =

ag

0 1 0
N —K 0 T T
VC[; = /ﬁij_ 2 /szj_ ) g , (2.3)
- 9 -~
VErs | Vi
and
N’ 0 f 0 N
C’ = —-f 0 g C , (2.4)

W 0 —g 0 W
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where

’

H
1+H?*
Since the principal normal vector N is common in both frames, following equations

are available from the equations (2.1)), (2.2)) and (2.4),

f=rV1+H? g=

C = —-kT'+7B (2.5)
W = 7T+ kB

and
T = —-kC+7TW (2.6)
B = 7C+EkW

_ K T
where/ﬁ:? and T = —.

A regular curve « is called a helix if the tangent lines of the curve makes a
constant angle with a fixed direction. This curve is characterized by the property

T . . .
that — is constant [4]. If the principal normal lines of the curve makes a constant
K

angle with a fixed direction, then the curve is called a slant helix and characterized
by the equally

g H

F o mprC
is constant [I1]. Then the characterization of a slant helix according to alternative
frame is given as follows.

Remark 1. A regular curve a(s) according to alternative frame {N,C, W} with

9(s)

alternative curvatures f and g is a slant heliz if and only if % = constant [11].
3. ALTERNATIVE PARTNER CURVES IN THE EUCLIDEAN
3—SPACE

This section aims to define a new type of partner curves by considering alterna-
tive frame and find some characterizations for these curves corporated to distance
function between the corresponding points of the curves, curvatures of the curves
and angle function.

Definition 1. Let o = a(s) and a* = a*(s*) be two reqular space curves parameter-
ized by its arc length s and s* with Frenet frames {T, N, B}, {T*, N*, B*} , curva-
tures k, kK* and torsions T, T* respectively in the Fuclidean 3—space. Also, let the al-
ternative moving frames and alternative curvatures of curves be {N,C, W}, f, g and
{N*,C*,W*}, f*, g*, respectively. The curves o and «* are called WC*—partner
curves if the vector fields W and C~ coincide i.e., W = C* holds at the correspond-
ing points of the curves.
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From Definition 1, we can easily write the parametric representation of a*(s*)
as follows
a*(s*) = als) + AM(s)W(s) (3.1)
where A = A(s) is the distance function between corresponding points of the curves
a and a. Because the vector fields W and C* are the equal, we can represent the
relationship between the alternative frames of o and o*. If § = 6(s) is the angle
function between vector fields N and W*, the following equations are obtained
thanks to axis rotation equations.

N* cos(90 —0) sin(90—0) 0 N
c* = 0 0 1 C
wH —sin(90 — 0) cos(90—60) 0 w
N* = sinfN + cos0C (3.2)
W* = —cosN +sinfC
and
N = sindN* — cos W™ (3.3)

C = cosON* +sindW=.

Theorem 1. Let {a,a*} be WC*—partner curves according to alternative frame
in Buclidean 3—space. The distance function A = A(s) between the corresponding
points of the a and o™ is as follows,

A(s) =

K
fa
Proof. If we take derivative of the equation according to s, we get
ds*
ds
Using the equations and , we obtain that

kv _k *dS*
(-r C +TW)dS

T2 T+ N W + AW,

= —(Kk+ Ag)cosON* + (T + )\/)C* — (R + Ag) sin OW™.

If we consider the above equalities, we can easily see that
K

As) = 7

O

Theorem 2. Let {c, a*} be WC*—partner curves in Euclidean 3—space. {N,C, W, f, g}

and {N*,C*, W*, f* g*} are the alternative frame elements of the curves a and o*,
respectively. Then the following relation exists among curvatures.

*

g
f*

= —tanf = constant and (f*)2 + (g*)2 = 92
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Proof. Since {a,a*} is the WC*—partner curves, W = C* and their derivatives
are equal.
(C) = —f'N"+g W,
w' = —gC.
From the last equation and equation (3.3)) , we have
—f*N*+ g"W* = —g(cos N + sin OW ™)

/5 = gcosb,
g* = —gsin.
So, we obtain that
% = —tanf

and

O

Theorem 3. Let {a, a*} be WC*—partner curves in Fuclidean 3—space. 6 = 0(s)
be the angle function between vector fields N and W*. Then the following relation
exists.

*
S

Gz/fds, s:/ / ds*
gcosf
0

0

Proof. From the equation (3.2)), we have
N* =sinfN + cos6C

If we take the derivative of each side of the above equation according to s, we obtain

AN*ds*  do. . df ,
Jo ds oo 0£N +sinN sm0%0 + cos6C
e A8* de ) . db
frc = cosOdSN—l— sinf(fC) — sm9dSC+COSH(—fN—|—gW)
Because {a,a*} is the WC*—partner curves, we have
. ds* a9 , _dh
fw e (cost9£ — fcosO)N + (fsinf — sm¢9£)0+gcow9W
f*ds =gcosf and s = / ds*
ds

gcosf
0
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dé dé do
Also, from fsinf —sinf— =0 and cosf— — fcosf =0, we get f = — and
ds ds ds
0= /fds.
0

Theorem 4. Let {a,a*} be WC*—partner curves in Euclidean 3—space. o* is a
heliz if and only if

O

(k + Ag)sinf
(T+)\)
18 constant.

Proof. If we take the derivative of the equation (3.1 according to parameter s, we
have

ds* /
T* ; =T+AXW+ W
s
and if we use the equation (2.6) and the alternative frame formulas, we get
ds* /
(—R*C*+7T"W™) ;s =—RC+TW + AW — A(gC).
From equation (3.2) and W = C*,
ds* /
(—R*W +7*W) ;S = —7(cos ON* +sin W) +7W + X W — Ag(cos ON* +sin 1)
ds*
=k 77 — (= )\/
R (T+X)
d *
?*d—ss = —(R+ \g)sinf
and .
T - (Eflg)snb (3.4)
K T+ X)
_* T* % * ?* T* .
Because of 7 = — and K = F, we know that — = e So, from equation
K
(3.4) , @ is a helix if and only if
(R + Ag)sinf
(T+X)
is constant. O

Theorem 5. Let {o,a*} be WC*—partner curves in Euclidean 3—space. a* is a
slant heliz if and only if

*
g—* = constant
f
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Proof. If we use the derivative of the alternative frame, we have

dN*
_ *C*
ds* !
and JW
= —g"C".
ds* g
Using the above two equations, we obtain that
dW*
9" ds*
f* dN*~
ds*

Also if we take the derivative of the first equality of equation according to s,
we get
dN* ds*
ds* ds

= cos HﬁN +sinN’ — sin H%C + cos 0C’,
ds ds
de . . .do
= cos Gd—N +siné(fC) — sin Qd—C +cos(—fN + gW),
s S
df . . do
= c0s9£ — fcosf | N + fs1n0—81n9£ C + g cos W (3.5)

From the proof of the Theorem 3, we know that

do

If we use the above equation in (3.5)) , we obtain that
dN* ds*
1o g5 Jcos OW. (3.7)

Similarly if we take the derivative of the second equality of equation ([3.2)) according
to parameter s, we can easily see that

dW* ds*
ds* ds

= sin OﬁN — cosON' + cos G@C +sin0C’,
ds ds
. df de .

= sin 9£N —cosO(fC) + cos 9£C +sinf(—fN + gW),

. .de . do .
= sm@d——fsme N + —fcos@+cos€d— C + gsin 01(3.8)

s s

If we use the equation (3.6 in (3.8, we have

dW* ds* .
T de gsin OW. (3.9)
By proportioning the equations (3.7) and (3.9) , we get
g*

Z— = —tan # = constant

f*
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O

Theorem 6. Let {«,a*} be WC*—partner curves in Euclidean 3—space. Then the
following relation exists
g fr o ds”

f - fcosb ds
Proof. Using alternative frame {N,C, W}, we have
N' = fC and W' = —¢C.

If we calculate the ratio of these two equations, we obtain

g _ W
From the following equations
dc*
I = —f*N*+g¢g"W* and W =C",
we can see that I d p
s* s*
ds* ds (=7 +yg ) ds
Also, from equation (3.2,
dW ds* . . . ds*
prraral [—f"(sinON + cos6C) + g*(— cos 0N + sin 6C)] =
d *
= [(—f"sinf — g*cos@) N + (—f* cos + ¢g*sin6) C] ;s (3.11)
If we use the equations f* = gcos# and g* = —gsin# in Theorem 2, we obtain
«_ frsinf
~ cosh

and if we write this equation in (3.11)), we get

dW ds* .o [rsinf . f*sind | ds*
I ds {(—f sinf + p— cos@)N—i—( ffcosb p— sm@) C’] I
,_ T dsT
- cosf ds
Also from the equation (3.10]), we have
9__W_ _M
f N’ fc
g _ [ ds
f fcos@ ds”

So this completes the proof. O
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FIGURE 1. The curve o

Example 1. Let a be spatial curve given by the parametrization ([9])

9 1 — 1 6
as) = (2—08 sin 16s — 1 sin 36s, % cos 16s + 177 8 36s, & sin 10s).

If the mecessary arrangements are made, we obtain the curvatures of a as follows
k(s) = —24sin10s, 7(s) = 24cos10s, f(s) =24, g(s) = 10.
sin 10s

From the Theorem 1, the distance function is obtained as \(s) = T Then
the W C*—partner curve o* of «a is obtained as
a’(s") = als) + A(s)W(s)
*(s) (9'16 1'36—!—9 6ssin 10 1 465 sin 10
= (==—sin — ——sin — in - — in

a*(s 508 ° T s+ I3 cosbss § = T3q Cos46ss s,
— 1 9 4
208 cos 16s + 17 cos 36s + 130 sin 6s sin 10s — 130 sin 46s sin 10s,
6 12
& sin 10s + 130 °8 20ssin 10s).

Figure 1 shows the graph of the curve a and Figure 2 shows the WC*—partner
curve o,
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FIGURE 2. W(C*—partner curve of
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