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Abstract: In this study, we find the traveling wave solutions of these equations by applying
(3+1)-dimensional nonlinear Schrédinger’s equation and coupled nonlinear Schrédinger’s
equation to Generalized Jacobi elliptic function method. We have expressed these solutions both
as Jacobi elliptical solutions and trigonometric and hyperbolic solutions. We present two and three
dimensional graphics of some solutions we have found. We also state some studies on these
equations.

Bazi Dogrusal Olmayan Schrodinger Denklemlerinin Hareketli Dalga Céziimleri icin

Genellestirilmis Jacobi Eliptik Fonksiyon Yontemi

Anahtar
Kelimeler
Genellestirilmis
Jacobi eliptik
fonksiyon
yontemi,

(3 + 1) boyutlu
dogrusal
olmayan
Schrédinger
denklemi,
Dogrusal
olmayan
Schrodinger
denklem gifti,
Hareketli
dalga
¢Ozlimleri

Oz: Bu galismada (3 + 1) boyutlu dogrusal olmayan Schrodinger denklemine ve dogrusal olmayan
Schrodinger denklem ¢iftine Genellestirilmis Jacobi eliptik fonksiyon ydntemini uygulayarak bu
denklemlerin hareketli dalga ¢dziimlerini bulduk. Bu ¢6ziimleri hem Jacobi eliptik ¢oziimler hem
de trigonometrik ve hiperbolik ¢dziimler olarak ifade ettik. Buldugumuz bazi ¢dziimlerin iki ve ii¢
boyutlu grafiklerini sunduk. Ayrica bu denklemler iizerine yapilan baz1 ¢aligmalari ifade ettik.
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1. INTRODUCTION

Nonlinear partial differential equations (NPDES) have an
important place in applied mathematics and physics.
Many methods have been developed to solve these
equations. In most of these methods, nonlinear partial
differential equations are converted to ordinary
differential equations. Various solutions for the
considered PDE are found with the help of these
ordinary differential equations. In this study, we
obtained traveling wave solutions of the (3+1)
dimensional nonlinear Schrodinger equation and coupled
nonlinear Schrodinger equation using the generalized
Jacobi elliptical function method [1]. Many authors
applied Jacobi elliptical function method and similar
methods on some nonlinear partial differential equations
and obtained various solutions of these equations. Some
of these applications are given in [2-29]. Some studies
on (3+1) dimensional nonlinear Schrédinger equation are
as follow: Najafi et al. [2] reached exact solutions of
(3+1)-dimensional nonlinear Schrédinger’s equation by
means of using sine-cosine method. Bulut et al. [3]
reached traveling wave solutions of (3+1)-dimensional
nonlinear Schrodinger’s equation using the Sine-Gordon
expansion method. Arbabi et al. [4] reached exact
solutions of (3+1)-dimensional nonlinear Schrédinger’s

equation using the (%) — expansion method. Bhrawy et

al. [5] obtained exact solutions of (3+1)-dimensional
nonlinear Schrédinger’s equation using the Extended
Jacobi elliptic function method. On the other hand, Esen
et al. [6] reached the dark, bright, mixed dark-bright,
singular and mixed singular optical solutions to the
space-time  fractional  (1+1)-dimensional coupled
nonlinear Schrodinger’s equation using the Sinh-Gordon
equation expansion method. Wazwaz [7] investigated
optical bright and dark soliton solution of coupled
nonlinear Schrodinger (CNLS) equations in the
anomalous and dispersive regimes using the Variational
Iteration Method (VIM).

2. ANALYSIS OF GENERALIZED JACOBI
ELLIPTIC FUNCTION METHOD

First we will present a simple description of the
generalized Jacobi elliptic function method, and then we
will give a generalized Jacobi elliptic function method
[1]. To this end, one can consider general form of a PDE
with four variables

)=0 1)

and transform Eq. (1) with u(x,t) = u(é), &€ = x + vt,
where v is a constant. After transformation, we get a
nonlinear ODE for u(§),

Q (U, Up, Uy, Uy -

Q' u",u",..)=0. 2

The solution of the equation (2) we are looking for is
expressed in the form

u(®) = ap + Xii[aiF @) + biF ()], ®3)
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where & = x + vt and n positive integer that can be
determined by balancing the highest order derivate and
with the highest nonlinear terms in equation. Substituting
solution (3) into Eqg. (2) yields a set of algebraic
equations for F* and F~¢ then, all coefficients of Fand
F~! have to vanish. After this seperated algebraic
equation, we could found coefficients a,, a;, b;, v and &.

In this paper, we will consider solving the (3+1)-
dimensional nonlinear Schrodinger’s equation and
coupled nonlinear Schrdédinger’s equation by using the
generalized Jacobi elliptic function method which is
introduced by Huai-Tang et al. [1]. The fundamental of
their method is to take full advantage of the elliptic
equation and use its solutions F. The desired elliptic
equation is given as

F'> = A+ BF? + CF*, 4)

where F' = Z—? and 4, B, C are constants. The solutions

of Eq. (4) are given in the paper [1].

3. THE (3+1)-DIMENSIONAL NONLINEAR
SCHRODINGER’S EQUATION

We consider the (3+1)-dimensional  nonlinear
Schrodinger’s equation
iqt+QXx+qyy+QZz+)/|q|2q =0, (%)

Let’s use following conversion for the equation (5),
q(x,y,2,t) = e“u(®) Q)
whereé =x+y+z+vt,0 =Bx+ay+1z+rt.

We obtain following ordinary differential equation when
Substituting (6) into (5),

3u' — (B2 +a?+ > +r)u+yud =0. )

where v = =2(8 + a + 1). In Eq. (7), balancing u"’ with
u® gives n = 1. Then, the solution (3) becomes as
follows,

u=ay+aF+bFt 8)

when (8) and (4) are written into (7) equation, and when
F' and F~! coefficients from the same degree are
equalized to zero, then following linear algebraic
equation system is obtained for a,,aq, by, 8, a,1 and r.

3yapa? =0, 6Ca, +ya3 =0, 6Ab; +yb3 =0,
3yagh? =0,
—rd. — 2q. — q2q. — B2 3 —

ray —s“ag — a“ay — f°ay + yay + 6yasa, b, =0,

3Ba, — ra, — s?a; — a’a; — f?a, + 3ya3a, +
3ya?b, =0,

3Bb; —rb; — s?b; — a’b, — B%b; + 3yaib, +
3ya b? =0,
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If the algebraic equation system above is solved with the
aid of Mathematica, a,, a;, b; and r are found as follow

iV6VC ivV6VA
a0=0,y;t0,a1=l\/7 ,blzl\/7 ,r =3B —s%—

a? — B?% + 3ya,b,. 9

Substituting (9) into (8) and using solutions of (4), also
considering conversion (6), the solutions of equation (5)
are found as follow,

i) A=1, B=—(1+m?), C =m?

q.(x,y,2,t) = e® X( SEim? sn(é, )+ N sn(fm)>
(10)

4 (x,y,2,t) = e x ( cd(,m) + % N cd(fm))
(11)

whereé =x+y+z—-2B+a+Dt, 0 =Fx+ay+
Iz + (-3 —3m? — 18VmZ — 12 — a? — p?)Lt.

i) A=1-m? B=2m?-1, C = —m?

q3(x,y,2z,t) = e¥ x (%T ;mz cn(§,m) +
ivey1-m2 |, 1 )
7 meEm) (12)

whereé =x+y+z—-2B+a+Dt, 0 =Fx+ay+
lz+ (-3 +6m?—18V—-m2V1—-m2 -2 —a? —
B)t.

i) A=m?—1, B=2-m?, C=-1.

CI4(x,y'Z, t) =
e'® x (—% dn(&,m) +
(13)

iV6ym2-1 1 >
V¥ dn(§,m))’

whereé =x+y+z-2B+a+Dt, 6 =Fx+ay+
Iz + (6 —3m? — 18iV—1+ m% — I? — a% — B?)Lt.

iv) A=-m?(1-m?), B=2m?-1, C=1.
qS(x Y,z t) =
oif iV6/-m2(1-m2) . 1 )
% ( ds(¢,m) + N asGEm)
(14)

whereé =x+y+z-2+a+Dt, 6 =Bx+ay+
lz+(—3+6m2—18 -m2(1—m?) —1? —a?—

[)’2) t.

VY A=1-m? B=2-m? C=1.

iv6y/1-m? 1 >

i0
45,7, 2,0) = e x (B2 cs(g,m) + MO L)

(15)
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whereé =x+y+z—-2B+a+Dt, 0=pFx+ay+
lz+(6—3m?—18V1 —m? — 1> — a? — p?)t.

vi) A=1 B="2 =1
4 4

CI7(X, y:Z; t) =
i\EW snEm i\E 1+dn(€,m)

W 1xdn@m) vy snEm) [
(16)

whereé =x+y+z—-2B+a+Dt, 0=pFx+ay+
Iz +1(= 2 _ Z_9J2 _ 902 _ 92
z+- (=6 +3m* — 9Vm? — 21> — 2a® - 24%)t.

2

vii) A="—, B=
4

. Jm?
qs(x,y,2,t) = e x = (snEm) £

. i\EVmZ 1
fen(§,m) ) + vy snEm)xienEm) | n

"\EW dan(g,m)
V¥ iv1-m2 sn(Em)+en(§,m)

qo(x,y,2,t) = ' x

L\EW i iv1-m2 sn(§,m)+tcn(&,m)
VY dn(§,m) ’

(18)

wheref—x+y+z—2(ﬁ+a+l)t, 0=pFx+ay+
lz+ (-3 —3m? - BAt.

viii) A==, B=2
4

I
Gio(x,y,2,t) = el? x ?2 dn(§,m)

—_——+
Y mcn(§,m)+iy1-m?

ﬁ men(§,m)+iy1-m?2 (19)
g dn(&,m) ’
. [3
_ 6 l\g
q11(x,y,2,t) = e x| = (msn(§,m) +
V¥
i
1
idn(¢,m)) +— - G tane (20)
io i\E sn(fm) L %1+cn(§,m)
9206y,2,0) = e X\ Z et Tmam
(21)
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. |3
‘ﬁ cn(§;m)

i6
= X —_
Gz (x,y,z,t) =e VY J1-m2 sn(&,m)+dn(Em)

ﬁ V1-mZ2 sn(§,m)+dn(§,m)
V¥ cn(§,m) ’

(22)

whereé =x+y+z—-2B+a+Dt, 0 =Fx+ay+

lz+ (=3 —-3m? 12— a? - )t
2_ 2 2_

ix)Azm 1’B=m+1,C=m 1
4 2 4

. [3
y l\/;\/—1+m2 an(é,m)

VY 1+msn(&,m)

q14(x,y,2,t) = €%

i\E‘ -1+m? 1+msn(&,m)
vy an(Em) |

(23)

whereé =x+y+z—-2B+a+Dt, 0 =PFx+ay+
Iz+ (6 —3m? —1? —a? — p2)t.

x) A==

e
9 l\/;\/l—m2 en(Em)

_ ,if
qis(x,y,z,t) =e V¥ 1xsn(Em)

i\EV 1-m? 1+sn(&,m)
V¥ cn(Em) |

(24)

whereé =x+y+z—-2B+a+Dt, 0 =PFx+ay+
lz+ (-3+6m?—12—a%—-p)t.

_2)2 2
xi) A=) p_mil a1
4 2 4

3
Q16(x,ylz, t) = eig X _://__)% (an(E,m) i

o2 .

dn(§,m)) + 7 men@myran@m |

(25)

whereé =x+y+z—-2+a+Dt, 6 =Bx+ay+
iz +3 (3 +3m? = 91 =(=1 + m?)? - 21 - 2a% —
Zﬁz)t.

2 _2)2
xii) A=t p="0r ¢ = oY)
4 2 4
.3 Y3
l\/;/(—1+m) sn(&m)

— ,i0
q17(x,y,z,t) = e*’ X N dnE.m)ten(e.m)

3
Y2 dn(Em)ten(Em) (26)
N sn(&m) ’
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whereé =x+y+z—-2B+a+Dt, 0=pFx+ay+
Iz +2(3+ 3m? = 9,/(T = m2)? - 21? — 2a% —

Zﬁz) t.

2_
xii) A==, B="22 =2
4 2 4
N EN
qis(x,y,2,t) = e x l‘/; i cnm)

VY J1-mZ+dn(Em)

. [3
£ Y, 1—m2idn(f:m) (27)
¥ cn(§,m) ’

whereé =x+y+z—-2B+a+Dt, 0=pFx+ay+
Iz +1(= 2 _ T_ 912 _ 9,2 _ 932
z+- (=6 +3m* — 9Vm* — 21> — 2a® - 28%)¢.

3.1. Remark

Here sn(é,m),cn(é,m),dn(é,m) are Jacobi elliptic
functions and m denotes the modulus of the Jacobi
elliptic functions. If m —1 then sné - tanhé,
cné — seché, dné —» seché and If m — 0 then
sné - siné, cné - cosé, dné — 1.

Whenm — 0 ve m — 1 are taken in the solutions (10)-
(27) trigonometric and hyperbolic of (41) become as
follow

1o (x, y,2, t) = \/%iei(ﬁx+ay+lz+(—3—lz—a2—[ﬁ’z)t) x

cosec(x +y+z—2(B+a+Dt), (28)
G20(x,y,2,t) = %iei(Bx+“y+lz+(_3_12_“2_52)t) X
sec(x+y+z-2(B+a+Dt), (29)
q21(x,y,2,t) = %iei(ﬁ’”“y“”(‘lz‘lz‘“2‘52)0 X

cosec(x+y+z—-2B+a+Dt),

xseclx+y+z—2(8+a+Dt], (30)
q22(x,y,2,t) = ﬁiei(B“"‘y“”(_3_12_“2_B2)t) X
%

Cot(x+y+z—22(/i‘+a+l)t)

()

1+cos(x+y+z-2(B+a+Dt)’

ng(x' y,2, t) — \/% iei([?x+ay+lz+(—24—lz—az—ﬁz)t) x

cosh(2(x +y+z—2(B+a+ Dt)) x Cosech(x +y +z —
2B+ a+Dt) xsech(x+y+z—2(B +a+ Dt), (32)

G4 (x,y,2,t) = _5iei(ﬂ““y““@‘lz‘“z‘ﬁz)t) X

sech(x +y+z—2(F + a + Dt), (33)
G2s(x,y,2,t) = %iei(ﬂx"“y“”(3‘12‘“2‘ﬁ2)t) X

cosech(x +y+z—2(B +a+Dt), (34)
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G26(x,7,2,t) = S jiBx+ay+iz+(-6-1—a?-p)t) «
Y
th xX+y+z-2(B+a+Dt
B e ) ' (35)
1+sech(x+y+z—2(B+a+)t)
6. i —6—]2—2_R2
q27(x,y,z,t) — \/;Lel(ﬁx+uy+lz+( 6—1*—a*—B*)t) X
tanh(x +y + 2z —2(B + a + Dt), (36)
6 . i —6—]2—2_R2
qu(x;y,Z,t) :\/; lel(ﬁx+ay+lz+( 6—-1*—a*—-B*)t), (37)
6 i 2_p2_pR2
)= =2 i(Bx+ay+iz+(6-12—a?-B2)t),
ng(X,y, Z, ) yl e (38)
6 i 2_p2_[2
=221 i(Bx+ay+lz+(-24—-12—a?-B2)t),
Q30(X,y,Z, ) \/; e (39)

q31(x,y,2,t) = 2 ’_;L'ei(ﬁx+uy+lz+(24—12_u2_ﬁz)t)_ (40)

a) b)

141420

141415

141410

141405

0 -2 -0 0 10 20 B
Figure 1. a) The 3D surfaces of |36] by considering the values
l=2a=1,=2y=3,y=-22=2,-30<x<30,-1<t<
1. b) The 2D surfaces of [36] by considering the values | = 2,a =
1,=2y=3y=-2,z=2,t=1,-30<x<30.
b)
141440
141435

141430

141425

=30 -20 -10 10 20 30

Figure 2. a) The 3D surfaces of |35| by considering the values
I=2a=1,8=2y=3,y=-22=2-30<x<30,-1<t<
1. b) The 2D surfaces of |35|by considering the values | = 2,a =
1,B=2y=3y=-22z=2t=1,-30<x < 30.

4. THE COUPLED
SCHRODINGER’S EQUATION

NONLINEAR
As a second example, we consider the coupled nonlinear
Schrdédinger’s equation

¥m+pm+2pmﬁ+zmm2:a

. 41
iqe + qux + 2qIp|* + 2qlql* = 0. (41)

Let’s use following conversions for (41),

Tr. J. Nature Sci. Volume 9, Issue 2, Page 175-184, 2020

{p(x, t) = e“u(®),
q(x,t) = e"v(9),

where { = x +vt,0 = Bx + rt.

(42)

We obtain following ordinary differential equation when
conversions (42) are written in substitution for (41)

{u” —B*+7r)u+2ud+2uv? =0,

43
v — (B2 +1r)v+ 2vu? + 2v3 =0, (43)

where v = —=2(8 +a +1). In Eq. (43), balancing u"
with uv? and v"" with vu? gives n; = 1, n, = 1. Then,
the solution (3) becomes as follow,

{u=a0+a1F+b1F_1, (44)

V= CO + ClF +d1F_1.

When (44) and (4) are written into (43) equation, and
when Fiand F~¢ coefficients from the same degree are
equalized to zero, then following linear algebraic
equation system is obtained for a,,aq, by, 8 andr,

—ray — Bray + 2a3 + 12aya,b; + 2aycé + 4bycocy +
4a1C0d1 + 4a0C1d1 = 0,

6ay,a? + 4a,coc, + 2a,c? =0, 2Ca, + 2a3 +
2a,c% =0,

Ba, —ra, — f?a; + 6a3a; + 6a?b; + 2a,cé +
4agcocy + 2byc + 4aycd; = 0,

6a0b12 + 4b1C0d1 + Za()d% = 0,

Bb, — rb; — b, + 6a2b, + 6a,b? + 2b,cé +
4a0C0d1 + 4b1C1d1 + Zald% = 0,

2Ab, + 2b} + 2b,d? = 0,

—TrCo — BZCO + Za(Z)CO + 4a1b1C0 + ZCS + 4a0b1C1 +
4a0a1d1 + 12COC1d1 = 0,

2aicy + 4aga ¢y + 6¢oct =0, 2Ccq + 2ajic, + 2¢3 =
Ol

4aya,cy + Bc; — ey — B¢y + 2a3c, + 4aibicy +
6cic, + 2a%d; + 6¢2d, =0,

2b12C0 + 4a0b1d1 + 6C0d% = 0,

4a0b1C0 + 2b12C1 + Bd1 - le - ﬁzdl + 2(1(2)(11 +
4a1b1d1 + 6ng1 + 6C1d% = 0,

If the algebraic equation system above is solved with the

aid of Mathematica, ag, aq, by, ¢y, c1,dy, f and r are
found as follow,

179



Tr. Doga ve Fen Derg. Cilt 9, Say1 2, Sayfa 175-184, 2020

VA |-C-a?
0, d1=Tl, T'=B—,B2—6\/Z\/E,A-'/:0.
(45)

Substituting (45) into (44) and using solutions of Eq. (4),
also considering conversion (42), the solutions of
equation (41) are found as follow,

)A=1, B=-(1+m?), C=m?

ay

1
m2 sn(§m) )’

pi(x,t) = e'? x <a1 sn(&,m) + (46)

q.(x, t) = e x| J—m? —a? sn(§,m) +
,_mz_a% L
(47)

ymz  sn@Em) [

P t) = e x (@ cd@m) + 25 ds) (49)

g2 (x,t) = ¥ x| \/-m2 — a? cd(§,m) +
—m2_q2
m al 1 (49)

Jmz  cdEm) |

where &€ =x —2Bt, 0 = Bx + (—(1 + m?) — % —
6m)t .

i) A=1-m? B=2m?—-1, C = —m?.

ps(x,t) = ef x (a1 cn(§,m) + J_l,,ﬂal cn(f.m))' (50)
qs (x: t) =
. Vi-m? jm2-a}
elf x \/r—afcn(f. m) + \/_\/—mzi cn@Em) |’
(51)

where £ = x — 26t, 0 =ﬁx+((2m2—1)—,32—
64/ (1 — mz)\/—m2> t.

i) A=m?—1, B=2-m?, C=-1.

P4(x' t) =

e x (a; dn(§,m) — iV—1+m?a, #fm))
(52)

Q4(x, t) =

eL'B X

(\/ 1-afdn(§,m) - iV=1+m?/1-af dn(i’.m)’
(83)
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where § = x —2ft, 0 = fx + (2 —m? —
6iv—1+m? — p?)t.

iv) A=-m?*(1-m?), B=2m?>—-1, C=1.

ps(x;y;z; t) =
> J=m2d —mDa, ——
el x (a1 ds(§,m) +-m*(1 - m*)a, ds(f.m))'
(54)
4s(x,y,2,8) = e x (=1 = aZds(&,m) +
= 1
\/_mz(l _ mZ)\/_l —aj ds(f.m))’ (55)

where & = x — 28¢, 6 =[>’x+(—1+2m2—
6/m2(—1+ m?2) — ,82) t.

vV) A=1-m? B=2-m? C=1.

pG(x, y; Z, t) =
i0 —m? -

el x (a1 cs(§,m) +V1—m?a, cs(f.m))'
(56)

450 y2,0) = e x (J=T=af es(m) +

“m2f—1—qz L

Vi—m \/ 1—aj cs(f.m)), 1)

Where f:x—ZBt, 9=,BX+(2_m2_

6V —m? — B2)t.

vl) A:l, B=m2_2; sz_z
4 2 4

_ ,if sn(¢m) a; 1+dn(§m)
p,(x,y,2,t) =e'% x ( L Trano T Tom enm) ),
(58)

m:_ 5 _sn(Em)
4 1 1+dn(¢,m)

m2
\ —T—a% 1+dn(é,m) (59)

Jymz  sn(Em) [

q,(x,y,z,t) =e¥ x| |-

where & =x — 28t, 0 =ﬁx+%(—2+m2 —3vVm? —
2B%)t.

2
vii) A="-, B

4’ 2 4"

pe(x,y,2,t) = e x (a1 (sn(&,m) +icn(é,m)) +

1
4 Sn(fm)iicn(f,m))’ (60)

qs(x,y,2,t) = e® x < /_mTz_ af (sn(§,m) +
, m2 2 1
icn(é,m)) + ’— - A —Sn(f‘m)ﬂm(&m)), (61)
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% (al an(&,m)

) ) ) t = ie
pg(x z ) € i1-m2 sn(&,m)+cn(&,m)

iv1-m?2 sn(f,m)icn(fym))

1 dn(&,m)

(62)

qg(x:y; Z, t) =

19 m?2 2

dn(§,m)
iv1-m2 sn(¢§,m)+cn(§,m)

2 iv1-m2 sn(§,m)+cn(&,m)
-z g i ) (63

where & =x —2ft, 8 = fx + (-1 —m? — B?)t.

o2

viii) A==, B="2" =12

4 2 4

i dn(&,m)
= X P —
plO (‘xl y: z, t) e (al mcn(f,m)ii /1—m2 +
men(§,m)+iV1-m?
! dn(¢m) ) (64)

dn(§,m)

i0 1 2
= X —_—_— [ A —
Gio(x,y,z,t) = e ( PR Y +
1 5 men(§,m)+iJ1-m2
\‘ 4 ay dn(&,m) )' (65)

p11(x,y,2,t) = et x (al(msn(f, m) + idn(é,m)) +
@G ——) (66)

msn(§,m)+idn(§,m)

q11(x,y,2,t) = e x ( —i— a?(msn(é,m) +

i /_l S R S
ldn(f' m)) + 4 ¢ ay msn(f.m)iidn(f,m))' (67)

s sn(&,m) 1+cn(é,m)
P12(x,y,2,t) = e X (a1 1+cn(£,m) 1 snEm) )
(68)
_ ,if ,_1_ 2 _snEm)
G12(x,y,2,t) = e X < PR 1+cn(§,m) +
15 1xen(§m)
4 ay sn(&,m) )' (69)
' Y ,t = io X( Cn(fm)
pis(xy.z,t) =e N Tz sn(emytan@m)
V1-m2 sn(§,m)+dn(,m) (70)
1 cn(é,m) ’
q13(x y,z,t) =

cn(§,m) +
\J \/ -m2 sn(&,m)+dn(&,m)
\/ -m2 sn(&,m)+dn(é, m)>’ (71)
\I cn(é,m)

where & =x — 26t, 0 = fx + (-1 —m? — p?)t.

2
ix) A="", B= , C=
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_ ,ib an(¢m)
P1a(x,y,2,t) = e X (al TEmsn(Em) +a;

1imsn(§,m))
dn(Em) /'
(72)

. 2_
q14(x,y,z, t) = elf x ( _m2-1 a? dn(§,m)

4 1 1+msn(&,m)
, m2-1 1+
— — a%
4

msn(f,m)) (73)

dn(&,m)

where & =x — 2ft, 8 = fx + (2 — m? — B?)t.

1-m m2+1 1-m?2
‘x) A - 4 ) B - 2 ) C - 2 .
— ,if cn(§m) 1+sn(&,m)
plS(x; y: Z; t) =e X (a1 1isn(f,m) + al Cn(f,m) )
(74)
—_ ,if _1-mz 5 cn(Em)
G5 (3, 2,8) = e X < + M Teaem

’_ 1-m2 5 1sn(§m)
4 a1 cn(é,m) )' (75)

where & =x —2pt, 8 = Bx + (=1 + 2m? — ).

xi) A=_M' B=@, c=-1
4 2 4
plé(x; Y,z t) = ei@ X (Cl]_ (mcn(f, m) + dn(f, m)) -

N N2y 1
L (-1+m*)’a, men(E,m)+dn(§,m) )' (76)

q16(x,y,2,t) = e x < E— a? (men(§,m) +

dn(é, m)) -

i (= 2 /1—4g2—
S (1 +m)21 - 4a} s ) a7

where & =x —28t, 6 = ﬂx+< (1+m -

31— (=1 + m2)? — 232)) t.

2 _m2)?
xii)A=l, B="1 C=(1 m)-
4 2 4
— oif sn(g,m)
p17(x; }’. z, t) =e X (al dn(fm)+cn(fm) +
a, dn(§,m)+cn(&,m)
J(=1+m?)? sn(§m) )' (78)
q17(x, y: Z, t) =
el® x
_a-m»)z sn(§,m)
4 1 an(Em)+cn(Em)
_(—1+m2)2_4a% dn(f,m)icn(&',m) (79)
2/(-1+m?)? sn(§,m) ’

where & = x — 2pt, 9=ﬁx+<%(1+m2—

3/(=1 + m2)% — 2[)’2)) ‘.
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1
4

m2-2 m

, B= , C=—.

xiii) A=

cn(é,m)

Xy.2.t :eiex(a __m@m)
P1s(x,y,2,t) b J1-mZ+dn(&m)

ay Yi-m?tdn(gm) ) (80)
Jm* cn(&,m) ’
) 4

"’t:lex _m__ZM
q1s(x,y,2,t) = e : A Vi-m2+dn(ém)
\/TZ
% % J1-m2+dn(¢§,m) (81)
Jm* cn(§,m) ’

where & = x —2pt, 6 =ﬁx+(§(—2+m2—

3vm* — 232)) t.

4.1. Remark

Here sn(¢,m),cn(é, m),dn(é,m) are Jacobi elliptic
functions and m denotes the modulus of the Jacobi
elliptic functions. If m — 1 then sné - tanhé,

cné - seché, dné —» seché and If m — 0 then
sné — siné, cné - cosé, dné — 1.

Whenm — 0 ve m — 1 are taken in the solutions (46)-
(81) trigonometric and hyperbolic solutions of equation
(41) become as follow

Pro(x, ) = a, el (Bx+(=1-B*)t) 5 sin(x — 28t) (82)
G1o(x, ) = a,ie!B+(-1-B*)t) . sin(x — 2Bt),  (83)
Pao(x, £) = a,eBx+(=1-B)t) » cos(x — 2B0), (84)

G20(x, ) = a,i e!(BX+(-1-B*)t) 5 cos(x — 2Bt), (85)

a1 (x, £) = a, e Bx+(=8-B)t) » cosh[2(x —

2Bt)]cosech(x — 2Bt)sech(x — 2t), (86)
Gor (x, ) = /=1 — a2l (Bx+(=8=B*)t) ¢ cosh[2(x —

2Bt)]cosech(x — 2Bt)sech(x — 2t), (87)
Pas (x, 1) = 2a; x el(Bx+(=8-F2)t) (88)
Gaz(x,t) = 2/—1 — a2 x el(Px+(-8-p)1), (89)

Pas(x, £) = a, e Bx+(1=B*)t) x sech(x — 2t), (90)

Qa3(x,t) = 1 — a2 el (Bx+(1=B*)t) x sech(x — 2B¢),

(91)
pra () = 20, x i BX+(E-6)), 2
qoa(x,t) = 241 — af X ei(Bx+(8—32)t)’ (93)

Pas(x, t) = a,elBx+(1=B)t)  cosec(x — 2Bt),  (94)
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Qa5 (x, £) = /=1 — a2e!(Bx+(1=B")t) x cosec(x — 21),
(95)

Py (x, £) = a,e'(Bx+(1=B*)t) x cosech(x — 2Bt), (96)

G26(x,t) = =1 — aZei(Bx+(1-B*)t) x cosech(x —

2p), (97)
Doy (x,t) = a el Bx+(=4=B*)t) % cosec(x —

2Bt)sec(x — 2Bt), (98)
Qa7 (x,t) = 1 — aZe(Px+(=4=B*)t) » cosec(x —
2pt)sec(x — 28t), (99)

Dag(x,t) = %ei(ﬁ’”(‘l‘ﬁz)” x sin(x — 2Bt),  (100)
Gre(x,t) = %ei(ﬁ“(_l_ﬁz)t) x sin(x — 2pt), (101)

Do, t) = 2a,el(Bx+(=2=B*)t) x coth(x — 28t), (102)

1
Q2o (x, 1) = /=1 — 4aZe(Br+(=2-F%)t) confye-260)]

1+sech(x—2p8t)

(103)
P3o(x, £) = 2a,e'(B¥+(=1-B*)t) x sin(x — 2Bt), (104)
Gs0(x, ) = 2a,ie!(F+(-1-BA)t) . sin(x — 2Bt), (105)
P31 (x, t) = 2a,e'Bx+(=1=F*)t) 5 cos(x — 28t), (106)

qa1(x, t) = 2a,ie'(B+(=1-B*)t) 5 cos(x — 2Bt), (107)

p32(x,t) =

i(Bx+(~2-p2)t ) y [1+(i sech(x—zﬁt)+tanh(x—2Bt))2]
e i sech(x—2pt)+tanh(x—28t)
(108)
Qa2 (0, 1) = /=1 — 4a2el(Bx+(=2=F*)t) » tanh(x —
2p1), (109)
paa(x, 1) = 2a, x e!(Fx+(=2=F%)0), (110)

qs3(x,t) = ng x gi(Bx+(-2-p%)t), (111)

D2a(x, 1) = 2a, e (Bx+(=1-B*)t) 5 cosec(x — 2[t),
(112)

1
q34(x, t) = [_1 — 4a]2-ei(ﬁx+(_1_ﬁz)t) X M

1+cos(x—2pt)’

(113)

_ i(Bx+(-1-p2)t) | Isec(x=2pt)+tan(x—2pt)]
p3s(x,t) = 2ase x 1+sin(x—2t)

)

(114)

q3s(x,t) = -1 — 4afei(ﬁx+('1_52)t) x sec(x —
2pt), (115)

Pae(x, ) = 2a, X el(Bx+(2-F)t), (116)
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Ga6(x, 1) = {1 — 4af x el (Px+(2=F%)t), (117)
sy (x, £) = 2a, e (B¥+(1=B")t) x cosh(x — 2Bt), (118)
qs7(x, t) = 2a,i e/ BPx+(1=B%)t) % cosh(x — 28t),(119)
pag(x, ©) = 2a, e (BX+(1=B*)t) 5 sech(x — 2Bt), (120)

Gag(x, £) = /1 — 4a? e(Bx+(1=B*)t) » sech(x — 2Pt),
(121)

Pao (. t) = 2y e F¥+(7F0) x sinh(x — 2pt), (122)
Gao(x,t) = %ali ei(Bx+(1-B%)t) % sinh(x — 2B¢), (123)
Pao (. t) = 2@y e B+ (1) x cos(x — 2B1),  (124)
Qa0 (0, t) = S a3 e/ FF+(17FE) 5 cos(x — 2t), (125)

a) b)

2 4

Figure 3. a) The 3D surfaces of |82| by considering the values
a;,=1,=2 -10<x<10,-1<t<1. b)The 2D surfaces of
|82] by considering the valuesa, =1, =2,t =1,-10 < x < 10.

a) b)
-1.0
05
15
10
05
ee?”’| L
05 51

Figure 4. a) The 3D surfaces of |90| by considering the values
a, =2,=2, —10 <x <10,—1 < t < 1. b)The 2D surfaces of
|90]| by considering the values a, =2, =2,t =1,-10 < x < 10.

a) b)
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Figure 5. a) The 3D surfaces of |98| by considering the values
a; =2,=2, -5<x<5—-1<t<1. b)The 2D surfaces of |98]|
by considering the valuesa, =2, =2,t =1,-5<x <5.

a) b)

5x10%
axot
3x10lt
2x 10l

1x101

-0 -2 -10 0 20 0

Figure 6. a) The 3D surfaces of |118| by considering the values
a; =2,=2, =30 <x<30,—1 <t <1 b)The 2D surfaces of
|118] by considering the values a, = 2,8 =2,t =1,-30 < x < 30.

5. CONCLUSION

In this study, we obtained traveling wave solutions of the
(3+1) dimensional nonlinear Schrédinger equation and
coupled nonlinear Schrodinger equation using the
generalized Jacobi elliptical function method. We have
expressed these solutions both as Jacobi elliptical
solutions and trigonometric and hyperbolic solutions. .
Later, using Mathematica 11.2 program, we saw that
these solutions satisfy the equation. We present two and
three dimensional graphics of some solutions we have
found. This method has been successfully applied to
solve some nonlinear wave equations and can be used in
many other nonlinear equations or combined equations.
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