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ABSTRACT: We have investigated Fekete-Szeg6 inequality in the classes of (p, g)-starlike and (p, q)-
convex functions of complex order defined in the disc U = {z € C: |z| < 1}. Our main theorems are also
a generalization of the result obtained.
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INTRODUCTION

An application of g-calculus was firstly studied by Jakson in 1908 (Jackson, 1908). (p, q)-calculus
was defined as a generelization of g-calculus. The (p, q)-integer was worked by Chakrabarti and
Jagannathan in 1991 (Chakrabarti and Jaganathan, 1991). (p, q)-calculus is also recently studied in
Geometric Function Theory (Seoudy and Aouf, 2016; Srivastava at al., 2019; Ugar, 2016). We have
studied Fekete-Szego inequality for (p, q)-starlike and (p, g)-convex functions of complex order.

MATERIALS AND METHODS

Let A be the class of functions which are the form

f(z)=z+ Z a,z"
n=2

and analytic in disc U = {z € C: |z| < 1}. The function f is said to be subordinate to g, and denoted
f <gorf(z) < g(z),ifthere exists a function w analytic in U and w provides the conditions w(0) =
0 and |[w(z)| < 1, and such that f(z) = g(w(z)) where f and g be analytic in U (Miller and Mocanu,
2000). This function w is called the Schwarz function.
Let0 <q <p < 1. LetD,,f bethe (p, q)-derivative of a function f and we define by
(Dp,qf)(Z) — f(pz)-f(qz) (Z —+ O)

pz—qz
and

(Dpef)(0) =f'(0) (p=1,q-17)

if f is differentiable at 0 where f’ is the ordinary derivative (Jagannathan and Rao, 2006; Acar at al.,
2016). It is also defined as D of (z) = Dyq (Dpqf (2)).

The following relation exists between the ordinary derivative f’ and the (p, q)-derivative
f'@) = lim (D14f) (@)
by an easy calculation we have

Dp,q (z") = [n]p,qzn_1

where

Hence we can write

such that f(z) € A.
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The classes of g-starlike and g-convex functions, respectively, are defined by using the
subordination priciple as

Sq() = {fea: ZD;(f §Z) < ¢(2), zeU}, 0<q<1)
( qf(Z))
C (¢)—{fﬂW<¢(z),zeU (0<g<]

where the function ¢ (z) is analytic in U with Re ¢(z) > 0,¢(0) = 1 and ¢'(0) > 0 (Cetinkaya at al.,
2018). On the other hand the classes of g-starlike and g-convex functions of complex order, respectively,
are defined by using the subordination priciple as

Sop(@®) = {feA: 142 [”jj(f;gz) ~ 1] < ¢(2), zeU} (0<q<1;beC =C\0)
(quf(z))
Con(@) =1 feA:1 +E T 1| < ¢(2), 2} (0<q<1;bec =c\(0}
CI

where the function ¢ (z) is analytic and univalent in U and ¢ (U) is convex with Re ¢(z) > 0,¢(0) =
1, ¢'(0) > 0 (Seoudy and Aouf, 2016).

RESULTS AND DISCUSSION

We define the classes of (p, g)-starlike and (p,q)-convex functions of complex order by using the
(p, q)-derivative and subordination principle.

Definition 1. The class of (p, q)-starlike functions of complex order which denoted by Sz’,’,q (p)is
defined by

Sha(@) = {fet: 145 [2L2 1] < p(2),2eU}  (0<q<p<T;beC =C\(0})
where the function ¢ (z) is analytic and univalent in U and ¢ (U) is convex with Re ¢(z) > 0,¢(0) =
1, ¢'(0) > 0.

Definition 2. The class of (p, g)-convex functions of complex order which denoted by C’{,’,q (¢)is
defined by

Dp, q(sz qf(z))

q(qb)—{f&/l 1+1[ o

< qb(z),zeU} (0<g<p<1;beC =C\{0)
where the function ¢ (z) is analytic and univalent in U and ¢ (U) is convex with Re ¢(z) > 0,¢(0) =
1, ¢'(0) > 0.

Now let's give two lemma which we use to prove our theorems:

Lemma3. If p(z) = 1+ ¢,z + c,z% + -+ isa function such that Re p(z) > 0 in U and u € C then

ez — pef| < 2max{1; |2p — 1]}
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The result sharp for

2

1+2z 1+2z
p(2) = 7= ve p(2) =

1-—

(Ma and Minda, 1992).

Theorem 4. Let ¢(z) = 1 + B,z + B,z? + -~ such that By # 0. If f € 2, (¢), then
B, B.b < [Blpq — 1 >‘}
— 4+ 1- . 2.1
Bl [z]p,q -1 [Z]p,q - 1.“ ( )

Proof: If f € S ,(¢), then there is a Schwarz function w such that

B.b
las — na3| < ﬁmax{l;
[3]p,q -1

where u is a complex number.

1[zDyqf (2) 3
5|2 - 1| = swen, 22)
Let define the function p(z) as
1
p(2) =1t—MW/EZ= 1+ cz+cpz% + . (2.3)

Since w(z) is a Schwarz function, we have that Re p(z) > 0 and p(0) = 1. Therefore, we have

p(w(@) = ¢ (@)

p(z) +1
=¢—cz+c—c—1222+c—cc+£z3+
5|6 275 3Gl o
Bic, B, ct\  Bxcf] ,
=14+ > Z+[7<C2—? +TZ + .- (24)

Now using (2.4) in (2.2), we have

1[zDy4f (2) Bic; B, c?\ B,c?
———_1]=1 — - ——|z24..
+b @ + > z+ > (275 + z°+

From this equation, we can write

b 2
[3lpq — 1 e — [2]pq—1 a2 = Bic; Byci  Byct
b 3 b 27 2 4 4
or
Bicib
az =
2([2]p,q - 1)
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B,b { 1{ B, B,b l 2}
a3 =—F——< 16—zl - —5——|ci
2([3lpq — 1) 2 B, [2],4—1

Considering the complex number u we have

as — pas =B;b{c —vc?} (2.5)
’ : 2([3]10,(1 B 1) : v .
where
1 B, B.b < [Blpq — 1 )l
v=cll-=—m—— (1 -2y || 2.6
2|" 7B, Rl -1 2], —1" (2.6)
By application of Lemma 3, we get
|B1b|
as — pail = ——|c, — vc?
| 3 u 2| 2([3]p,q_1)| 2 1|
B.b
< # 2max{1;|2v — 1|}
2([3]10,61 - 1)

oo Gl s me = () )) )
=17 maxit; |2 (=1 -2 - 1- —1
EVE . 2" 7B T2, -1\ 2, -1
__ |Byb| B, B1b [3]p,q—1 )‘}
= BBl axdy; (B2 - 1 - ea”t )L
max{ " |B1 [Z]nq—l( [Z]nq‘lu

(18lpq—1)
Theorem 5. Let ¢(z) = 1 + B,z + B,z? + -~ such that By # 0. If f € C2,(¢), then

B1b B B.b 3 3 -1
|a3 —ua§| < 1B.b] max{l; 24 ! (1— [ ]p'q(z[ lnq ) ,u)} (2.7)
[31p.q([3]p.0 — 1) B [2lpq—1 ([21pq) ([21pq — 1)
where u is a complex number.
Proof: If f € C{,’,q (¢) then there is a Schwarz function w such that
1|Dpq (sz,q f (z))
1+- -1 =¢(w(2)). 2.8
o e $(w(2) (2:8)
Let's define the function p(z) as
1+ w(z) B 5
p(Z) = 1_—]”(2) =1+ c1Z + cz° + (29)

Since w(z) is a Schwarz function, we see that Re p(z) > 0 and p(0) = 1. Therefore, we have

_ (p2)—1
p(w(2) =¢ (m)
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1 c? i\ 4
= ¢ > 1z + cz—? z% + C3—C102+Z z7|+ -

B;c B c2\ B,c?
_1+% +[71<c2—?1>+ 241]22+---. (2.10)
Now using (2.8), (2.9) and (2.10), we have
1|Dpq \2Dpqf (2) Bic B c?\ Bc?
+= pa (+Prg )—1 =14+ ——z+|=c; - =)+ 22|22+ -
b Dp’q(f(z)) 2 2 2 4
or
2 2 -1 3 3 —1)a —1)a
1+[ ]p,q([b]p.q )a2Z+[ ]PJQ([ ]P,CI ) 37 b PCI ( ) 222 +
_ Bic, B, cf Byci 2
=1+ > z+l7<cz—7 + 7 |Z + -
From this equation, we can write
pq( 1) B
272
31p.a(Blpq = 1)as — [21p,q" ([21p,q — 1)a3 _Bf, i\ | Byt
b 2\ % 2 4
or
Byc,b

a, =

Z]nq ([Z]nq - 1)

B B.b { _1(1 32 B.b ) 2}
a3_2[3]p,q([3]p.q_1) - 2 Bl [Z]P'q_l af

Considering the complex number u we have

5 B.b { 1<1 B, B,b ) 2} Blzclzb2
az —paz = =S\t~ "7 A6 (T H
2[3]p,q([3]nq - 1) 2 By [Z]M -1 4[2]p,q2([2]p,q - 1)2

Byb 1 B, B.b [3]5,4([3] )]) }
—_ = 1 - — = 1 —
3]p.q([3]p,q - 1) {Cz z < By [Z]M -1 [ 'u pq ([2 pq - 1)

By application of Lemma 3, we get

|B1b|
2 [3]p.q([3]p.q -1

|a3—ua§| = )|C2_17C12

1252



Feyza YATKIN and Ekrem KADIOGLU 10(2): 1247-1253, 2020
Fekete-Szego Inequality for (p, q)-Starlike and (p, q)-Convex Functions of Complex Order

|B1b|

2 1;|12v—-1
2[3]p,q([3]p.q_1) maxt1; |2y .

= |B.b| max{l'
- [3]p.q([3]p.q - 1) '

&4_ B,b (1_ [3]p,q([3]p,q_1) )‘}

[Z]nqz([z]p,q - 1) 8

where

1( B,  Bib [1_ [3]p,q([3]p.q—1)>

V==
By [2]pq—1 [21p,4"([21p,q—1)

2
Remark 1. If we take b =1 in Theorem 4, then we have Theorem 2.1 given by Srivastava at al.
(Srivastava at al., 2019).

Remark 2. If we take p = 1 in Theorem 4, then we have Theorem 1 given by Seoudy and Aouf (Seoudy
and Aouf, 2016).

Remark 3. If we take b = 1 in Theorem 5, then we have Theorem 2.2 given by Srivastava at al.
(Srivastava at al., 2019).

Remark 4. If we take p = 1 in Theorem 5, then we have Theorem 2 given by Seoudy and Aouf (Seoudy
and Aouf, 2016).

CONCLUSION

For (p, q)-starlike and (p, g)-convex functions of complex order the Fekete-Szegd inequality
investigated. The results obtained in this study generalize some of the previously obtained results.
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