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APPROXIMATION BY SAMPLING TYPE DISCRETE
OPERATORS

ISMAIL ASLAN

ABSTRACT. In this paper, we deal with discrete operators of sampling type.
It is known that this type of operators are related to generalized sampling
series and they have important applications. In this work, using bounded
and uniformly continuous functions we get general estimations under usual
supremum norm with the help of summability method. We also study the
degree of approximation with respect to suitable Lipschitz class of continuous
functions. Finally, we give specific kernels which verify our kernel assumptions.

1. INTRODUCTION

Sampling type discrete operators have significant applications in speech process-
ing, medicine, economic forecasting, geophysics and etc. (see [2} [T}, 12| T3], 14} [15],
[16], 25]). In this paper, we mainly inspired from the paper [I], where Angeloni and
Vinti had some convergence results using discrete operators. The authors utilized
from convergence in @p-variation to get some convergence results in that work. Now,
our aim is to get some approximations under usual supremum norm by generalizing
them using Bell-type summability method. In this process, we use bounded and
uniformly continuous functions on R. Furthermore, we study the rate of approx-
imation for our main theorem using suitable Lipschitz class. Then, taking some
appropriate kernels we also get more general case of generalized sampling series.
Finally, we illustrate the kernels [ ,, which satisfy our kernel assumptions.

Some notations and definitions are given below.

|[l,; denotes the I' norm, i.e., for a given uy : Z — R, [lug|;, = >,z |url -
By |||, we mean the usual supremum norm on R.

The space of bounded and uniformly continuous functions on R is shown
by BUC (R).

Let A= {A"} oy = {lan,]}oen (n,w € N) be a family of infinite matrices
of real or complex numbers. Then, for a given sequence © = (xy) the
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following double sequence (Az);

(Az)" = {wil agwxw} (n,v € N)

is called by A-transform of x, if the series is convergent for all n,v € N.
Moreover, if

o0
lim > a?, 2, = L uniformly in v

n—00 7
holds, we call “x is A-summable to L” and denote by
A—-limz =1L
(see [9]).
o Ais called regular if for any limy, z;, = L implies that A—limz = L (]9, 10]).
e A characterization for the regularity of the given method A is found by Bell
in [I0] such that
A is regular < - for each w € N, lim,,_, a?,, = 0 (uniformly in v),
(oo}
climy oo Y ab,, = 1 (uniformly in v),
w=1

e}
-foralln,veN, > |ap,| < co and there exist integers
w=1

(o]
N and M such that sup Y |a¥,| < M.
n>N,veNw=1
e Throughout the paper, we will assume that A is regular with nonnegative
real entries.

We should note that Bell-type summability method consists many well-known
methods such as Cesaro summability [I8], almost convergence [23], order sum-
mability [19, 20] and etc. It also allows us to increase the speed of convergence
[21, 27, 29]. Some applications of Bell-type summability method are given in
13, @[5, 6, [7, 18, [17, 22, 24] 28].

Now, we can define our operator as follows:

Tow (fi2) = io: apw 3 f (.T} — %) lkw (z€R, n,v eN) (1.1)
w=1 keZ

where f : R — R is bounded and I ,, € I' (Z) is a family of discrete kernels for all
w € N.
Our aim is to prove the following general convergence result

lim ||7;,.. (f) — f]l = 0 (uniformly in v € N)

for all f € BUC (R). It is not hard to see that operator (1.1)) coincides with the
following operator

Tw(fiz) =3 f (o= %) lhw

keZ
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when A = {AV} = {I} (identity matrix). Furthermore, we will indicate that oper-
ator (1.1)) contains the A-transform of generalized sampling series, defined by

Sn(fi7) = 3 aby T £ (5)x(wah) @eR mveN) (12

where f,x : R — R and generalized sampling series

Su(fiz) =3 f (%) x (wz — k)
keZ
is a special case of (|1.2)).

2. APPROXIMATION IN USUAL SUPREMUM NORM

In this section, we will prove our main approximation theorem. For this, we need
the following conditions on the kernel of the corresponding operator.

o0
(I1) There exists a constant A > 0 such that sup > ay, || lkwl = A < oo,

n,veNw=1

(I2) A—lim <Z Ui w) =1,

kEZ

(I3) there exists r > 0 such that A — lim ( > lk’w> =0
|k|>r
Here, when A is taken the identity matrix, conditions (I1) — (I3) reduce to the
approximate identities given in [I].
The following lemma shows that (|1.1)) is well defined for all bounded functions.

Lemma 2.1. If f is bounded on R and (I1) holds, then | Ty (f)|| < oo for every
n,v € N. Moreover, if f € L* (R), then T, ., (f) € L* (R).

Proof. Since f is bounded, there exists a positive number M such that |f (z)] < M
for all = € R. Considering this with (I;), we get

|7;L,U(f; )| < E anw Z |f($—*)’|lkw|

w=1

<MA
and having supremum over x€R, we have
1700 (Pl < MA < 00

for all n,v € N, which shows that 7,, , maps from the space of bounded functions
into itself.

For the second part of the theorem, assume that f € L! (R). Then, it is possible
to write that

[T ( |d%§ w & Nl |f (= §)]do

R
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and from a theorem of integration by series (see [20]),

T (52)] du< Z av

w=1

(=)l

holds for all n,v € N. Since ||f ( - ,*)||L1 = ||fHL1, then

f\T o)l de < || f] 1 Z Ay Z [k
<4 Hf||L1
is obtained, where || f|| ;. is the classical L' norm, i.e., ||f||;. = f |f ()] da. O

Lemma 2.2. Assume that (I1) holds. If f € BUC (R), then T, (f) € BUC (R)
for all n,v € N.

Proof. By the previous lemma it is clear that if f is bounded, then 7, ,, (f) is too.
Now, let € > 0 be given and let | — y| < § where § corresponds to given € and f.
Then,

e}

|7;l,v (f,iE) _,In,v (f?y)| S Z a?wu Z

w=1 kEZ

(@=3) = =2
holds. Since |z — £ — (y — £)| = |z — y| < 4, from (1)

Tow (fi2) = Tnw (fi9)] < Ae
for all n,v € N. (]

The main approximation theorem is given below.
Theorem 2.3. Assume that (I1) — (I3) hold. Then, for all f € BUC (R) we have
lim || 7, (f) — fll = 0 uniformly in v.
n—oo

Proof. From triangle inequality, it is possible to write that

Tno (Fi2) = f2)] = | 2 nwkEGZZlkw( (z— %)~ f(2))
10 (£ Z 1)

o0

<3 nwzumﬂf( By —f0O)

5t S b~ 1
w=1 keZ
= A1 + Ay



APPROXIMATION BY SAMPLING TYPE DISCRETE OPERATORS 973

holds. In A;, we concentrate on the continuity of f. Since f is uniformly continuous,
for every € > 0 we can find a § > 0 such that

If () = f ()l <e (2.1)

whenever |z—y| < 0. Then, for a fixed 7 it is easy to find a number w; satisfying
| <o

for all w > wq.Now, if we divide A; as follows

Z a’nw Z |lk UJ| ||f( ) f()”

|k| <7

+ Z a’qrjbw E |lk,w| Hf ( - 5) - f()”

w=wi+1 |k| <7

ke

+ 3 (=% =70l
= A} + AT+ A3
from and (1)

A3 < Ae
holds, since |x— 5 —x| = ‘%’ < g < 4.
For A}, from the regularity of A, one can find a number n; = n; (g) such that
A} < D'wye
where D’ := maxi<uy<u, {Z\k\@" el [[f (- = £) - ||} And from (l3) , we see
that
A} <2||flle
for sufficiently large n € N.
Finally, it follows from (I3)
Ay < | fle
yields for sufficiently large n € N. Hence, having supremum over z€R in the first
inequality, we complete the proof. O

3. RATE OF CONVERGENCE

In this section we investigate the rate of approximation, and therefore we need
the following Lipschitz class.
For any given a > 0, define Lip (a) as follows:

Lip(a) ={f € BUC(R) : |f (- =t) = f ()| = O ([t|*) as t — 0}
where f (t) = O (g (t)) as ¢ — 0 means that, there exist §, N > 0 such that |f ()] <
Nlg(t)| for |t| < 6. Let ¥ be family of all functions ¢ : Rf — R{, such that
€(0)=0,&(t) > 0 for t > 0 and ¢ be continuous at ¢t = 0. Now, for any fixed @ > 0
and £ € U, consider the following conditions:
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( i e > b — 1> =0(£(1/n)) as n — oo (uniformly in v), (3.1)

w=1 keZ
there exists a constant rg > 0 such that

& l w . .
dSar, > La| =0 (&(1/n)) as n — oo (uniformly in v), (3.2)

1 k|<ro W
Sarw Y lkwl =0(&(1/n)) as n — co (uniformly in v) (3.3)
w=1 |k|>ro
and for a given A = {[a,,,]},cn
for each w € N, a,,, =0 (£(1/n)) as n — oo (uniformly in v). (3.4)

We obtain the following rates of approximations.

Theorem 3.1. Suppose that for any fized £ € V and o > 0, (3.1)-(54) and (1)
hold. Then, for all f € Lip (@)

1700 (f) = Fll = O(£(1/n)) as n — oo (uniformly in v).
Proof. From the proof of Theorem [2.3] we observe that

1Too (1) = I < 32 a3 Ml £ (= £) = £
w=1 keZ

HIA 22 anw 22 ew — 1
w=1  kez

= Bl + BQ
holds. In B; for some fixed ro > 0, we can find a number ws such that for all
w > ws, |T — g — x| = |g{ < 0 < ¢ and since f € Lip («), there exists a constant

N > 0 such that
17 ¢ =) = FOl < N[F]
hold. Then, we get
Bi= % a, ¥ lel |10~ £) =70

‘k“<7‘o

LY at Y el £ (= E) = £

w=wz+1 [k|<ro
+ 2 any 2 kol |£ (=) = F0)
w=1 [k|>T0o

"
< D"wy max a,,
1<w<ws

o
N Y aly Y kel ()7

w=wz+1 |k|<rg
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+2||fH Zla‘nw Z |lkw|

|k|>ro
= B{ + B} + B}

where D 1= mast<ucun {Syegen el |7 (= £) = 7O} From ), B3
and (3.3) it is clear that
B},B} B} =0 (£(1/n)) as n — oo (uniformly in v),

yields.
Finally, from (3.1)) we conclude that

By =0 (£(1/n)) as n — oo (uniformly in v).
O

Notice that, it is possible to find regular methods such that (3.4) is satisfied,
for instance, {C}} (Cesaro Matrix) and F (almost convergence matrix) which are
given in Corollary

4. CONCLUSIONS AND APPLICATIONS

In the present section, we give some applications of the operators of type (1.1).
Let f : R — R be given, and suppose that I ., = x (k), that is, I, is not
depending on w where x : R — R. Then, (1.1)) reduces to

Tn,v (f,:c) = Z QZw Z f(fc* %)X(k), z€R
w=1 keZ
which is in some cases equal to A—transform of generalized sampling series, namely
o0
Snw (fix) = 2_: Uy Z f (5) X (wz—k), z€R.

In this case (I1) and (l2) coincide with the following assumptions

() x €' (Z)
(5) > x(k) =

kEZ

where on the other hand, (I3) is clearly not satisfied. But these two conditions are
still enough to verify the following approximations (see also [I]).

Theorem 4.1. Let f € BUC (R). If (1}), (I4) hold, then
lim || 7y, (f) = f|| =0 (uniformly in v € N).

Proof. Considering (15), by the proof of the Theorem we obtain the following

inequalities

<Y kgz\x(k)l £ (=% -

nw

H’Z;L,’U (f) -

I
=
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Since > |x (k)| < oo from (I}), for all € > 0 there exists a number 7 > 0 such that
k€EZ

> Ix(R)<e

|k|=#

and hence, for sufficiently large n € N

> at X XWI[f (= 5) = FOll <2071 E atue

w=l R[>
<2M | fle

holds where M comes from the regularity of A. In a similar way with the proof of
Theorem [2.3] it is possible to show

> at T W (=) = 1Ol <& (D + Anr)

w= kl<#

for sufficiently large n € N, where D := max; <,<a, {zlkld [x (k)| Hf (- 5) —f ()H} .
Finally, by the regularity of A

11

oo

5 ot 1| <11

w=

for sufficiently large n € N. Since ¢ is arbitrary, the proof is completed. O

Although 7 and S are similar, they are different in general. However, in some
cases, they coincide (see [I]).

Corollary 4.2. Let f € BL, (R) (the Paley-Wiener Space BL,, (R) = {f € L* (R) :
|f (2)| < exp(mw|z|) || f]| for every z € C}) for some w > 0 and x € B> (R). If
(11) and (I%) hold, then

lim ||Sn,0 (f) — fll =0 (uniformly in v € N).
n—oo
Proof. Tt is proved in [I] that B}, (R) C Lip (R), and therefore bounded elements of
B, (R) are also elements of BUC (R) . On the other hand, using similar arguments
in Lemma 4.2 in [I] we get

Sn,v (f) = Tn,v (f)

for all n,v € N and f € B}, (R). Consequently, by the Theorem the proof
completes. 0

Remark 4.1. It may clearly be seen that, Corollary holds for f € B2, (R)
where 1 < p < 2. In this case, we need to assume x € B4 (R) to apply Lemma 4.2
in [I] where 1/p+1/q = 1. For some examples of x which satisfy x € B (R),
(11) and (1%), we refer to Example 4.5 in [1].
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It is clear that operator (1.1) can be written as

Tow (i) = 3 @t Ty (fi) (4.1)
where T, is given by
Ty (fiz) =3 f(z—£)lhw (z€R, weN). (4.2)
kez

Considering (4.1)) and (4.2)), we get the following corollary.

Corollary 4.3. Taking specific reqular matrices, we observe the following estima-
tions:

o Assume that A = F = {F'} = {[aY,]} where al, = 1/n if v < w <

n+wv—1;aY, =0 if otherwise. Assume further that (I1) — (I3) hold for
A =F (almost convergence matriz). Then, for oll f € BUC (R),

“Tv(f)+Tu+1(f)+"'+Tn+v—1(f) —f

lim
n—oo

- =0 (uniformly in v)

i.e., Tn, (f) is almost convergent to f,

o Assume that A = {C1} = {[chw|} where cpw =1/n if 1 <w < n; cpyy =0
if otherwise. Assume further that (I1) — (I3) hold for A = {C1} (Cesaro
matriz). Then, for all f € BUC (R),

Tl(f)+T2(f)+~-~+Tn(f)_fH_O

lim

n—oo

i.e., T,, (f) is arithmetic mean convergent to f,
o Suppose that A= {I} and (I1) — (I3) hold. Then, for all f € BUC (R),

Jim [T ()= £ =0

i.e., Tn, (f) is uniformly convergent to f, where T,, (f) is given in ,
Similar corollaries also hold for generalized sampling series

Sw (fix) = kng () x (wz—Fk).

Now, we will give a specific kernel of [ ,,, which satisfies (I1) — (I3) respectively.
Take A = {C1}, and then define I ,, as follows:

L DT
ko= "ow(k)  \wi1)"

It is easy to see that (I;) and (l3) are satisfied from the following calculations:

no] LU | 2
SUPZ*EW,MSSUPE*ZW

neNw=1 M ez neNw=1"M kez



978 ISMAIL ASLAN

and since [, > 0, from the previous statement

L
Z*Zlk,w_l

w=1"M kez

3 (-n*

w=1 n

lim
n—oo

< lim

n—oo

=0.

On the other hand, for (I3), for any integer r > 1, we get

n 1 n 1 (_1)w+1) 2w+1
- lpwl = -
wZ::1 n \k%r| bl /11;2::1 n ( 2v+1 2wr
where (1) "
DY +1\ 2v
li =0. 4.3
wgnoo ( Al + 1 > ALK ( )

Then, since (4.3)) is convergent to 0, its arithmetic mean is too, namely,

. n 1 (_1)'w+1 2w+1
lim Z( w1 > o =0

n—0o0 ., =1 M

which implies (I3). For the behaviour of ., , see Figure [I| (¢ = 0,---,5 and

w = 1,---,6) which is symmetric for k. But in the classical sense, lj ., does not
o —— o o - r - W)
| ‘ *
| 0
‘ [ ] Py .Ik,w
L e g _
lo— .7_._70 ° b . e o%-
Kk @ ™ L e O
.9 L] ® 0
-~ ® L] ® ,. ——
. * ° .- oW
-9 e 2
S

FIGURE 1. The kernel function I

satisfy the condition of (A1) since

Dolhw—1

kEZ

=(-1)"+1

is divergent. Therefore, our approximation is not trivial.
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