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Abstract: The present paper deal with three variables polynomial sets generated by functions of the form e’ ¢y (x17) @, (x21) @3 (x3¢). Its
special case analogous to Laguerre polynomials have been discussed.
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1 Introduction

Laguerre polynomials L,(fl) (x) possess the generating relation [See Rainville [6] pp-130], Lﬁ,a) (x) is well known Laguerre
Polynomials of one variable

etOFl(_.1+a. i a)( )tn (1)
b ) = 1+a

and L,(fl’az} (x1,x2) is Laguerre Polynomials of two variables due to S.F. Ragab [4] and Chatterjea [1] gave generating
(a.B) (

function of Laguerre polynomials of two variable L, x,y)in the form

o ( /3)( Ve
eoF (—; a0+ 1;—xt)oF (—; B+ 1;—yt Z w

One arrives at properties hold by L ( ) (See Rainville [6], pp. 132-133). Motivated by (2) an attempt has been made to
study three variables polynomials similar to one given in (2) and generated by functions of the form

et(b] (xlt>¢2(JC21)¢3(X3t).

@)

2 Three-variable polynomial sets analogous to (2)

Let us consider the generating relation of the type

€' 01 (x11) 92 (x21) 93 (x3) = Y Oy (x1,%2,23)1" 3)
n=0
Let
F(1,x1,%2,x3) = € ¢1 (x17) $ (x21) 3 (x31) “4)
Then 5
a—F =1 914205 (5)
x|
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oF ,
sz =1e' 010,03

oF o ,
TxS—f@ 010203

% = &' 010203 +x1€' O] 9203 +x2€ P1 9703 + X3¢ 919293

Eliminating @1, ¢1, ¢2, 93, 93 and ¢} from the five equations (4), (5), (6), (7) and (8), we obtain

< d d 8) oF
X 5— +X5— +x35— | F —t=— = —tF
8x1

8x2 aX3 ot
Since
F =¢'¢1(x1t)$2(xat) 93 (x3t) = Y Gu(x1,x2,%3)1"
n=0

Equation (9) yields

i xli—&-xzi—i—xzi Oy (x1,x2,x3)1" — ina (x1,x2,x3)t"

= Jxi dxy  Toxz ) " - S

= — G,,(xl,xg,x3)t"+l
n=0

= - Z anl(-xler?-x?’)tn

n=1

from which the theorem follows.

Theorem 1. From

=)

€f¢1 (xlt)¢2(xzt)¢3()C3l) = Z Gn(xl,x27x3)t"

n=0
it follows that

0 0 0
87)“60()61,)62,)63) + sz%(xhxz,xs) + T&Go(xl,xz,xs) =0

and forn > 1

(x1 F +x287x2 +X3Tm)cn(xl ,X2,X3) — N0, (X1,X2,X%3) = —0p_1(X1,X2,%3)

Next, let us assume that the functions ¢y, ¢, and ¢z in (11) have the formal power-series expansions.

o1(u) = Y w0 #0
K=0

O (u2) = i 8,1l 80 #0
k=0

and

03(us) = Y B89 #0
k3=0

Then (11) yields

o o o A . ) . ]
Z 0, (x1,x0,%3)t" = Z — Z }/klxlltkl Z 5k2x22tk2 Z §k3x33tk3
n=0 n=0"" k(=0 k=0 k3=0

(6)

(N

®)

&)

(10)

(In

(12)

13)

(14)

5)

(16)
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- e ek — ki ko K
= zn: niln kzl:kz Yy Oy Sk Xy X7 x5 o a7
=0 \Ki=0k=0 K=o (n—ki—k»—ks)!
so that o ok
n n—k; n—ki—kp 6 1 2 3
Gu(x1,x2,5) = ¥ Vo Byl (18)
N0 koo (n—ki—k—ks)!
Now consider the sum
oo oo n n—ky n—ki—ky c 6 xklxk k3
Y (€122, 23)0" = Y (it Sy 4 235 (19)
n=0 n=0k;=0ky—=0 k3=0 (n—ky —ka —k3)!
o o o oo & k ]
CF TR Ot i sttt
n=0k;=0kr—0k3=0 n!
e Z (c+ky+ky+ k3 n
= Y Y Y (Okithtas Yy i Gy (1)) (20)2 (a30)5 x Y ( , iy
k1=0ky=0k3=0 n=0 n:
R R (Okkots Yy Oy i (x12)F1 (282 (x31)*3 20)
- ==, (1 _ t)c+k1+k2+k3
o o o o k]
7 —c X1t
Z(C)nan()Cl,XQ,x:i)tI: (1_t) ¢ Z Z Z k|+k2+k3/y}(] 6](2&/{3 <1)
=0 K1 =0ky—0k3=0 —t
ks ks
xXot X3t
X [ —— — 21
(%) () @
We thus arrive at the following theorem:
Theorem 2. From
€' 01 (x11) 92 (x21) 93 (x31) = Y, 0 (31,22, x3)1"
n=0
Z ,yklul I (Pz I/l2 Z 8](2”2 I ¢3 M3 Z <(;/(3143
% # 0,80 #0,8 #0
it follows that for arbitrary c.
(1 —l)CG( X1t xt  x3t > . i(c) P (xl x X3)tn (22)
T .1 1 . - n®n 9 9
—1—11-1) =
in which
ko k
G(ur,uz,u3) = Z Z Z )iyt Yo O Cry ) 1052115 (23)

3 Applications of Theorems 1 & 2

The role of theorem 2 is as follows: If a set 0, (x],x2,x3) has a generating function of the form ¢’ @; (x17) @, (x22) 93 (x3¢),
Theorem 2 yields for o, (xj,x2,x3) another generating function of the form exhibited in (22). For instance, if
@1(11),02(uz) and ¢3(u3) are specified pFq the theorem gives for o,(x1,x2,x3) a class (c arbitrary) of generating

functions involving three variables hypergeometric functions.
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Let us now apply Theorems 1 and 2 to Laguerre Polynomials of three variables L,(la"az’%) (x1,x2,x3) due to Khan, M. A.
and Shukla, A. K. [3] defined by explicitly

(061 + l)n(Oﬂz-l- 1)n(063 + l)n

(a1,00,03) _
Ln (-xla-x27-x3) - (n')3
n ki n—ki— ki ko k
X SR S (=) ks X1 X745 (24)
K—0k—0 k30 (OC] + l)kl (062 + 1)k2 (063 + 1)k3k1 ko k3!
The generating function is given by
e'oF (—;0q + 1;—x1t)oF (—; 0 + 1; —xat )oFy (—; 03 + 1; —x3t)
i n|)2L(061 o ag)(xl,xz,)g)t” 25)
= (ar+ 1)+ 1), (az+1),
We use theorem 1 to conclude that L((,O’l 102,03) (x1,%2,x3) is a constant and for n > 1,
d d d
(xl E +x2(97xz +x38)63> ngallazm)(xhxzvxﬁ - nLﬁza] ’az’a*%)(xl’xz,x})
o o o
_ _(a+n)+n)(as+n) LL%02%) (), x3) (26)
n
In applying theorem 2 to Laguerre polynomials of three variables Lﬁ,al 102,05) (x1,x2,x3), we note that
(n!)zLELOChO!z?OB)(xl7x27x3)
OplX1,X2,X3) =
X0 25) = (o), (G + D+ 1
and that
1) = o (—:1 ) = ¥, @)
1(#1) = oF1(—; 1;—ur) = —
K=0 kl.(1+a1)kl
oo kZuk2
ur) =oF(—;1+0p;— 28
¢ (u2) 1 ( 2 Z 1+a2 o (28)
oo )k;uks
u3) = oFi (—:1+ a3 29
¢3(u3) 1( 3 Z 1+a3)k3
Then . L .
_ 1)k 1)k 1)k
Yoy = ‘( ) 1Oy = ,( ) 75]@27'( ) (30)
k].(1+061)k1 kz.(l—l—(Xz)kz k3.(1—|-063)k3
and
ko k
Glur,up,uz) = Y Z Z )iy -ho-tks Yo O Eiy ) 1052015
k1=0k=0k3=0
_ oo oo oo (C)k1+k2+k3 (71)k1+k2+k3u];1 u§2u§3
k1 =0k =0k3=0 ky e Y3 (1 + 01 )y (1 + 02k, (14 Q3 )i
:‘/’§3)[C;1+0‘171+062;1+053;—u1,—142,—u3} 31)

Therefore Theorem 2 yields

—X1t —Xxpt —Xx3t

l—t*"() 1+oq,14+00,1+03;
(1= W felta 1+ o 7 7
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w (12 (01,02,03) n
(n(.) (¢)nLn (x1,%2,%3)¢ (32)
=0

1+a1)n(1 +a2)n(1 +OC3),1

n

Wherel//f)is given in the form [6, p. 62 (11)]

- Xy P
V’f) lasb,c,d;x,y,7] = Z (@) mtntp 'z

e Do)l d), mintp! (33)
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