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Abstract 

Many optimal reinsurance studies in the literature only take into consideration the insurer. 

However, there are two parties in reinsurance contracts. The aim of the study is to contribute to 

the optimal reinsurance literature by considering the interests of both the insurer and the reinsurer. 

A reasonable compromise between their interests is desired. Then, we examine the optimal 

retention problem that minimizes the absolute value of the difference between the insurer’s and 

the reinsurer’s profits under stop-loss and excess-of-loss reinsurance arrangements. With a non-

negative random variable, we incorporate the stochastic essence of the aggregate loss for the 

reinsurer’s and insurer’s profits into the model. For reinsurance premium calculation we use two 

different premium principles and for aggregate loss we use exponential, Pareto and lognormal 

distributions. The results of the studies only deal with the benefits of the insurer and the studies 

consider both the benefits of the insurer and reinsurer are compared. Our findings can be helpful 

for insurance companies and reinsurer companies in their decision making task. For simulation 

studies in the model MATLAB programming language is used. 
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1. INTRODUCTION 

 

Reinsurance can be used as a risk management tool that enables the insurance company to share a portion 

of his risk with the reinsurer. Non-proportional reinsurance (stop-loss and excess of loss) that is of a trete 

reinsurance type is the most commonly used one of reinsurance contracts. The expected value premium 

principle is one of the often used premium calculation principles. The other principles are the variance 

principle, the standard deviation principle and the mean value principle. The well known risk measures and 

the features are presented and discussed in literature [1-3]. This paper considers Value at Risk (VaR) and 

Conditional Tail Expectation (CTE) measures. These measure are used in the finance and insurance areas 

by authors [4-7]. An insurer (cedent) requiring reinsurance protection should make a choice between the 

amount of reinsurance premium to be paid and the amount of risk it will undertake. The insurer, who wants 

to have low retained loss, has to pay high reinsurance premium. On the other hand, if he wants to pay less 

reinsurance premium, he will be faced with a large retained loss. At this point, the optimal retention 

determining problem is getting important. 

 

Therefore, there are many optimal reinsurance studies in the literature which depend on different 

reinsurance contracts, premium principles and risk measurements. These papers depend on optimal 

reinsurance minimize or maximize different measures of the risk. These measures can be expected utility 

and probability of ruin [8-12] or variance of the retained risk [13]. Borch [14], Denuit and Vermandele [15] 

and Kaluszka [16] minimize the variance of the retained loss. He, Hou and Liang [17] considered solvency 
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constraints in terms of ruin probability in the finite-time case. Centeno and Guerra [18] tried to maximize 

the adjustment coefficient of the retained risk for the insurer. Gajek and Zagrodny [19] examined the 

absolute deviation and the truncated variance of the retained loss. Balbas et all. [20] conducted studies on 

a class of convex principles of premium calculation.  Some other measures of the risk that are used in 

optimal reinsurance studies are the expected time to reach a goal [21], distortion risk measure [22, 23], the 

liability of an insurer [24], insurer’s capital requirement [25], sharpe ratio and mean-variance utility [26], 

survival probability [19], the expected time to reach a goal [27] etc.  

 

Cai and Tan [28] determined the optimal retention level under stop-loss reinsurance contract and expected 

value premium principle by using Value at Risk (VaR) and Conditional Tail Expectation (CTE) risk 

measures. An extended version of this study is written by Tan, Weng and Zhang [29].  Most of the optimal 

reinsurance studies are from the insurance point of view; see for example; [8,9,11,13-22, 25, 26, 30], with 

few being from the reinsurance point of view, one such example being the following [31, 32].  

 

We must consider that there are two parties to a reinsurance contract.  As Borch states [33], "These 

considerations should remind us that there are two parties to a reinsurance contract, and that these parties 

have conflicting interests. The optimal contract must then appear as a reasonable compromise between 

these interests. To me the most promising line of research seems to be the study of contracts, which in 

different ways can be said to be optimal from the point of view of both parties." In the actuarial literature 

we can find some optimal reinsurance studies which have considered a point of view common to the insurer 

and the reinsurer. The objective function for Ignatov et al. [34] and Kaishev and Dimitrova [35] is the joint 

survival probability and for Cai et al. [23] is both the joint profitable and the joint survival probability. In 

the study of Castaner et al. [36] the joint risks of the cedent and the reinsurer are presented. Castaner and 

Claramunt [37] contribute to the optimal reinsurance literature by considering stop-loss reinsurance from 

the joint point of view of the cedent and the reinsurer. For further examples see [38-44]. 

 

The aim of this study is to play a part in the analysis of the optimal reinsurance from the point of the view 

of the cedent and the reinsurer by minimizing the absolute value of the difference between the profit of the 

insurer and the reinsurer. We use excess-of-loss and stop-loss reinsurance contracts. We assume that the 

non-negative loss random variable X originally faced by the insurer has a continuous distribution and we 

use Pareto, lognormal and exponential distributions. We use two different premium principles (standard 

deviation and expected value) for reinsurance premium. The paper is organized as follows: in section 2, we 

give some preliminaries on VaR and CTE risk measures and simulation optimization. In section 3 the 

framework of our simulation model is constructed. In Section 4 numerical results are discussed. The last 

section concludes the study with the obtained results and some suggestions for further research.   

 

 

2. PRELIMINARIES 

 

2.1. Value at Risk and Conditional Tail Expectation 

Value at Risk is known as a measure that can reveal the risk status of a financial institution or firm as a 

whole. This is easier to understand when compared to conventional risk measures, and can be expressed by 

associating risk amounts with the probability of occurrence of risk. VaR can be used for setting total risk 

target, determining the allocation of capital within the company, evaluation of different investment options. 

For more details see [45]. Let x be a non-negative random variable denoting the aggregate loss.  

 

The VaR of x at a confidence level1α , 0 1 α , is defined as 

 

( ) inf{ : ( ) }.XVaR x P X x   
 
                                                                                                                  (1) 

 

A drawback of VaR is that it only makes use of the cut-off point corresponding to the probability level α  

and does not use any information about the tail distribution beyond this point. The Conditional Tail 

Expectation corrects for this. The CTE at probability level α , denoted by ( )xCTE α  is defined as 
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 ( ) .XCTE E X X x  
                                                                                                                            

(2) 

 

When X is continuous, the above can be written as 

 

 ( ) ( ) .X xCTE E X VaR 
                                                                                                                                

(3) 

 

2.2. Simulation Optimization 

Simulation is an analytical approach, especially when the size and complexity of the problem made it 

difficult or otherwise impossible to use analytical techniques. It can be used for optimizing performance 

measurements. The general optimization problem that minimizes a given objective function, i.e., 

 

min ( )J



                                                                                                                                                        

(4) 

 

where   stands for the input variables, ( )J    represents the objective function, and   is the constraint 

set and, 

 

 ( ) ( , )J E L  
                         

(5) 

 

is the most common formulation for J. In Equation 5 , ( , )L    depicts the sample production estimate 

obtained from the simulation result and   is used for the stochastic effects of the system in the simulation 

model [46, 47]. The primary optimization methods that are commonly used in simulation optimization are 

random search, response surface methodology, sample path optimization, gradient-based procedures, 

metaheuristics including tabu search, ranking and selection. See [46, 47] and [48] for more detailed 

information about simulation optimization.  

 

3. FRAMEWORK OF THE MODEL 

 

To develop the stochastic model for a non-life insurance company we use both excess of loss and stop-loss 

reinsurance types. We assume one year time period for total cost and to calculate the optimal retention level 

we set up the simulation optimization model. 

 

3.1. Stochastic Reinsurance Simulation Model 

Let X be the amount of the aggregate loss initially assumed by an insurer. X is assumed as a non-negative 

random variable so the stochasticity of aggregate loss is included in the simulation model [28].  

 

In stop-loss reinsurance contract, total loss in one period, X , is split between the insurer’s part, IX , and 

reinsurer’s part that insurer cedes part of its loss, R IX X X  . With d>0 retention level min{ , }IX x d  

represents the losses to the insurer and max{0, }RX x d   represents the losses to the reinsurer. In the 

excess-of-loss reinsurance contract, the corresponding losses are  
1
min ,




N

I i
X x d , and 

 
1
max 0,


 

N

R i
X x d . 

 

In exchange for ceding the risk to the reinsurer, the insurer is facing additional reinsurance premium costs. 

Therefore, the lower retention limit causes the higher reinsurance premium ( )d .  

 

We list expected value and standard deviation premium calculation principles as follows: 

 

( ) (1 ) ( ) R Rd E X 
                                                                                                                                   

(6) 
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( ) ( ) ( ).R R Rd E X V X  
                                                                                                                         

(7) 

 

In equations , 0   
is the safety loading, ( )RE X  

is the expected value of RX  and ( )RV X  is the variance of

RX . Insurer’s total cost for stop-loss reinsurance contract consists of reinsurance premium and retained 

loss; 

 

( ).I RT X d 
                                                                                                                                            

(8) 

 

We assume the premium gained by the insurance company is calculated with the same safety loading   

and we use expected value premium principle; that is, (1 ) ( )I E X   . The profit of the insurer is the 

difference between the premium gained by the insurance company and the total cost of the insurer: 

 

I IS T  .
                                                                                                                                                 

(9) 

 

Equation 10 represents the profit of the reinsurer and Equation 11 represents the absolute difference 

between the profit of the insurer and the profit of the reinsurer [49]: 

 

 R R RS X
                                                                                                                                               

(10) 

.Diff I RABS S S 
                                                                                                                                      

(11) 

 

3.2. Simulation Optimization Model 

Our mathematical model is difficult and complex to solve analytically, so we offer effective solutions for 

calculation of optimal retention level under VaR risk measure by using pattern search solver in MATLAB 

Optimization Toolbox. From the insurer point of view, let the optimal retention d* is the solution to the 

“minimization of the VaR of total cost” problem 

 

[0, )
min [ ( , , )].T

d
E VaR d  

                                                                                                                                  
(12) 

 

Table 1. Distribution parameters for lognormal and Pareto 

  σ  Lognormal Pareto 

μ  σ  shape scale location 

500 6.7962 0.4724 0.3090 213.52 690.99 

1000 6.5612 0.8325 0.4142 242.64 585.78 

1500 6.3184 1.0856 0.4541 247.89 545.83 

2000 6.1030 1.2686 0.4721 249.22 527.86 

 

From the joint point of view of the reinsurer and the cedent, the optimal retention is found by minimizing 

of VaR of the absolute value of the difference between the reinsurer’s and the insurer’s profits  

 

[0, )
min [ ( , , )].

DiffABS
d

E VaR d  
                                                                                                                              

(13) 

 

The retention level for a given confidence level 1α  which makes VaR is minimized is the optimal 

retention level, d*. Likewise, objective functions can be written for CTE risk measurement. We assume two 

different α  and ρ  pairs ( α  = 0.10, ρ = 0.20 and α  = 0.05, ρ  = 0.30). X has lognormal and Pareto 

distributions with mean 1000 and standard deviations 500, 1000, 1500 and 2000; exponential distribution 

with mean and standard deviation 1000. The distribution parameters to be used to provide the above 

statistics for lognormal and Pareto distributions are given in Table 1. 
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3.3. Simulation results 

 

Firstly, we observe the results for the stop-loss reinsurance contract for α  = 0.10 and ρ  = 0.20. Table 2 

shows the optimal retention values for different standard deviations, premium principles and distributions 

from joint point of view of the insurer and the reinsurer. For both premium principles, as values of standard 

deviation increase optimal retention values decrease. For the same premium principles lognormal 

distribution has the smallest d* values and exponential distribution has the biggest one. 

Table 3 shows the optimal retention values for different standard deviations, premium principles and 

distributions from insurer point of view. From point of view of the insurer as the standard deviation 

increases optimal retention level decreases and this situation is more distinct for the standard deviation 

premium principle. As insurer aim to maximize his profit, he tries to minimize the total cost and this 

situation causes low optimum retention and this is not applicable in real world. However the joint point of 

view provides a reasonable optimal retention for two sides. The results are obtained with the stochastic 

optimization in Table 2 and Table 3 are approximate solutions.  

 

Table 2. Optimal retention levels for stop-loss from joint point of view 

 

 

 

 

 

 

 

 

 

 

Table 3. Optimal retention levels for stop-loss from insurer point of view 

 

 

 

 

 

 

 

 

 

 

 

In terms of distributions, with mean 1000 and standard deviation 1000 is considered in order to make 

comparisons for all three distributions. When both parties are taken into consideration, the exponential 

distribution works out the highest optimal retention value; conversely, when only insurance company is 

taken into consideration, the exponential distribution works out the lowest optimal retention value. This 

applies for both to the expected value premium principle and to the standard deviation premium principle.  

 

Figure 1 provides pdfs of the three loss distributions with mean and standard deviation of 1000. For this 

case, the heaviest tail belongs to the exponential distribution. Value at risk is affected by tails. Where at 

lower levels of confidence  heavy tailed distributions can produce a lower VaR level than other 

distributions. Therefore, when the loss is exponentially distributed and only insurance company is taken 

into consideration, the optimal retention level for the insurer seeking to minimize the VaR of its total cost 

is smaller than other distributions. Table 3 also shows that the optimal retention level decreases as the tail 

heaviness increases. 

σ  

Distributions Premium principles 500 1000 1500 2000 

Pareto 
Expected value 1049.80 995.94 952.06 928.00 

Standart deviation 950.75 844.00 818.00 750.75 

Lognormal 
Expected value 965.00 950.00 780.00 692.15 

Standart deviation 979.92 864.03 756.00 628.00 

Exponential 
Expected value - 1004.00 - - 

Standart deviation - 964.00 - - 

σ  

Distributions Premium principles 500 1000 1500 2000 

Pareto 
Expected value 735.25 636.75 587.93 564.00 

Standart deviation 512.00 404.00 532.00 488.00 

Lognormal 
Expected value 572.50 308.25 182.00 115.98 

Standart deviation 243.81 12.50 51.5 1.99 

Exponential 
Expected value - 196.00 - - 

Standart deviation - 4.00 - - 
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Figure 1. Comparison of distributions 

 

For excess-of-loss insurance contracts we compare the results on figures instead of tables. Figure 2 

compares CTE and VaR values in terms of lognormal, Pareto and exponential distributions. In the left 

column of the figure there are the results obtained using the expected value premium principle and on the 

right side we have the results obtained using the standard deviation premium principle. 

 

 
Figure 2. Comparison of distributions for excess-of-loss 

 

In all graphs of Figure 2, on the x axis there are retention values from 0 to 2000 and on the y axis we have 

the VaR and CTE values. T is used for the insurer’s point of view and AbsDiff is used for the joint point of 

view. Taking into account the graphs on the left side we can compare the distributions with respect to the 

expected value premium principle. In all graphs the VaR and the CTE values for the individual claims 

which follow lognormal distribution are between the individual claims which follow the Pareto and 

exponential distributions. From the point of the insurer, the VaR and CTE values are the highest in the case 

of exponential claims. On the other hand, Pareto claims result in the highest VaR and CTE values after 

exceeding optimal levels from the joint point of view. As the retention level increases VaR and CTE values 

decrease from the insurer point of view. 
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Comparison of premium principles from joint point of view is displayed in Figure 3. For all distributions 

and standard deviations it can be clearly seen, the expected value premium principle reaches an optimal 

retention level which is between 500 and 1000 but close to 500. On the other side we don’t have a clear 

view of the optimal retention level for the standard deviation premium principle although it exists. 

Comparison of premium principles from insurer’s point of view is displayed in Figure 4. If insurer uses the 

standard deviation premium principle for reinsurer’s premium principle he reaches optimum retention level 

immediately (nearly zero).Therefore, when we consider the situation from the insurer point of view, insurer 

doesn’t want to take risk and want to transfers almost all. Under the expected value premium principle, 

when standard deviation value approaches the mean value (1000) retention level nearly reaches the 

optimum level and for the increasing values of standard deviation optimum level moves forward. 

 

 
Figure 3. Comparison of premium principles from joint point of view for excess-of-loss 

 
Figure 4. Comparison of premium principles from insurer’s point of view for excess-of-loss 
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For Figures 5 and 6 α  = 0.05 and ρ  = 0.30 pair is used. We use stop-loss reinsurance contract and expected 

value premium principle. The mean value and the standard deviation are both 1000. In Figure 6, objective 

functions based on VaR risk measurement values ( TVaR and diff
VaR ) and 

*
Td  and 

*
diff

d  optimal retention 

levels, which make these functions minima, are given from one side and from both sides. The TVaR  function 

achieves the minimum where the diff
VaR  function reaches its maximum values. Thus if we take a standstill 

only from insurer’s perspective, the most profitable position for one side will be the most unfavorable 

position for both. 

 

 
Figure 5. Comparison of VaR levels for Pareto, lognormal and exponential distributions 

 

Table 4 shows the optimal retention values for each of the three distributions and the difference between 

them is evident. When we consider the benefit of both parties, optimal retention values are much higher 

than that of a single party. The highest difference is for exponential distribution. 

 

Table 4. Optimal retention levels for lognormal, Pareto and exponential distributions 

Distributions *
Td  

*
diff

d  

Lognormal 372 1453 

Pareto 644 1308 

Exponential 244 1476 

 

 

 
 

Figure 6. Comparison of optimal retention levels for insurer’s and reinsurer’s profits 

 

In Figure 6, the comparison is made in terms of profits. Profits and confidence intervals of the insurer and 

reinsurer are given. When we compare the confidence intervals, the confidence interval of the insurer is 

very narrow and the confidence interval of the reinsurer is very wide. In this case, the risk for reinsurer is 

high. At the d|diff| level, which is the optimal retention level calculated by taking into account the advantage 
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of both sides, the confidence intervals approach each other. For all three distributions the mean value of the 

insurer’s profit increases and the mean value of the reinsurer’s profit decreases while retention levels change 

from 
*
Td  to 

*
diff

d . This decrease is small and is not an unacceptable because the confidence interval and 

the risk decrease. 

 

4. CONCLUDING REMARKS 

 

In this study, we use the simulation optimization approach to find an answer to the problem of finding the 

optimal retention level that minimizes the absolute value of the difference between the insurer’s and 

reinsurer’s profits in excess-of-loss and stop-loss reinsurance. We compare the results from insurer point 

of view and joint point of view. We also make the comparison of results in terms of premium principles, 

loss distributions and profits. Computational results show that, the optimal retention level calculated by 

only taking into account the insurer is against the reinsurer company. The reinsurance treaties, which have 

two opposing sides, should take into account both sides and provide an optimal retention level, which is 

more appropriate to real life and acceptable to also the reinsurer. Another result is that in calculating optimal 

retention level, assumed premium principle and loss model are impactful factors. In some problems, it is 

very difficult to reach the optimal solution analytically. In such cases the solution can be obtained by 

simulation. Consequently, for simulation optimization CTE and VaR risk measures can be used effectively 

to determine the optimal retention level. 
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