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Abstract: Dedekind sum first occured naturally in Dedekind’s transformation law of his eta-
function. In analogy, Hardy sums are encountered in the transformation formula of the theta
function. Up to now, they have many of remarkable applications in analytic number theory
(Dedekind's m-function), algebraic number theory (class numbers), lattice point problems,
topology and algebraic geometry. Miscellaneous arithmetical properties of these sums have
been analyzed by many scholars. Recently, considering the characteristics of Hardy sums and
other celebrated sums such as Ramanujan sum and Kloosterman sum, interesting and
meaningful identities have been obtained. In this paper, we continue to focus on arithmetical
aspects of Hardy sums and Ramanujan sum. More precisely, we consider a mean value problem
of these sums and Ramanujan sum with the help of the features of Dirichlet L —functions and
present some computational formulas for them.
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Bazi Hardy Toplamlari ve Ramanujan Toplaminin Ortalama Degeri Hakkinda
Yeni Bagintilar

Ozet: Dedekind toplami, Dedekind eta-fonksiyonunun doniisiim formiilinde dogal olarak
ortaya c¢ikmustir. Benzer sekilde, Hardy toplamlarina ise theta fonksiyonunun doniisiim
formiillerinde karsilagilmistir. Giiniimiize kadar bu toplamlar, analitik sayilar teorisi (Dedekind
n-fonksiyonu), cebirsel sayilar teorisi (sinif sayilar1), latis noktasi problemleri, topoloji ve
cebirsel geometri alanlarinda ¢ok sayida onemli uygulamalara sahiptir. Bu toplamlarin ¢esitli
aritmetik 6zellikleri birgok bilim adamu tarafindan analiz edilmistir. Son zamanlarda ise, Hardy
toplamlari, Ramanujan toplami ve Kloosterman toplami gibi 6nemli toplamlarin sagladig
ozellikler g6z Oniine alinarak, ilging ve anlaml 6zdeslikler elde edilmistir. Bu makalede, Hardy
toplamlar1 ve Ramanujan toplamina aritmetik ag¢idan odaklanmaya devam edecegiz. Daha ag¢ik
olarak, Dirichlet L-fonksiyonlarinin &zellikleri yardimiyla Hardy toplamlari ve Ramanujan
toplaminin ortalama deger problemini ele alacagiz ve onlar icin bazi hesaplama formiilleri
sunacagiz.

Anahtar kelimeler: Ortalama deger, Dedekind toplami, Hardy toplami, Ramanujan toplami.
1. Introduction

The classical Dedekind sum is defined by

S(d,0) = Xjs ((f)) ((de»'
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where

_(x—=[x]—=1/2, ifxeZ,
((x)). B (O, otherwise.

Because of important applications, mainly in number theory, the Dedekind sum has
been studied extensively by many authors in a variety of contexts. See Rademacher and
Grosswald [15] for a bibliography.

Berndt [3] and Goldberg [10] investigated the Mobius transformation formula V(z) =
(az +b)/(cz + d) of the theta function for some special cases of a,b,c,d, and then
encountered six different arithmetic sums, named as Hardy sums. Here, we will
consider three of them, defined by:

54(d’ C) = ]C;} (_1)[dj/c]’

55(d.0) = ey -1 ((4)
and
S1(d,¢) = X521 (—1)J1ldi/el,

R. Sitaramachandrarao [16] expressed these sums in terms of classical Dedekind sums
as

s3(d,c) = 25(d,c) —4S5(2d,c), foroddrc, 1)
s,(d,c) = —45(d,c) +85(d,2c), foroddd, (2)

S:(d,c) =8S8(d,2c) +85(2d,c) — 205(d,c), foroddd + c. (3)

Various arithmetical properties of these sums have been analyzed by many scholars,
(see [2, 4-6, 12, 13, 20]).

Regarding the properties of Hardy sums and other celebrated sums such as Ramanujan
sum and Kloosterman sum, some authors [7, 8, 11, 17-19] focused on them and
obtained meaningful and interesting outcomes.

Han and Zhang [9] studied the general mean value problem for Dedekind sum and
derived several sharper mean value formulas by using the properties of Dirichlet
L —function. For example, they obtained that

Y1 S(hp®)Rya(h+1)

<—rewon (0203 -0
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whenever p is any odd prime and « = 2 is integer. Here, ¢(q) is Euler function, the

summation Z,‘lel is taken over all 1 < & < g with (4,q) = 1, and R, (c) is Ramanujan
sum, defined by

'

Rq(C)= z=1 e2mike/q

In this paper, appying the features of Dirichlet L —function and the analytic method, we
deal with Hardy sums and Ramanujan sum with respect to mean value problem above,
and consequently derive following conclusions.

Theorem 1 For any odd prime p and integer a > 2, any integer, if p* = 1 (mod4)
and 8|(p%~! — 1), then we have

S s, 20 pIRZ(2h + 1) = —2$(p¥)(p® — 1),

where ZZ=1, indicates that the summation ranges 1 < 4 < q such that (4,q) = 1, ¢(q)
is Euler function and R, (c) is Ramanujan sum.

Theorem 2 For any odd prime p and integer « > 2, any integer, if p* = 1 (mod4), we
have

Y07 54(2h,pR2e(2h + 1)

1

-0 [(1-3) 1+ ) -0+ 455

For the case p* = 3 (mod4), further identities can be obtained by the similar way.

2. Several Lemmas

We give some lemmas, needed in the proof of theorems.

Lemma 3 For an odd prime p, an integer « > 2 and any non-principal character y
mod p%. The following identity holds for any integer m such that (m, p%) = 1:

307, x(@R%(ma + 1)

x(—m)p?¢ (1 — g) , if y is a primitive character modp¥;

x(—m)p?¢ (1 — %) , if y is not a primitive character modp®“.

Proof. Let y be a primitive character mod p%. Then, using the notation e(x) = e?™*
and the properties of Gauss sums (see for example [1]), one has

h-1 x(@R2:(ma + 1)
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a ' a a (b+c)+b+
=350, 2P 3L x(aye ()

@« pe (b+1)+c(b+1
=3Pl WP, Wbl x(a)e (R

th

@ pr a (b+1) (b+1)
bly B2 X(me) XBZ, x(mac)e (FEIER) e ()

= ¥ X0, T+ DI, F()e (=)

= ¥ (M)t P, )((b +Dx(b+1)

=7(-mtT) TP, 1

(b(b+1),p)=1
— _ — 2
= X(-m)p*(p® — 2p°71) = Z(-m)p** (1~ 2).

Now, if y is not a primitive character modp® and y # yx,, the principal character
modp®, then y must be a non-principal character mod p®~1. Thus, by aid of the well
known identity

b 0, for(nk)=1;
Thos e ()= (& fortnid

for k|n;

and features of the reduced residue system mod p%, we have

a
P )((a)Rf,a(ma +1)

=Z ) ZC . X(C)Z 1){(a)€ (ma(b+1)+c(b+1))

pa

2

a — (b+1)
e, |5 F©e (=)
( a—-1 )( ) 2
a a-1 -1 — _ “l+c)(b+1
= x(-m)Ep5 (T80 ThG Xt + o)e ()
( a—1 )( ) 2
a—-1 a—-1 1 — _ Bt b+1
—x(-m) X0 (B0 ThTG X 4 oe (FE—R)

a-1 (up®*t+c)(b+1)

2
—xmy s [ g s X(©)e (HE—H)

2

a—1 a—1 a=14cpb+
ey 5 (e s s X(©)e ()
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= X(-m)p*p(®) = x(-m)p?* (1 -3).

p

Lemma 4 For an integer p > 2 and any integer /4 such that (4,p) = 1,

1 d?
S(h,p) = nTpZdlp @Z wmoaa X(MWIL(L I,

x(-1)=-1

in which L(1, x) denotes the Dirichlet L —function attached the character y mod d and
¢(p) is Euler function.

Proof. See Lemma 2 in [20].

Lemma 5 For an odd square-full number g > 3,

( )
Y ymorg LD =S, (142) (@)
x(-1)=-1
and
( )
% o X@ILADPE =ZE2 L, (143), (5)
x(-1)=-1
where ), ¢ modq * implies that the summation is over all odd primitive characters y
x(-1)=-1
mod q.

Proof. This is Lemma 6 of [17].

Lemma 6 Let g > 3 be an integer and y be a Dirichlet character mod g. Then, ifg = 1
(mod4),

¢( ) 3 2¢2( )
% ymoa XDILLOP =THO, (1- %) - 2EL ©)
x(-1=-1

and if ¢ = 3 (mod4),

) 1) _ m%¢%(@
% oty XOILADE =58, (1-5) =02

x(-1)=-1
where [],, denotes the product over all distinct prime divisor of g.
Proof. This is Theorem 1.4 of [14].

Lemma 7 Let g > 3 be an integer and y be a Dirichlet character modulo g. Then, for
any integer a such that a|(q — 1), the following relation holds:

2 _ 9@ _ 1) _ @+2n?¢?(@)
% pmoag X@ILLDP =L g (1-5) -2
x(=1)=-1

Proof. See [14, Theorem 1.5].
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3. Proofs

3.1 Proof of Theorem 1
From (1) and Lemma 4, one can write

i, s3(2h,q)RZ(2h + 1)
=7, {25(2h,q) — 4S(4h, q)}R2(2h + 1)

=2Y1 ., S2h,Q)R:(2h+ 1) —4X]_, S(4h,Q)R(2h + 1)

2 d?
n_TchHq mzxmm Yo, x(@WRZ(2h + 1IL(1, Y)|?

xodd

4 d?
ande @Zmodd Yo, x(4R)R2(2h + DILA, 0|2

xodd
V= T1 + Tz,

where

_ 2 a2 q
| = 727 214 3y 2 gmoaa Sie1 XMRG2R+ DL, 1)1

xodd

and

4 d?
Ty = = 2 Lt iy 2 moaa iet XADRG 2R+ DILA DI
xodd

Now, in view of Lemma 3 and equations (4) and (6), T; can be evaluated as

2
n2p@ i=1 é(p

_ p® 2 2
T = P5T e Ty x@RE2R+ DL D))
xodd

__2p”
T n2p(p®) 2z

P X(2R)R2(2h + DL, Y2

x mod p%
x odd

2 2 2
e ¢(pl)zxmo§dpi P, X@WRZ(2h + DL, )|
xXo

I 2 _2 2 4
w2¢(p®) (meodp“ P (1 )lL(l 017+

xodd

2

x mod p%
xodd

o X(4)p“¢(p“)|L(1,X)I2>

_ 2009
POOSE T o KB
xodd
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~mear (1) 55 (1+3)

(- 2)- 25

z¢<p“) g1 p?i (n2¢(p")(1_i)_3n2¢2(pi))

=1 ¢ (ph) gp2t

= =202 () (1 -3 = 2) - ™00 (1 - %) + 362 (0

—— @I (p¥ - p* ) +2 () T (P - ')
= —=p¢*(p") (1 = % = p—z) — =¥ (p®) (1 - p—lz) +2¢2(p?)
—— ¢ P* - 1) + 2™ (P! - 1).

Similarly, from Lemmas 3 and 7 and equation (5), one obtains that

___* 2 2
T; = 2 l 1 ¢(pl)z)(mod i Zh 1X(4h)R «(2h + 1)|L(1, )|

xodd

—4p% a
= o5 2 Shoi X(4DR3(2h + DIL(, 01

x mod p%
x odd

_ 4 2 2
B ISY I A @RE(2h + DIL(L )|
xodd

4p% % 2
v <meodpa pZa (1 - ;)X(Z)lL(l,)()lz +

~ 700
xodd

% e X(8)p“¢(p“)IL(1,X)I2>

xodd

400" wa-1 _P* 2
T Yisi ¢(p1)2 od pi X(B)IL(L, )l
Xodd

= nZZipa) p* (1 - 5) g% (1 + %)

g 00 (S (1) - T

+

4909 ya-1 p? (n2¢>(pi) (1 _ L) _ 66ﬂ2¢2(pi))

i=1 o (p?) 9 p2 96p2i
=00 (1 -5~ ) + 5,729 ") (1 - 5) ~ 2 )

+—d@IP* - 1) - Z (P - 1.

()

(8)
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So, combining (7) and (8) gives the desired result.

3.2 Proof of Theorem 2

By considering the fact that if k is positive integer then S(kh, kq) = S(h,q) and using
(2) and Lemma 4, one has

Yo, s4(2h, Q)RZ(2h + 1)
=27, {(—4S2h,q) + 85(h,q)}R2(2h + 1)

=—4Y1 . SCh@RZ(2h+ 1) + 8%}, S(h,@)R2(2h + 1)
8 a q 2 2
=—2T; + anZauq @meodd Y1 X(WRZ(2h + D|L(L, 1)
x odd

= 2T, + T, ©)
where T5 can be computed as follows:

8
n2p@ =1 o(p

T; = 1)2 30 x(WR%(2h + DIL(L, )2

x mod pt
x odd

8p%
2

= 90D h_1 x(DR3(2h + DILA, Y)I?

x mod p%
xodd

2 1 _p?
nzp“ Za L)Z

e =1 X(DRze(2h + DIL(, Y1

x mod pi
xodd

- *p2a(1 -2y 2
n2¢(pa)<zxmodpa p (1 p)X(Z)IL(l,)()I +

x odd

2 a1 X(Z)p“¢(p“)lL(1,X)|2>

xmodp
xodd

8¢ (%) p?
_ — Za 1 1)2

i=1 %(p X)L, 1> (10)

odp i
Xodd

Now, let us apply [17, Eq. 2.7] and (5) to find the right hand side of (10) as
=3P (1-3 - %) =367 +p*2 - 6) (11)
—2pPM@* 7 = 1) +26(p*) (p*! - 1).

Therefore, gathering (7), (9) and (11) completes the proof.

Remark 8 Using (3), we can write

155



Yy S1(2h, QR2(2h + 1)
= Y7_, {8S(h,q) + 8S(4h,q) — 20S(2h, @)}RZ(2h + 1).

Observe that the right hand side of the last identity is equal to —10T; — 2T, + T;,
mentioned above. So, from this, the counterpart result for S;(24,q) can be verified
easily by the similar way.

4. Conclusion and Comment

As is well known, Dirichlet L-function, Dedekind sums (and analogues) and Ramanujan
sum all play vital roles in the analytic number theory. In this paper, we used the
properties of Dirichlet L-functions to cope with Hardy sums and Ramanujan sum with
regard to a mean value problem, and then give several explicit formulas. We consider
here the prime modulo p case. We remark that the question of whether there exist the
formulas

Y9 s3(2h, @)R2(2h+1) and Y, s,(2h,q)R2(2h+ 1)
for an arbitrary square-full number g > 3 is an open problem.
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