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Abstract

Paracontact geometry is in many ways an odd-dimensional counterpart of symplectic geometry. Both
paracontact and symplectic geometry are motivated by the mathematical formalism of classical, analytical
and dynamical mechanics. A formulation of classical mechanics is Hamiltonian mechanics. The purpose of
this paper is to study Weyl-Hamiltonian differential (move) equations using Weyl theorem for mechanical
systems on 3-dimensional normal almost paracontact metric manifolds and is to get a general form for
any movement of the object.

Keywords: Symplectic geometry, paracontact manifold, Hamiltonian formalism, mechanical system,
dynamic equation.

Ozet

Paracontact geometrisi bircok yonden semplektik geometrinin benzer boyutlu bir karsiligidir. Hem
paracontact hem de semplektik geometri, klasik, analitik ve dinamik mekanigin matematiksel
formiilasyonu tarafindan motive edilir. Klasik mekanigin bir formiilasyonu Hamilton mekanigidir. Bu
makalenin amaci, Weyl teoremini kullanarak 3 boyutlu normal hemen hemen paracontact metrik
manifoldlar tizerinde Weyl teoremini kullanarak Weyl-Hamiltonian diferansiyel (hareket) denklemlerini
incelemek ve nesnenin herhangi bir hareketi i¢in genel bir form elde etmektir.

Anahtar Kelimeler: Semplektik geometri, paracontact manifoldu, Hamilton formalizmi, mekanik sistem,
dinamik denklem.

1. Introduction

One way of solving problems in classical and analytical mechanics is through use of the
Hamilton equations. The Hamiltonian formulation is an important tramplen from which
to develop another useful formulation of classical mechanics known. Classical field theory
utilizes traditionally the language of Hamiltonian dynamics. This theory was extended to
time-dependent classical mechanics. A Hamiltonian space has been certified as an
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excellent model for some important problems in relativity, gauge theory and
electromagnetism.

Symplectic and paracontact geometry are theories such that naturally emerged from the
mathematical description of classical physics. They were revolutionized in the early
1980s with the discovery of new rigidity phenomena and properties satisfied by these
geometric structures. They have been very useful in the development of many areas of
mathematics and modern mathematical physics. Paracontact manifolds are the natural
framework for geometric optics. Paracontact structures arise naturally on energy levels
of autonomous Hamiltonian systems.

Tripathi et al submitted the concept of e-almost paracontact manifolds of e-para-Sasakian
manifolds [1]. Kr. Srivastava et al introduced the concept of (g)-almost paracontact
manifolds [2]. Atceken introduced the existence of warped product semi-invariant
submanifolds in almost para contact metric manifolds [3]. Shukla and Verma investigated
the notion of paracomplex paracontact pseudo-Riemannian submersions from almost
para-Hermitian manifolds onto almost paracontact metric manifolds [4]. Gunduzalp and
Sahin first defined the concept of paracontact semi-Riemannian submersions between
almost paracontact metric manifolds [5]. Erken and Murathan completed study of three-
dimensional paracontact metric (i, z,0) -manifolds [6]. Manev and Staikova studied a

classification with eleven basic classes of almost paracontact Riemannian manifolds of
type (n,n) [7]. Bucki shown that for an almost r-paracontact manifold of P. Sasakian type
there exists a product submanifold [8]. Acet et al gave canonical paracontact connection
on a para-Sasakian manifold [9]. Ahmad et al defined a quarter symmetric semi-metric
connection in an almost r-paracontact Riemannian manifold and consider invariant, non-
invariant and anti-invariant hypersurfaces [10]. Nakova and Zamkovoy considered
almost paracontact pseudo-Riemannian manifolds with indefinite metric g [11]. Kasap
and Tekkoyun found Lagrangian and Hamiltonian formalism for mechanical systems
using para/pseudo-Kahler manifolds [12].

2. Preliminaries

Definition 1. Let M be a differentiable manifold of dimension (2n+1) and suppose ] is a
differentiable vector bundle isomorphism J:-TM—TM such that J:TM—TM is a almost
complex structure for TM. An almost complex structure ] on M assigns to each peM a
linear map Jp:T,M—T,M that is smooth in p and satisfies ]J,%=Id for all p. The pair (M,]) is
called an almost paracomplex manifold. Any paracomplex manifold M is also an almost
paracomplex manifold.

A celebrated theorem of Newlander and Nirenberg [13] says that an almost paracomplex
structure is a paracomplex structure if and only if its Nijenhuis tensor or torsion
vanishes. The almost paracomplex structure ] on M is integrable if and only if the tensor
Nj vanishes identically, where Nj is defined on two vector fields X and Y by

NJ[XY]=0XJY]- X Y] UXY]-[XY]. (1)

The tensor (2,1) is called the Nijenhuis tensor (1). We say that ] is torsion free if Nj=0. An
almost product structure is integrable if its Nijenhuis tensor vanishes. An almost complex
manifold (M,]) is complex if and only if ] is integrable.

Definition 2. A (2n+1)-dimensional manifold M is said to be a contact manifold if it
admits a global 1-form 1, such that nA(dn)"#0.

Given such a form 1, there exists a unique vector field &, called the characteristic vector
field, such that n(§)=1 and dn(§, )=0. A semi-Riemannian metric g is said to be an
associated metric if there exists a tensor ¢ of type (1,1), such that
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@*X=X-n(X)3,

¢&=0,n(9X)=0,n(8)=1,

g(@X,0Y)=g(X,Y)n(X)n(Y),

n(X)=g(X.g),

dn(,)=g(@). (2)

Then, (¢,5n,g) (more briefly, (n,g)) is called a paracontact metric structure, and
(M,,§n,g) or M a paracontact metric manifold [14].

Definition 3. Let M be an almost paracontact manifold with almost paracontact structure
(@,&n,g) and consider the product manifold MxR, where R is the real line. A vector field
on MxR can be represented by (X,f(d/dt)), where X is tangent to M, f a smooth function
on MxR, and t the coordinates of R. For any two vector fields (X,f(d/dt)) and (Y,h(d/dt)),
it is easy to verify the following:

[(X,f(d/d8)),(Y,h(d/d))]=([X,Y],(Xh-Yf)(d/dD)). (3)
If the induced almost product structure ] on MxR defined by
J(X.f(d/dt))=(@X+fEn(X)(d/d)), (4)

is integrable, then we say that the almost paracontact structure (¢,§n,g) is normal. Let M
be an almost paracontact manifold and for any vector fields X,Y on M if it is additionally
endowed with a pseudo-Riemann metric g of signature (n+1,n) and such that

g(eX,@Y)=-g(X,Y)(XIn(Y). (5)

3. Almost Paracontact 3-Structure on A Differentiable Manifold

Theorem 1. Let (M,,§,n) bean almost paracontact manifold, and let u#0 be (1,1) tensor
field defined on M. If we put

@'X=p"opX, n'(X)=n(uX) and pg'=g, (6)

then we observe that (¢’, &, ') is also an almost paracontact structure defined on M,
thereby indicating that an almost paracontact structure on a differentiable manifold is
not unique. This leads us to define an almost paracontact 3-structure on a differentiable
manifold.

Proof: Suppose a differentiable manifold M admits three almost paracontact structures
(@i,&i,m1), i=1,2, satisfying

i (&)=n;(&)=0,

¢i(§)=9;(§)=0,

Ni°Qi=N;°Qi=8k,

and

@i°@;+N;QTi=@jo@i+Ni QF=@k. @)

for a cyclic permutation (i,j,k) of (1,2,3), then M is said to have an almost paracontact 3-
structure.
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Theorem 2. If a differentiable manifold M admits two almost paracontact structures
(i,8i,m1),1=1,2, satisfying

N1(82)=m2(8§1)=0,
01(82)=92(81),
Ni°c@P2=N2°@1,

and

P10921M2Q8:=@2001+N1QE,. ®
then it admits an almost paracontact 3-structure.
Proof: Define a triplet (¢3,§3,n3) on M by
@3=@1°02+N2881,8=01(2) and nz=n1°0>. €)]

We can be easy shown that (¢3,83,13) is also an almost paracontact 3-structure on M.

Theorem 3. Suppose a differentiable manifold M admits two almost paracontact
structures (@i,§i,Mi), i=1,2, and let there be given a Riemannian metric on M associated to
both the structures and if

@102+ N2Q81=(200:1 1118, (10)
then
(@) n1(82)=n2(8)=0,
(b) @1(82)=2(81),
(©) N1o@2=nz0@y, (11)
Proof: Since g is associated metric for the structure we have
8(81,82)=11(82)=n2(80)- (12)

Using the given condition, we have

8(@102X+12(X)81,Y) = g(@20:X,Y) +n1(X)n2(Y),
g(@2X,01(Y))+M2X)M1(Y) = g(@1X,@2Y) M1 (X)2(Y). (13)
Put X=§&, and Y=¢; in the above equation and using (12) we obtained

8(9281,901(82))=8(81,81)-8(81,82)N1(82) =8 (81,81 M1(82)82)
=g(51,81M2(81)82) =8(81,02°61) =8(0251,0251.). (14)
This gives @15,=@,8;. Using (14) we get

01(82)=02(81)=02(51) M1(0152)51=02(51) M1(0281)51=01% (¢2(81)), (15)
which gives §;=@1¢925:1=@1918:=5,11(§2)81. Hence 141(§2)8:=0, giving n1(82)=0 and by
(12) we have n; (§2)=n2(&)=0 [15].
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Theorem 4. For an almost paracontact 3-structures (¢i,&i,ni), i=1,2,3, on a differentiable
manifold M there exist a Riemannian metric g such that

g(X,%)=ni(X),i=1,2,3, Xex(M). (16)
Proof: Let g, be the associated Riemannian metric to (¢1,§1,11) and define a metric g, by

82(X,Y)=81(X12(X)§2,Y-N2(Y)E2) +12(X)n2(Y). 17
Now define g by

g(XY)=g2(X-n3(X)%3,Y3(Y)&3)+ns(X)nz(Y). (18)

Then clearly g is Riemannian metric defined on M, and we have

8(X,81)= 82(XM3(X)%3,51) =81 (X-n3(X)E3-M2(XN3(X)€3)52,81)

= g1(X81) M3(X)81(83,51) M2(X) 81 (82,81) =n1(X). 19)
Further we have
g8(X,52)=g2(X-M3(X)&3,52)=n2(X). (20)
and
g2(X,83)=g2(X-n3(X)&3,83)="3(X). (21)

Lemma 1. In differentiable manifold M with almost paracontact 3-structures (¢i,&ini),
i=1,2,3, and associated metric g we have

8@ X@)=g(@X) i (XOm(Y)  (proof see[16]). (22)

4. Gauge Theory and Weyl Geometry

A conformal manifold is a differentiable manifold equipped with an equivalence class of
(pseudo) Riemann metric tensors, in which two metrics g, and g; are equivalent if and
only if

g=¥%gy, (23)

where W>0 is a smooth positive function. An equivalence class of such metrics is known
as a conformal metric or conformal class and a manifold with a conformal structure (23)
is called a conformal manifold.

Hermann Weyl (1885-1955) made many fundamental and important contributions to
physics. Weyl's gauge theory sprang from an even earlier (1918) theory in which Weyl
demanded that Einstein's theory of general relativity should be invariant with respect to
the similar replacement

g ()~ Mg (%), (24)

which we shall call a metric gauge transformation (24) and it has emerged effect of these
transformations on Riemannian and non-Riemannian geometry. Weyl, using this gauge
principle, was able to derive all of electrodynamics from a generalized Einstein-Maxwell
Lagrangian. Today, the gauge principle is arguably the most powerful concept in all of
modern physics. This gauge principle underlies all of the Yang-Mills theories and is a key
component in string theory and its more recent variant, M theory.
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Two Riemann metrics g; and g, on M are said to be conformally equivalent iff there exists
a smooth function :M—R with

efg1=ga. (25)

In this case, g;~g». Let M be an n-dimensional smooth manifold. A pair (M,G), a conformal
structure on M is an equivalence class G of Riemann metrics on M, is called a conformal
structure [17].

Theorem 5. (a) Let V be a connection on M and g€G a fixed metric. V is compatible with
(M,G)& there exists a 1-form w with Vxg+w(X)g=0. A compatible torsion-free
connection is called a Weyl connection. The triple (M,G,V) is a Weyl structure.

(b) To each metric geG and 1-form w, there corresponds a unique Weyl connection V
satisfying Vxg+w(X)g=0. Define a function F:{ 1-forms on M }xG—{Weyl connections} by
F(gw)=V, where V is the connection guaranteed by Theorem 5. We say that V
corresponds to (g,w) (poof see [16]).

Proposition 1.
(a) Fis surjective.
Proof: F is surjective by Theorem 5.
(b) F(gw)=F(e'gn) iff n=w-df. So
F(e'g)=F(g)-df. (26)

Where G is a conformal structure. Note that a Riemann metric g and a one-form w
determine a Weyl structure, namely F:G—A*M where G is the equivalence class of g and
F(efg)=w-df.

Proof: Suppose F(g,w)=F(efgn)=V. We have

Vx(efg)+n(X)efg=X(eH)g+eVxg+n(X)efg=df(X)efg+eVxg+n(X)efg=0. 27)

Therefore Vx(efg)=-(df(X)+n(X)). On the other hand Vxg+w(X)g=0. Therefore w=n+df.
Set V=F(g,w). To show V=F(efgn) and Vx(efg)+n(X)efg=0. To calculate

Vx(efg) I (X)efg=efdf(X)g+eVxg+(w(X)-df(X))efg=ef(Vxg+w(X)g)=0 [17]. (28)

Definition 4. Kdhler geometry can be thought of as a compatible intersection of complex
and symplectic geometries. Indeed, the triple (M**],w), with 2n the real dimension of M,
is a Kdhler manifold if

(i) (M?~)) is a complex manifold, i.e. the automorphism J:TM—TM, J?=-], is an integrable
complex structure

(ii) (M?",w), is a symplectic manifold, i.e. the 2-form w is closed and nondegenerate

(iii) ] and w are compatible in the sense that the bilinear form w(:,J-) is a Riemannian
metric, i.e. symmetric and positive definite [18].

Definition 5. Consider a triple (M,g,V) where g is a pseudo Riemannian metric on a
smooth n dimensional manifold M and where V is a torsion free connection on the
tangent bundle TM of M. We suppose n=>2 henceforth. We say that (M,g,V) is a Weyl
manifold if the following identity is satisfied: Vg=-2¢&®g for some @€eC*(T*M). This
notion is conformally invariant. If (M,g,V) is a Weyl manifold, then (M,e%g,V) is again a
Weyl manifold where @:=@-df. The simultaneous transformation of the pair (g) is
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called a gauge transformation, properties of the Weyl geometry that are invariant under
gauge transformations are called gauge invariants [19].

Let V be a torsion free connection on the tangent bundle of M and m=>6. If (M,g,V,]) is a
Kahler-Weyl structure, then the associated Weyl structure is trivial, i.e. there is a
conformally equivalent metric

gi1=e?fg, (29)
so that (M,g1,]) is Kahler and so that V=V [20].
Let (M,g) is conformally flat if for each point x in M, there exists a neighborhood U of x

and a smooth function f defined on U such that (U,e%g) is flat. The function f need not be
defined on all of M.

Let m>6. If (M,g],V) is a (para)-Kdhler-Weyl structure, then the associated Weyl
structure is trivial, i.e. there is a conformally equivalent metric

g1=e’g, (30)
so that (M,g4,]) is (para)-Kahler and so that V=Ve: [21].

Weyl transformation is a local rescaling of the metric tensor: ga»(x)—e ~2*®ga, (x) which
produces another metric in the same conformal class. A theory or an expression invariant
under this transformation is called conformally invariant, or is said to possess Weyl
symmetry. The Weyl symmetry is an important symmetry in conformal field theory.

Also, in three dimensions, the vector from the origin to the point with Cartesian
coordinates (x,y,z) can be written as:

r=x?+yj’+zE=x(6/(6x)) +y(9/(0y))+z(0/(0z)).

Example 1. Let R® be the Cartesian space and (x,y,z) be the Cartesian coordinates in it
define the standard almost paracontact structure (¢,£1) on R? by

©(01)=0,-2x03,

¢(02)=01,

¢(93)=0,

§=03;, n=2xdy-+dz. (31)

We research "almost paracontact 3-structure on a differentiable manifold" conditions
and features of (31) for d,=0/0%, 0,=0/0y, 03=0/0z;

1. g&= ¢(3/92)=0,
2.1(9X)=[2x(3/dy)+0/02] (¢X)=0,
3. n(®)=[2x(d/dy)+08/0z](8/0z)=1 [22]. (32)

Proposition 2. ¢* homomorphic structure is the dual of ¢ homomorphic structure. We,
using (29), transferred to Weyl structure of the system (31).

1. p*dx)=efdy-2xe?fdz,
2. @*(dy)=e?fdx,
3. ¢*(dz)=0. (33)
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Proof: 1. @-2(dx)=eZfp*(dy)-2xe? @*(dz)=dx,
2. @2(dy)=e(e?dy-2xe?dz)=dy-2xdz,
3. ¢*?(dz)=0. (34)
As seen above (33) provided for the condition (2) @*2X=X-n(X)Z.

5. Hamilton Dynamics Equations

The vector field X on T*M given by ixw=dH is called the geodesic flow of the metric g.
Suppose that € is a vector field: that is, a vector-valued function with Cartesian
coordinates (§,,..,.&n); and x(t) a parametric curve with Cartesian coordinates
(%,(®),-..xn(t)). Then x(t) is an integral curve of € if it is a solution of the following
autonomous system of ordinary differential equations:

dx;/dt=8&;(X1,..Xn),...,dXn/dt=8&n(X1,...Xn). Such a system may be written as a single vector
equation:

§(x(0)=x'()=(9/9) (x(1)- (35)

Let M is the configuration manifold and its cotangent manifold T*M. By a symplectic form
we mean a 2-form @ on T*M such that:

(i) @ is closed , that is, d®=0; (ii) for each zeT*M , &:T*MXT*M-R is weakly
nondegenerate. If @ in (ii) is nondegenerate, we speak of a strong symplectic form. If (ii)
is dropped we refer to @ as a presymplectic form. Let (T*M,®) be a symplectic manifold.
A vector field Xu:T*M—T*M is called Hamiltonian if there is a C* function H:T*M-R such
that dynamical equation is determined by

ix«d=dH [23]. (36)

We say that Xu is locally Hamiltonian vector field if ixu® is closed and where ® shows the
canonical symplectic form so that ®=-d(}, Q=]*(w), J* a dual of ], w a 1-form on T*M. The
trio (T*M,®,Xn) is named Hamiltonian system which it is defined on the cotangent bundle
T*M. Recall from elementary physics that momentum of a particle, pi, is defined in terms
of its velocity gi by pi=migi. In fact, the more general definition of conjugate momentum,
valid for any set of coordinates, is given in terms of the Lagrangian: pi=dL/dq;,
pi=0dL/0qi. Note that these two definitions are equivalent for Cartesian variables. In
terms of Cartesian momenta, the kinetic energy is given by T=Y-, (p?)/(2m;). Then, the
Hamiltonian, which is defined to be the sum, H=T+V, expressed as a function of positions
and momenta, will be given by H(qi,p)=V+T=3X", (p?)/(2mi)+(q,--qn) where
P=p.,...pDn. The function H is equal to the total energy of the system. In terms of the
Hamiltonian, the equations of motion of a system are given by Hamilton's equations:

Gi=0H/dp:, pi=-0H/dq: [24]. (37)
6. An Example for Contact Manifold

Differential geometry provides and mathematical physics a good workspace for studying
Hamiltonians of classical mechanics and field theory. The dynamic equations for moving
bodies are obtained for Hamiltonian mechanics. Contact geometry has a practical usage
in physics, geometrical optics, classical mechanics, analytical mechanics, mechanical
systems, thermodynamics, geometric quantization, applied mathematics and differential
geometry. The some examples of the Hamiltonian are applied to model the problems
include harmonic oscillator, charge Q in electromagnetic fields, Kepler problem of the
earth in orbit around the sun, rotating/spherical/plane pendulum, molecular and fluid
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dynamics, LC networks, Atwood's machine, symmetric top etc. In this section, an
oscillator is given as an example for contact Hamiltonian system.

Lemma 2. Assume that H(t,q,p,S) is a C* contact Hamiltonian function and (q,p,S) are the
coordinates of a point of a contact manifold with the one form n=dS-p(dq). Let A be the
number by which we must multiply to n obtain the given point of the symplectified space.
In these coordinates, we have w=AdS-Ap(dq).

A Hamiltonian system with Hamiltonian function on a contact manifold:
dq/dt=0H(t,q,p)/dp,
dp/dt=-0H(t,q,p)/dq, (38)
describes reversible systems such as in mechanics and electromagnetism, where
dissipation effects are neglected. Hamiltonian system (38) extends to the contact

Hamiltonian system on contact manifold with a contact Hamiltonian function
H:RXT*R"XR—R defined by

0q/0t=0H(t,q,p,S)/dp,
dp/0dt=-0H(t,q,p,S)/dq-p.(OH(t,q,p,5)/0S),
0S/0t=p.(0H(t,q,p,S)/0p)-H(t,q,p.S). (39)
In the coordinates (q,p,S) of phase space, the contact form is @ =dS —Zin:l p;.(dg,) (proof
see [25]).
Time-dependent Harmonic oscillators:

Cha at al introduced the damped harmonic oscillator with a time-dependent damping
constant and a time dependent angular frequency, which is the generalization of

Caldirola-Kanai Hamiltonian. Then, the equation of motion reads X +y(t) X
+wo%(t)x=0,where y(t) and w,(t) imply a time-dependent damping constant and a time-
dependent angular frequency respectively, and the mass of a particle is determined in

unity. The corresponding Lagrangian then reads L=(1/2)g(t)( x° -wo?t?), where

g(t)=exp[[ty(t")dt']. The canonical momentum is given by p=g(t). X . The corresponding
Hamiltonian is obtained via a Legendre transformation: H=p?/2g(t)+(1/2).g(t)wo*x*
[26].

Consider the one-dimensional damped oscillator with changing-sign damping coefficient
y(t), mass g(t) and time-dependent frequency w(t), whose contact Hamiltonian is

H(t,q,p,S)=p?/2g(t)+(1/2).g(Hw* () q*+y(1)S. (40)

The contact Hamiltonian system of motions reads
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dq/dt=p/g(v),
dp/0t=-g(t) w*(t)q-py(1),
8S/0t=p/2g(1)-(1/2) gD (DQ*-Y(DS. (41)

7. Hamiltonian Mechanical Systems

We, using (36), present Hamilton equations and Hamiltonian mechanical systems for
quantum and classical mechanics constructed on 3-dimensional normal almost-
paracontact metric manifolds (¢*§n,g).

Proposition 3. Let (M,g,*) be the for (33) on 3-dimensional normal almost paracontact
metric manifolds. Suppose that the structures, a Liouville form and a 1-form on 3-
dimensional normal almost-paracontact metric manifolds are shown by ¢*®=-dqQ,
Q=0¢*(w) and w=(1/2)[dx+dz] is a 1-form. If (36) is used, the Hamilton equations below
are obtained.

dif1. dx/dt=-(C/(2-A-B))-(8H/dx)+(1/A)(dH/dy)+(1/(2-B))-(9H/dz),
dif2. dy/dt=(1/A)(dH/dx)-(B/(2-C.A))-(8H/dy)+(1/(2-C))-(dH/dz),
dif3. dz/dt=((-1)/(2-B))-(8H/dx)-(1/(2-C))-(8H/dy)+(A/ (2-B-C))-(8H/0z)).

(42)

The equations introduced in are named Weyl-Hamilton equations on 3-dimensional
normal almost-paracontact metric manifolds (¢*&1,g) and then the triple (M,®,w) is said
to be a Hamiltonian mechanical system on (M,g,¢*).

Proof: The steps in the Hamilton dynamic equation section will be followed for proof. We
obtain the Liouville form as follows:

0= ¢*(w) = (1/2)[¢(dx)+¢*(d2)]= (1/2)[e?dy-2xe¥dz]. 43)

It is well known that if @ is a closed on 3-dimensional normal almost-paracontact metric
manifolds (M,g,¢@*), then @ is also a symplectic structure on (M,g,¢*). Therefore the 2-
form @ indicates the canonical symplectic form and derived from the 1-form Q to find to
mechanical equations. Then the 2-form is calculated as:

d=[-(0f/0x) e dxAdy+(e*+2x(0f/0x)e*)dxAdz
+2x(0f/dy)e?’dyAdz-(0f/0z)e? dzAdy]. (44)

Take a vector field Xu so that called to be Hamiltonian vector field associated with
Hamiltonian energy H and determined by

Xu=X(0/0x)+Y(9/0y)+Z(0/0z). (45)
So, we have
ixip = @(Xn)
= X{ [-(0f/0x)e?] (dx(8/0x)dy-dy(8/0x)dx)
+[e?+2x(0f/0x)e?] (dx(0/0x)dz-dz(0/0x)dx)+[2x(0f/dy) e
+(3f/02)e](dy(8/0%)dz-dz(d/dx)dy)] |
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+Y| [-(3f/0x)e2(dy(3/y)dx-dx(3/dy)dy)
+(e2+2x(df/0x)e?) (dx(d/dy) dz-dz(d(dy) dx)
+[2x(0f/dy)e*'+(0f/0z) e (dy(9/dy)dz-dz(d/dy)dy)] }
+2| [-(3f/0x)e?(dy(997) dx-dx(3/0z) dy)
+[e2+2x(3f/0x) 27| (dx(9/0z) dz-dz(d/0z)dx)
+[2x((2F/9y)e?+(2F/32)e?] (dy (3/02)dz-dz(3/d2)dy)] |-

(46)

Kronecker delta and external product characteristics are used here to obtain the
following equation.

ixip=¢(Xn)
=X[-(0f/0x)e?f|dy+X[e?+2x(0f/0x)e?|dz
+Y[-(0f/0x)e?f|dx+Y[2x(0f/dy) e+ (0f/0z) e*]dz
-Z[e?+x2(0f/0x)e?f|dx-Z[2x(0f/dy) e+ (0f/0z) e dy. 47)
Also, the differential of Hamiltonian energy H is obtained by
dH=(0H/dx)dx+(0H/dy)dy+(0H/0z)dz. (48)
From ix«®=dH, the Hamiltonian vector field is found
Y[-(0f/0x)e?|dx-Z[e*+x2(0f/0x)e*|dx = (0H/0x)dx,
X[-(0f/0x)e?|dy-Z[2x(0f/dy)e?+(0f/0z)e*|dy = (OH/dy)dy,
X[e*+x2(0f/0x)e|dz+Y[2x(0f/dy)e?+(0f/0z)e*|dz = (0H/0z)dz,
(49)
and for A=[-(9f/0x)e?], B=[e?+x2(0f/0x)e?f], C=[2x(0f/0y)e?+(0f/0z)e? ] as follows:
X = (1/A)(0H/dy)-(A/(2-B-))[C-(9H/0x)-A-(0H/0z)+B-(9H/dy)],
Y = (1/A)(0H/0%x)-(1/(2-A-C))[C-(0H/0x)-A-(0H/0z)+B-(dH/0dy)],
Z=((-1)/(2:B-:0))[C:(0H/0x)-A-(0H/0z)+B-(0H/ay)].
(50)
So, we obtain
Xu = [(1/A) (9H/dy)-(A/(2'B))[C-(8H/3x)-A-(8H/02)+B-(9H/dy)]1(3/3x)
+[(1/A)(0H/0x)-(1/(2-A-C))[C-(9H/0x)-A-(0H/0z)+B-(9H/dy)]](9/dy)

(5 ;—[((-1)/(2'3'@)[C'(aH/f?X)-A'(0H/02)+B'(0H/5Y)]](0/62)-
1

Consider the curve and its velocity vector is
a:IcR-M, a(t)=(x(t),y(t),z(t)),
a(t) = (dx/dt)(9/0x)+(dy/dt)(d/dy)+(dz/dt)(d/0z). (52)
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An integral curve (35) of the Hamiltonian vector field Xu, ie,
Xu(a(t))=(9/0t)(a(t))=a(t) , t€l, t shows the time. Then, we can be find the following
equations;

dif1. dx/dt=-(C/(2-A-B))-(8H/8x)+(1/A) (8H/dy)+(1/(2-B))-(H/0z),
dif2. dy/dt=(1/A)(dH/dx)-(B/(2-C.A))-(dH/dy)+(1/(2-C))-(8H/dz),
dif3. dz/dt=((-1)/(2-B))-(dH/8x)-(1/(2-C))-(8H/dy)+(A/(2-B-C))-(dH/dz)).

(53)

Hence, the equations introduced in are named Hamilton equations on 3-dimensional
normal almost-paracontact metric manifolds (¢*§n,g) and then the triple (M,®,w) is said
to be a Hamiltonian mechanical system on (M,g,¢*).

8. Conclusion
By this study the above mentioned forms:

(a) Weyl's structure (29) on 3-dimensional normal almost-paracontact metric manifolds
($*8n,g) were transferred (33) the mechanical system for dynamical systems.

(b) Hamiltonian motion equations on 3-dimensional normal almost-paracontact metric
manifolds were found using the dynamic equation (36) introduced by Klein in 1962.

(c) So, the Hamilton mechanical equations (42) with Weyl theorem (29) derived on a
generalized on 3-dimensional normal almost-paracontact metric manifolds.

9. Discussion

A classical field theory explain the study of how one or more physical fields interact with
matter which is used in quantum and classical mechanics. Our universe is three-
dimensional such that Einstein added time as the fourth dimension in 1905.

Time-dependent moving Hamiltonian equations gives a model for both the gravitational
and electromagnetic field in a very natural blending of the geometrical structures of the
space with the characteristic properties of these physical fields.

The obtained time-dependent equations system (42) on 3-dimensional normal almost-
paracontact metric manifolds are very important to explain and solve the rotational

spatial mechanical-physical problems.

Hamilton's equation system (42) may be suggested to deal with problems in electrical,
magnetically and gravitational fields force of defined space moving objects [27-29].

In addition, using these equations, the route and needs of moving of the object/system on
3-dimensional normal almost-paracontact metric manifolds can be determined.
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