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Abstract

The aim of this paper is to study h-hemiregular and A-intra-hemiregular I'-hemiring using the combined concept
of cubic set and h-ideals.We have defined two types of compositions of cubic sets and used these to obtain
some characterizations of h-hemiregular and s-intra-hemiregular I'-hemiring.
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1. Introduction

Semirings [3], a common generalization of rings and distributive lattices, arise naturally in graph theory, automata theory,
mathematical modelling, functional analysis etc.. We know that ideals of ring are a very important tool to describe the structure
theory and it is useful in various purposes. If we try to obtain similar results in case of semiring, we find that there are some
limitations. To make the connection between the ring ideals and semiring ideals Henriksen [4] defined a special kind of ideals,
called k-ideal. Iizuka [5] extended the results to a similar kind of ideals called A-ideals. As a continuation of this, La Torre [10]
studied h-ideals and k-ideals in hemirings and tried to investigate the gap between the ring ideals and semiring ideals.

In 1965, Zadeh [16] proposed the theory of fuzzy sets. After that we have seen that it is a very useful mathematical tool for
describing the vague or complex or illdefined systems. Rosenfeld [15] used the concept to study of fuzzy algebraic structure.
Since then many researchers have developed these ideas. Jun et al [6] applied the concept to initiate the study of fuzzy h-ideals in
hemiring. Sardar et al [13, 14], Ma et al [11] extended some of these results in more general setting of hemiring i.e. I"-hemiring.
Jun et al [7, 8] initiated the study of cubic subgroups and cubic sets. Khan et al [9] applied this in case of cubic h-ideals of
hemirings. Chinnadurai [1, 2] used this notion to study cubic bi-ideals and cubic lateral ideals in near-ring and ternary near-ring
respectively.

As a continuation of this, the main aim of this paper is to study s-hemiregularity and h-intra-hemiregularity criterion of
I'-hemiring using cubic A-ideals, cubic h-bi-ideals and cubic h-quasi-ideals.

2. Primary Ideas

We know that a hemiring is a nonempty set S on which operations addition and multiplication have been defined such that
(S,4+) is a commutative monoid with identity 0, (S, -) is a semigroup and multiplication distributes over addition from either
side. In addition to that, 0-s =0 =s-0 for all s € S. As an extension of this I'-hemiring can be defined as follows:

For two additive commutative semigroups with zero, S and I', there exists a mapping S xI'x S — S ( (a,a,b) — aab)
which satisfy the following conditions:
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i) (a+b)ac=aac+bac,
il) ao(b+c) =aob+acc,
iil) a(o+ B)b = aab+ aPb,
iv) aa(bBc) = (aab)Pec,
v) Osaa = 0s = aaOy,
Vi) aOrb = OS = bOra
for all a,b,c € S and for all o, 3 € T.
We now summon up the definitions of several types of ideals.
A subset I of a I"-hemiring S is called a left(resp. right) ideal of S if I is closed under addition and ST'7 C I (resp.IT'S C I).
A subset Q of a I'-hemiring S is called a quasi-ideal of S if Q is closed under addition and STQN QOIS C Q.
A subset B of a I'-hemiring S is called a bi-ideal if B is closed under addition and BI'ST'B C B.

A left ideal H of S is called a left h-ideal if x,z € S, a,b € H and x+a+z = b+ z implies x € H. A right h-ideal is defined
analoguesly.

We now remind the definition of cubic set and characteristic cubic set. For a non-empty set X, a cubic set C in X is a
structure C =< I, f > where [i = [u~, ] is an interval valued fuzzy set and f is a fuzzy set in X. For any non-empty set G

of a set X, the characteristic cubic set of G is defined to be the structure ¥ (x) =< x, y,; (x), My, (x) 1 x € X > where

1,1]~1ifxeG
[0,0] =~ 0 otherwise.

EXG (x) = {

and

wo | 0ifxeG
M\ X) = 1 otherwise.

3. Cubic /-Ideals

In this section, we recall some definitions and results from [12] which will be used to develop the main portion of the paper.

Definition 3.1. Let < [i, f > be a non empty cubic subset of a U-hemiring S. Then < L, f > is called a cubic left ideal
[respectively, cubic right ideal] of S if

(i) fx+y) 20{p(x),k()}, fx+y) <max{f(x),f(y)} and

(ii) m(xyy) 2 H(y), f(xyy) < f(y) [respectively, L(xyy) 2 f(x), f(xyy) < f(x)].

forallx,ye S, yel.
Note: For cubic left or right ideal < |1, f > of a I'-hemiring S, i(0) 2 p(x) and £(0) < f(x) forall x € S.

Definition 3.2. A cubic left ideal < [i, f > of a U-hemiring S is called a cubic left h-ideal if for all a,b,x,z € S, x+a+z=b+z
then fi(x) 2 ({fi(a), fi(b)} and f(x) < max{ f(a), £(b)}.

Definition 3.3. Let A=<, f > and B=< é,g > be two cubic sets of a I'—hemiring S. Define intersection of A and B by
ANB=<[,f>N<0,g>=<N6,fUg>.

Definition 3.4. Let A=<, f > and B =< 5,g > be two cubic sets of a I'—hemiring S. Define composition of A and B by
ACgB=<[I,f >T, < 0,8 >=< il1,0, fT g >

where

ATn0(x) = U[N{H(a1), f(a2).0(b1),0(b2)}]
_xtayby+z=a8by+z

= 0,if x cannot be expressed as x+a;yb) +z = a;8by +z.
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and

fFL‘/lg(x) :inf{max{f(al)7f(a2)7g(bl)vg(b2)}}
x+ayyby+z=ay0by+z
= 1,if x cannot be expressed as above

for x,z,ay,a,b1,by € Sand y,6 €T.

Definition 3.5. Let A =<, f > and B =< §7 g > be two cubic sets of a I'—hemiring S. Define generalized composition of A
and B by

AogpB =< i, f > 0 < 0,8 >=< 1010, fong >

where
Hon®(x) = UIN{N{fi(ar), fi(c:).O(bi). O(d)}}]
x+ iambi +z= i ciOdi+7z
= 6, llf: )l cannot be e)lc;rl’essed as above
and

foang(x) = inf[mflx{max{f(ai)af(Ci)»g(bi)78(di)}}]

n n

x+ Za,’%bi-‘rZ: c;0d; +z
i=1 i=1

= 1,if x cannot be expressed as above

where x,z,a;,b;,c;,d; €S and v, 8; €T, fori € {1,...,n}.

Lemma 3.6. Let A=< Uy, f >, B=< llp,g > be two cubic h-ideal of a T—hemiring S. Then AT ;B C Ao.uB CANB C
A( and B).

Definition 3.7. A cubic subset < [, f > of a I'-hemiring S is called cubic h-bi-ideal if for all x,y,z,a,b € S and o, € T we
have

i) mlxt+y) 2 N{m(x),m(y)} fx+y) < max{f(x),f(y)}
i) p(xay) 2 N{f(x), m(y)}, f(xey) <max{f(x),f(y)}
iii) p(xayBz) 2 N{i(x),1(2)}, f(xayBz) < max{f(x),f(z)}
) Ifx+a+z=>b+zthen f(x) 2 N{it(a), {(b)}, f(x) < max{f(a),f(b)}
Definition 3.8. A cubic subset < [i, f > of a T-hemiring S is called cubic h-quasi-ideal if for all x,y,z,a,b € S we have
i) fx+y) 2 n{p(x), m()} fx+y) < max{f(x),f(y)}
ii) (0 Gys) N (Cys0enl) C Ly (fonTzs) U (Mysoanf) 2 f,
iii) If x+a+z=>b-+zthen [i(x) 2 N{i(a),k(b)}, f(x) < max{f(a),f(b)}
Lemma 3.9. Any cubic h-quasi-ideal of S is a cubic h-bi-ideal of S.

4. Cubic h-Hemiregularity and Cubic h-Intra-Hemiregularity

In this section, we study the concept of h-hemiregularity and A-intra-hemiregularity in I'-hemiring by using cubic h-ideal, cubic
h-bi-ideal and cubic h-quasi-ideal.

Definition 4.1. [11] A T'-hemiring S is said to be h-hemiregular if for each x € S, there exist a,b € S and o, 3,Y,6 €T such
that x +xaafx+z = xybdx+z.

We now try to find some characterizations of #-hemiregular I'-hemiring in terms of cubic A-ideals.
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Theorem 4.2. Let S be an h-hemiregular I'-hemiring. Then for any cubic right h-ideal A =< [, f > and any cubic left h-ideal
B=<V,g> of S, we have AT ;,B =ANB.

Proof. Let S be an h-hemiregular I'-hemiring. By Lemma 3.6, we have AI';;,B C ANB.

Since S is h-hemiregular, for any a € S, there exist z,x1,x; € S and o, B1, 0, B2 € T such that a+ao x fra+z = atpxs fra+z.
Now for any e,b,c,d € S and 7,8 €T, the general expression of a as a + eyb +z = ¢8d + z implies that

(uLeav)(a) = U{n{u(e), n(c),v(b),v(d)}}
a+eyb+z=cdd+z

D N{f(aouxy), fi(acxs),v(a)}

a+aoyx fra+z=aopx; fra+z
2 N{u(a),i(a),v(a)}
= N{ii(a).V(@)} = (ENV) ().

(fTeng)(a) = inf{max{f(e).f(c),s(b),s(d)}}

a+eyb+z=cdd+z

< max{f(aaix)), f(aopx,),g(a)}

a+aoyx) Bra+z=aopx;Pra+z
< max{f(a), f(a),(a)}

= max{f(a),g(a)} = (fUg)(a).

Therefore (ANB) C (Al'.;,B).
Hence AT’ ;B =ANB. O

Corollary 4.3. If S be a h-hemiregular T'-hemiring, then for any cubic right h-ideal A =< [, f > and any cubic left h-ideal
B=<V,g> of S we have AosB = ANB.

Theorem 4.4. Let S be a h-hemiregular I'-hemiring. Then
(i) A C Ao xsoquA for every cubic h-bi-ideal A =< 1, f > of S.
(ii) A C Ao XsocnA for every cubic h-quasi-ideal A=< [L, f > of S.

Proof. Suppose that A =< [, f > be any cubic h-bi-ideal of S and x be any element of S. Since S is h-hemiregular there exist
a,b,z€ Sand o, fB,7,0 € I' such that x + xaafx+z = xybdx + z.
n n

Now for any general expression of x as x + Z aiYibi+z= Z ¢i6;d; +z, where a;, b;,c;,d; € S and ¥;, 6; € I', we have
i=1 i=1
(ﬁoch CXSOfV’lﬁ)(x) ~
= U(N{(Roen Cys) (@), (Hoen s ) (ci), 1 (bi), 1 (di) })

n n
v+ Y aiYibi+z=Y ciGidi+z
i=1 i=1

2 N{(foenCys) (x0ta), (Hoenys ) (x¥b), i (x)}
x+xoafx+z=xybdx+z

=0 u{@E(@).m@)y) . uO@E(e). B
saat Y aiYibi+z=Y ci6idi+z v+ Y aiyibi+z =Y ci6di+z
i=1 i=1 i=1 i=1
R}

D n{u(x),fk(x), f(x)}(since xaa+xaafxaa+zaa = xybéxaa+ zoa and xyb + xaafxyb+zyb = xybdxyb + zyb).
~ i),

(fochnlsochf) (x)
= inf(max{(fonMys)(a:i), (fornMys)(ci), f(bi), f(di)})
. aiYibi+z= Zci&di +z

i=1 i=1

x+
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< max {(foenTys) (xaa),(fornnys) (x¥b), f(x)}

x+xaafx+z=xybdx+z

= max{ inf(max{( (a ),f(cz‘))}) ; lnf(max{( (a )f(cz))}) ()}

xaa+Za Yibi + 7= Zc,5d +Z xyb+ Za Yibi+z= Zc Oidi+z
i=1 i=1 i=1 i=1
< max{f(x),f(x),f(x)}(since xota+xaafxaa+ zoa = xybdxoa+ zaa and xyb + xaafxyb+ zyb = xybéxyb + zyb).
= f(x).
This implies that A C Ao, XsOchA.
(i)=(ii) By Lemma 3.9 “Any cubic k-quasi-ideal of S is a cubic h-bi-ideal of S”. Thus, if the proof of (ii) is made, it is
straightforward to see that (i) is true by Lemma 3.9. O

Theorem 4.5. Let S be a h-hemiregular I'-hemiring. Then
(i) ANB C Aoy, BoA for every cubic h-bi-ideal A =< [, f > and every cubic h-ideal B=<V,g > of S.
(ii) ANB C Aog,Bog,A for every cubic h-quasi-ideal A =< [, f > and every cubic h-ideal B=<V,g > of S.

Proof. Suppose S is a h-hemiregular I-hemiring and A =< {1, f >, B =< V,g > be any cubic h-bi-ideal and cubich-ideal
of S, respectively and x be any element of S. Since S is h-hemiregular, there exist a,b,z € S and «, 3,7,6 € I such that
x+xaaBx+z=xybdx+z.

n n
Now for any general expression of x as x + Z aiYbi+z= Z ¢i6;d; + z, where a;,b;,c;,d; € S and ¥, 6; € I', we have
i=1 i=1
(ﬁochyochg)(x) o _ _
= U(ﬂ{(ﬁwchv)( i) (HOLhV)( i), 1(bi), 1(di)})

x+2a’)/,b +Z—ZC5d +z
i=1 i=1

2 N{(oeV) (xaa),(oenV) (xyb), i (x)}

x+xaafx+z=xybdx+z

= N{Y( ﬁ{(~ i), H(ci), V(bi)f( D)1, V({ (K (ai), m(e )ﬁ(bi)ﬁ(di))}%
xaa+2a Yibi —l—z—Zc,Sd +z xyb+2a,}/,b +z= Zc,3d +z

i=1 i=1 i=1 i=1

mx)}

> A{N{E(), V(aPxota), T(bSxota) s, (), F(aBxyb), F(bxyb)}, ()}

(since xoa + xoafxoa+ zaa = xybdxoa + zaa and xyb + xaafxyb + zyb = xyboxyb + zyb)
> M), V()} = (E0V)()

(fochgochf) (x)
= inf(max{(focrg) (@), (foeng)(ci). [ (bi). 8(di)})

x+2a Yibi —l—z—Zc,Sd +z

i=1

< max {(fong)(xaa), (foth)(xyb) fx)}

x-+xoaPx+z=xybox+z

—max{mf(max{( (@), f(ci), g(bi)vg(d))}) lnf(max{( (@), f(ci), g(bi),g(di))})»

xoczH»Za V:b; +Z—ZC,5d +z xyb+2ai’)/ibi+Z:ZCi8idi+Z
i=1 i=1 i=1 i=1
J(x}
< max{max{f(x), g(aBxaa),g(bdxaa)},N{f(x),g(aPxyb),g(bbxyb)}, f (x)}
(since xaa + xaafxoa+ zoa = xybdxaa+ zoa and xyb + xaafxyb + z7yb = xybdxyb + zyb)

2 max{f(x),g(x)} = (fUg)(x).

(1)=-(i1) This is straightforward using the Lemma 3.9. O

Definition 4.6. [/3]A T'-hemiring S is said to be h-intra- hemzregular if for each x € S, there exist z, a,,a bi,b; €S, and

Y

¢, Bi, %, 0, €T, i€ N, such that x+ Zala,xnxﬁ,a +z= Zb }/,xnx5b +z.
i=1 i=1

We now try to find a characterization of s-intrahemiregular I'-hemiring in terms of cubic A-ideals.
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Theorem 4.7. Let S be a h-intra-regular I'-hemiring. Then AN B C Aog,B for every cubic left h-ideal A =< 1, f > and every
cubic right h-ideal A =< V,g > of S.

Proof. Suppose S is h-intra-hemiregular. Let A =< [I,f > and A =< V,g > be any cubic left h-ideal and cubic right
h-ideal of S respectively. Now let x € §. Then by hypothesis there exist z,ai,ai,b,,bl €S, and o;,f;,%,6,m € I, i€ N,
n n

the set of natural numbers, such that x + Zaiaixnxﬁia;» +z= Zbi}/ixnx5b; + z. Now for any general expression of x as
i=1 i=1

n n
x+ Za,-}/ib,-Jrz = Zc,-&-di + z, where a;, b;, ¢, d; € S and ¥;, 6; € T', we have
i=1 i=1

(Hoav)(x) = vln{n{rla), i), v(bi), v(di)}}]

x+2a Yibi +Z—Zc,5d +z
i=1 i=1

NIN{A(ai0x), 1 (D), V(xBiay) ¥ (x8b;)}]
x+ Za,a,xnxﬁ,a +z= Zb %xnx5b +z
30{#( ) vx)} = (Nm’)( )-

(foeng)(x) = inflmax{max{f(a:), f(ci),8(bi).g(di) }}]

x+Za}/,b JrZ—ZC 8idi+z
i=1 i=1

< max(max{f(a:ex). f (bi¥ix) g (xPia;) 8 (5D}

n n
x+ Za,-a,-xnxﬁ,-ai +z= Zbi%XHX5bi tz
i=1 i=1

< max{f(x),g(x)} = (fUg)(x).

Hence the proof is completed. O

We now combine the concepts of h-hemiregularity and A-intra-hemiregularity of a I'-hemiring and obtain a characterization.

Theorem 4.8. Let S be both h-hemiregular and h-intra-hemiregular I'-hemiring. Then
(i) A = Ao,A for every cubic h-bi-ideal A=< L1, f > of S.
(ii) A = Ao, A for every cubic h-quasi-ideal A =< [, f > of S.

Proof. Suppose S be both h-hemiregular and h-intra-hemiregular T-hemiring. Letx € S and A =< [, f > be any cubic h-bi-ideal
of S. Since S is both A-hemiregular and /-intra-hemiregular there exist z,a;,b;,c;,d; € S and o, B, o, B;, %, 61, %, 6;,n €L,

n n
i € N such that x -+ Zxaiaiaixnxﬁi biBix+z= Zx%cmxnx@ d;&ix+z.
i=1 i=1

n n
Now for any general expression of x as x + Z a;Yibi+z= Z ¢;i6;d; + z, where a;, b;,c;,d; € S and ¥, §; € I', we have

i=1 i=1
(Foahfi) () o
= OO (@), e, (b), ()}

x+2a Yibi +Z—Zc,5d +z
i=1 i=1

D i[ﬁ{ﬂ(xaiai%x) (xﬁ biBix), (xycl}/l ), (x51-,d,~5,~x)}]

n
x+ Z x04a; 0 xnxP; bifix+z = Z xYici¥xnx6; diix + 2
i=1

i=1

2 f(x).
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(fochf) (x)
— inf[ml?lx{max{f(ai)vf(ci)vf(bi)af(di)}}]

1

n
x+ Z a,")/,'b,' +z=
=~

L

< max[max{ f (xea;0;x), f (xB; biBx), f (x¥ici¥;x), f (x5, di&x) }]

n
cibidi+z
=

n
x+ xaiaiaixnxﬁi/biﬁix +z= Z X%Ci}’;xnx& diGix+z

n
i=1 i=1

1

< f(x).
Now Ao A C Aocpxs € A. Hence Ao, A = A for every cubic h-bi-ideal Aof S.
(1)=-(i1) This is straightforward using the Lemma 3.9. ]

5. Conclusion

In this paper, I have studied some properties h-hemiregular and A-intra-hemiregular I'-hemiring using the concept of cubic
h-ideal, cubic h-bi-ideal and cubic h-quasi-ideal. At the end section, I also acquire some characterizations of 4-hemiregular and
h-intra-hemiregular I"-hemiring. Interested reader may find some other feature of these types of I'-hemiring and extend the
obtained result using the concept of neutrosophic set and neutrosophic ideal.
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