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Parafree Center-by-Metabelian Lie Algebras
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Abstract
Let L be a Lie algebra. Denote the second term of the derived series of L by L". We define the parafree
centre-by-metabelian Lie algebras. We prove that if L is a parafree centre-by-metabelian, then the center

of Lis L. Moreover we show that the algebra L/L" is parafree metabelian Lie algebra.
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1. Introduction

H. Neumann asked whether a group with the same lower central sequence as a free group is itself free or
not. This question led to the definition of parafree groups. The concept of parafree groups was introduced by G.
Baumslag in 1967 [1], answering H. Neumann's question in the negative. G. Baumslag has obtained some interesting
results about parafree groups [2],[3]. Baumslag and his friends have taken his result on one relator groups to
formulate several of these questions for one-relator parafree groups [4], [5]. Because of the close relationship
between groups and Lie algebras, one would expect that parafree Lie algebras enjoy properties that are analogous
to those of parafree groups. In [6] and [7], H. Baur has translated the formal arguments used for parafree groups to
parafree Lie algebras and he has proved the existence of these Lie algebras. He obtained basic results which provide
a solid understanding of the structure of parafree Lie algebras. In [9], N. Ekici and Z. Velioglu considered unions of
parafree Lie algebras and they prove that such unions are again parafree under some conditions. In [10], N. Ekici
and Z. Velioglu proved that the direct limit of any directed system of parafree Lie algebras exists in the variety of
parafree Lie algebras. Baumslag’s and Baur’s works have given a start for studies in the theory of parafree Lie
algebras. Although there are some works about parafree Lie algebras in the literature and many questions about
them have remained unanswered. This fact and paucity of studies about parafree Lie algebras motivated us for
working on these algebras. In this work we discuss parafree center-by-metabelian Lie algebras. We prove that the
center of a parafree center-by-metabelian Lie algebra is its second derived algebra and the quotient algebra of a
center-by-metabelian Lie algebra by its second derived algebra is parafree metabelian.

2. Preliminaries

Let K be a field of characteristic zero and L be a Lie algebra over K. The lower central series of L
L=y (L)272(L)2- 27, (L)2

is defined inductively by v2(L) = [L, L], yp+1(L) = [vn (L), L], n > 2. If n is the smallest integer satisfying v, (L) = 0,
then L is called nilpotent of class n.

Let ny,na,...,ny; be a sequence of positive integers with n; > 1 fori = 1,2,--- , k. We define the polycentral
series of L, relative to this sequence, inductively by

Lnl,nQ,...,ni: Tn; (7”7171 ( t (7”1 (L)) T ))
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fork >i.Incasen; =ng =...=n; =2wewrite 6" (L) = Ly, n,....n, and call it the i-th term of the derived series
of L. If m is the smallest integer satisfying 6" (L) = {0}, then L is called solvable of class m.

We use the common abbreviation L' and L for v, (L) and for 62 (L) respectively. Then L is called abelian
(metabelian), if L' = 0 (resp. L' =0).

Definition 1. Let L be a Lie algebra. The center of L is denoted by Z(L) and defined as
Z(Ly={z€L:x,z]=0forallxz € L}.

Definition 2. If the factor Lie algebra L/Z(L) is metabelian, it is said that L is centre-by-metabelian. An equivalent
description is to say that the second derived algebra of L is contained in its center; i.e., if [L”, L] = 0.

Definition 3. The Lie algebra L is called residually nilpotent if

ﬂff:l Yn(L) = 0.

Equivalently, given any non-trivial element u € L there exists an ideal J of L such that u ¢ J with L/J nilpotent.

We associate the lower central series of L with its lower central sequence:

L/yy (L) L/vz (L), 1)
We say that two Lie algebras L and H have the same lower central sequence if
L/ (L) = H/~,, (H)
for every n > 1.

Definition 4. The Lie algebra L is called parafree over a set X if,
i) L is residually nilpotent, and
ii) L has the same lower central sequence as a free Lie algebra generated by the set X.

The cardinality of X is called the rank of L.

Definition 5. Let Y be a subset of a parafree Lie algebra L. If Y freely generates L modulo v2(L), then it is called
paragenerating set of L.

We denote by A, (L) the intersection of ideals J of the Lie algebra L such that L/.J is nilpotent.

3. Parafree Centre-by-Metabelian Lie algebras

In this section we consider all Lie algebras over a field of characteristic zero. Let P be a parafree Lie algebra, then
by the definition P/[P”, P] is a center-by-metabelian Lie algebra. Since the quotient algebra of a parafree Lie algebra
is parafree [11], then P/[P"”, P] is also parafree. One can call the algebra P/[P”, P] as parafree center-by-metabelian
Lie algebra.

Theorem 1. Let P be a parafree Lie algebra with paragenerating set X. Then X generates a free Lie algebra.

Proof. The proof can be found in [11]. O

The following Lemma is well known (see [8]).

Lemma 1. Suppose that a set Y freely generates free Lie algebra F modulo vo(F). Then'Y freely generates F modulo ~,,(F'),
forn=3,4,....

Lemma 2. If a non-empty set X freely generates a parafree Lie algebra T' modulo o (T"), then it freely generates T' modulo
Yo (T), wheren = 3,4, . ...
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Proof. Let T be a parafree Lie algebra freely generated by a nonempty set X modulo v2(T). Consider T'/v2(T) :
T/72(T) 2= (T /4 (T)) / (v2(T) /70 (T))
= (T/ (1)) /(72(T) + 1 (T)) /70 (T))

= (T/7n(T)) /72(T/n(T)).

By hypothesis, X generates T’ modulo T'/42(T), then X freely generates T'/+,(T) modulo its derived algebra.
So by Lemma 1, X freely generates T'/+,,(T). O

Lemma 3. If P is a parafree center-by-metabelian Lie algebra with paragenerating set X, then the left-normed basic
commutators of length < n in X are independent.

Proof. Let P be a center-by-metabelian Lie algebra with paragenerating set X = {1, 25, ...} and F be the free Lie
algebra on a set Y, where | X| = |Y|. So by Theorem 1, X generates a free center-by-metabelian Lie algebra. Call it
as H.So H = F/[F", F).

Since

H/H// g}(_‘/}(_‘//,

then H/H " is a free metabelian Lie algebra. Leta; = a; + H " be the basic commutators in H /H " where a; € H;.
Suppose that there exists a sum

oaray + ... +apa, =0

in H, where a; are elements of the universal enveloping algebra U(F/F") of F/F". Then

01a1 + ... + anan =0,
a1ay + ... + apa, = 0.
It is known that the left-normed basic commutators of free metabelian Lie algebras are independent. Hence
a;=..=a,=0
and elements a; are independent in H. O

Consider a parafree center-by-metabelian Lie algebra L with paragenerating set X. The proof of Theorem 2
follows from the following lemmas.

Theorem 2. Let L be a parafree center-by-metabelian Lie algebra. Then A, (L/L") = {0}.
Lemma 4. The center of a parafree center-by-metabelian Lie algebra L is its second derived algebra L” .

Proof. In order to prove the Lemma 4, we must show that Z(L) is a subset of L. By Lemma 3, the left-normed
basic commutators of L in X are independent. Even though X is not a generating set for L, every element p € L
can be written modulo 7,41 (L) as a sum of basic commutators in X, since X generates L/v,1(L), forn =1,2,3, ...
(Lemma 2). Hence, modulo 7, +1(L), every element p € L can be written in the form

g1+ge+...+9gn+h

where g; is a sum(possibly empty) of left-normed basic commutators in X of weight i, fori =1,2,...,nand hisa
sum(possibly empty) of basic commutators in X that are in L.

Since L is residually nilpotent it can be embedded as a sub direct sum in the infinite direct sum >~ , L/, (L)
(Definition 4); that is, for x € L,

¢z = (x+72(L), 2 +93(L), s @+ Yn(L),...)
= (0,0,

76 "'a67 gi + hl7gl + gi+1 + hl+1; )
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where [ is the minimum integer such that x ¢ ~;41(L), g; is a sum of left normed basic commutators of weight
in X and h; is a sum of central basic commutators in X.
Note: if g; = 0 forall i, thenx € L .

Suppose ¢ € Z(L) and consider ¢(c). Assume that g; # 0 for some ¢ and let j be the minimum such i. Then g; is
a non-empty sum of left-normed basis commutators all of whose weights are exactly j.
Then

(b(C) = (6, . ,6,%[,%14_1, ---7gj + hjagj +gj+l + hj+1, )

Let z € X. Consider the image of [c, z] under ¢.

0= [e, ]
¢(0) = o([e, x])
(6, 6, ) = (6,6, ceey [hl,x], [hl+1,x], ceey [g] + hj,LEL [gj + gj+1 =+ hj+1, (E], )

Since h,, is central for allm = 1,2, 3, ..., we have

(6, ..., 0, ) = (6, 6, ey [gj,x], [gj + gj+1,x}, )

Observe that [g;, z] € v;+1(L), so [gj, z] = 0 in the j-th entry.

Now the (j + 1)-th entry is [g; + gj+1, ] in L/v12(L), we get:

[gj + gj+1,1'] = [gj71'] + [gj-i-lvx] =0.

Hence [g;, ] € vj12(L) and g; € v;41(L). But g; is a non-empty sum of independent left-normed basic com-
mutators all of whose length is exactly j, so g; cannot also be a sum of left-normed basic commutators of length
> j+1 (Lemma 3). Therefore [g;, x] = 0, which implies that g; commutes with all elements of the paragenerating set.

Now, since L is parafree,
L/yp+1(L) 2 F/yp1(F),n=1,2,3, ...

F/An+1(F) is free center-by-metabelian nilpotent, and its center is (F~ + v,(F))/vn11(F) ; thus the center of
L/vn(L)is (L + (L)) /ms1(L). Since g; is a sum of left-normed basic commutators, none of which lies in ", we
get

g €m(L),n=1,23, ..
Letn = j + 1: then g; € v;41(L). But g; ¢ v;11(L). Therefore, g, = 0 forn = 2,3,...,and Z(L) = L".
Lemma 5. Ifa Lie algebra T is residually nilpotent, then the algebra T'/Z(T') is residually nilpotent.
Proof. Let T be a residually nilpotent Lie algebra and u € (", v, (I'/Z(T)) . Then for all n

u € m(T/Z(T)) = m(T) + Z(T)/Z(T).

Letu=a+ Z(T), where a € v,(T) + Z(T). It is clear that

a € M 7(T) + Z(T).
Since T is residually nilpotent, then a € Z(T') and u = Z(T'). Hence T'/Z(T') is residually nilpotent. O

Proof of Theorem 2: By Lemma 4, we get
L/Z(L)=L/L".

By Lemma 5, L/ L" is residually nilpotent; hence we have
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Au(L/L") = {0}

Theorem 3. Let P be a parafree Lie algebra. Then the algebra (P/P")/A(P/P") is a parafree metabelian Lie algebra.

Proof. For the proof, you may see [12]. O

Corollary 1. Let L be parafree center-by-metabelian Lie algebra. Then L/L’" is parafree metabelian.

Proof. Let L be a parafree Lie algebra. Then by the Theorem 3, the algebra (L/L")/A,(L/L") is a parafree
metabelian Lie algebra. By hypothesis, L is parafree centre-by-metabelian, so by Theorem 2, we have

Aw(L/L") = 0.

Therefore L/L" is a parafree metabelian Lie algebra. O
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