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Abstract

The primary purpose of the present paper is to continue the previous investigations of the author and apply
the technique from the two-body problem of classical electrodynamics to the three-body problem. We derive
equations of motion with radiation terms which are neutral type nonlinear differential equations with state-
dependent delays. The derivation approach is analogous to that of the two body-problem, which allows a
unified consideration of the problem for any number of bodies. In the next paper, we prove the existence of
periodic solution of the three-body problem and in such a way the Bohr-Sommerfeld postulate for stationary
states is confirmed.
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1. Introduction

The main purpose of the present paper is to derive equations of motion describing three charged particles
in the framework of the classical electrodynamics. Our considerations based on the previous author’s results
concerning a general formulation of the N-body problem of classical electrodynamics exposed in [1], [2].
The formulation is based on the principle of independent action of the electromagnetic fields generated by
moving particles. The core of this principle is that each particle is under the influence of the rest ones, as
the interaction between them is disregarded. From mathematical point of view this means: for every fixed
particle the Lorentz force (in the right-hand sides of the equations of motion) can be calculated by vector
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summation of the retarded fields produced by all the other N-1 particles. This leads to a nonlinear system
of 4N equations of motion (cf. [1], [2]):

AP e -
my = = (B AP + BEAR 4 B0 4 pEHOAP 4 EEYO)

(r=1,2,3,4; k=1,2,3,...,N), where the Einstein summation convention is valid, that is, in our case the

. : . . (kn) 00 gp
summation in repeating /. The right-hand sides F;"" = 5 - 8—&) can be calculated by the retarded
EN z,
(n)
Lienard-Wiechert potentials oM = e (cf. [17, 19]). A formulation and investigation of the

A(n) g(kn)
two-body problem of classical electrodyn<amics in >§eries of author’s papers are given [19, 13, 14, 3, 4, 5, 6].
The equations of motion for the two-body problem are neutral type nonlinear differential equations with
retarded arguments depending on the unknown trajectories (cf. [15, 16]). The same type are the equations
of motion for the three-body problem. Here we follow the line of investigations from |7, 8, 9], where we have
proved the existence of Bohr-Sommerfeld stationary states [20]. It turns out that they are implied by the
classical electrodynamics unlike previous claims that they contradict it (cf. for instance [18]).

The paper consists of six sections and references. Section 1 is an Introduction. In Section 2, a derivation
of the explicit form of the equations of motion for three-body problem is made. Every vector equation
contains in the right-hand side the Lorentz force and a radiation term that shows the self-interaction of every
moving particle. The Lorentz force is a sum of two terms each of which shows the influence of the other
two particles on the first one. In Section 3, the formalism of the transition to the FEuclidean coordinates
is described. In Section 4, we reduce the system of equations of motion in a simplified form using suitable
denotations. In Section 5, a transformation of the radiation terms under the Dirac assumption is made.
Section 6 is a conclusion.

Before we begin our exposition, we note another approach contained in the papers [12, 11].

Here we apply the results from [1| to the particular case of the three-body problem and investigate in
the next papers the He-atom. Namely, the equations of motion (1.1) for 3-body problem become

(1)
B = g (RO 1 DY,
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Including the radiation terms we obtain

(1)
my dAy _ €1 (Fglﬂ)
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d)‘§“3) €3 (31)(3) (32) (3) (3)rad \ (3)

ms = - (Frl NTHEYINTHEYTN ), (r=1,2,3,4).
dss c

Let us note the number of equations in (1.2) is 12, while the unknown functions (trajectories) are 12. In
[4, 1] it is proved that every 4-th equation is a consequence of the previous three ones. In a similar way one
can prove that the independent equations in (1.2) are 9 in number. So we have to solve a system containing
9 equations for 9 unknown functions — components of the velocities of the three moving particles.
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2. Derivations of an Explicit Form of the Lorentz Force in Equations of Motion and Introducing
the Radiation Terms

We follow the procedure introduced in [1]. By (:ng) (1), xék) (1), acgk) (1), :L‘ik) = z'ct) , (k=1,2,3) we denote
the space-time coordinates of the charged particles. As usually Latin indices run from 1 to 4, while Greek
— from 1 to 3. The scalar product in the Minkowski space is (a,b), = ayb, = Z;‘le a;b,, while in the
3-dimensional subspace — (a,b) = anby = 22:1 aaba; ¢ is the vacuum speed of light; my (K = 1,2,3)
are the proper masses of the particles; e, (k = 1,2,3) are their charges. The elements of proper times are

dsy, (k =1,2,3) and the unit tangent vectors to the world lines are

1 1 1 .
AR — (Aw) NOBYG: A<kz>) (w0 w0 w @) e
1 272 »73 »74 AkaAkvAkaAka

where @) = (uf (6), ul (1), 1" (1)) = (17 (1), 48" (0,87 (1)), Ax = /2 = (@D (1), aB ().

In order to compare denotations with originally accepted ones we recall [19]

(k) iz (k) (k) .
< oy d (k) _ Yk Ua (t) uy (t) * . ic
=1 1—7 e &k = - =1,2,3) A0 =y = C
Yk /\/ 2 dsk c dt’)\a c . (a , ,3)7)\4 Vi .

The components of the accelerations are

k k .
A o 4 jde” A 1 duel(t) ded 1 («=1,2,3),(k=1,2,3)
dsy, cdt ¢ 7 c dt Apdt Ay ApdtAg ) 12,3), ,2,3).

The isotropic vectors £€*)(k = 1,2,3; n # k) are obtained as in [1] (cf. also [19]): fix any event on the
world line of the k-th particle and draw the light cone into the past. This cone intersects the world line of
the n-th particle in any other (past) event. Then

glkn)  — (51(’6”),52(16”) g3kn) 54(’6”))
= (2170 = 2l (t = 7). 2P @) = 2t = 710), 2 (0) = 2 = 71) sieThn )

Since <§ (kn) ¢ (k”)> 4 = 0, the retarded functions 73, (¢) should satisfy the following functional equations

3
en(t) = 5 (€0, 60), = =\ |3 [ 0) = 2l ¢ — mnlt)] 2

a=1

The above equations are 3.2 = 6 in number (k =1,2,3; n # k).
In what follows we obtain an explicit type of the radiation terms, following [10] (cf. also [7]- [9]).
Let us consider a charge egx(k = 1,2,3) describing any curve Li(k = 1,2,3) in the space-time. Let

Ay (xgk)(t),xék)(t),xgk)(t),z'ct) be any event and let A} (mgk)(fk),xék)(fk),xék)(fk),icfk) , T < t be the
intersection of Li(k = 1,2,3) with the null-cone drawn into the past from Ax(k =1,2,3), and
Agdv (mgk)(?k),xék)(tk) (k )(?k),ic ?k> , tp> t be the intersection of Ly (k = 1,2,3) with the null-

cone drawn into the future from Ai(k = 1,2,3). The components of the velocity vector to the world-line
Lip(k=1,2,3) at A} are

\(R)ret _ (A(k)ret \(yret y (kyret A(k)m) _ (k)(fk) (k)(v) ugk)(fk) ic _ a®) (i) ic
! T o T A( k)ret A(k:)'ret A(k)ret’A(k)ret A(lf)?"e1&7A(l<:)7'431€ ’

where A(pyper = \/ <u fk)>
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Let A7¢* A, be the isotropic vector £F)ret = (g(k)ret, ggk)mt, fék)mt, fik)ret> )

Following the idea of P. A. M. Dirac [10] we set 7/(t) =t — ), = f, =t —77(¢). In a similar way we
introduce the velocity vector to the world-line Ly(k = 1,2,3) at A%

\(K)adv :<A<k>adv \(Badv | (K)adv A(k)adv)z w00 w0 u ) e\ L (@®G) e
1 12 V73 1M A(Ic)ad'u ’ A(k)aolv ’ A(k:)adv 7A(k)adv A(k)adv 7A(k:)adv ’

where A(y)qdy = \/02 - <ﬁ(k)(?k),ﬁ(k)(?k)>.

Let Aid”Ak be the isotropic vector &Fadv — < (k) adv, §2 adv, §3k)adv, ik)adv>, where

et = P (1) =2l (t) s &7 = ie(tr —1), t <ty

Now, we put 724%(t) = T —t= tp=t+ 724v(¢). Following again [10] we define the radiation term as a half
of the difference between both retarded and advanced potentials:

8A£Lk')ret - aA%)ret - 8141(1lc)zzci't; - aAg:Lz)adv
8.%%)7“61‘/ a:m(lk)ret ax(k)adv 8x7(1k)adv ’

1
Fvglkgrad _ =

2 m
where APTet C Y and APt _ SRS Y Then the equations of motion become
n - <)\(k:)7‘et’£(k)ret>4 n - <>\(k’)adv7§(k)adv>4 . q
(’I“ =1,2,3, 4)
d)\7(»1) e F(12))\(1) F(13))\(1) 1 614( Jret 8A7(~1)ret aAl(l)adU 8A7(n1)adv )
mi dsi - 672 rl 1ty l 5 ( Yret (Dret (Vadv (1)adv l ’
oz, Ox; oz, Ox;

me9 =
d82 c2 rl

d)w@ €2 < jarcly )\( ) (23) )\(2)

ret 2)re 2)adv 2)adv
8A( ) oAV (aA§ ) 2A® )] (2))
l

Ozt (2)ret o ax(Q)Tet 8x£2)adv o 8ml(2)adv l

- d)\7(~3) _ es (31))\(3) ( ))\(3) +1 aAl(?))ret - 8A£3)T6t - aAl(3)adv B 8A$«3)adv >\(3)
dss C2 7”l l 92 axg?))ret 8$l(3)ret ax$3)adv axl(?))adv l ’

The formalism from [7] leads to (k = 1,2, 3):

kn n v
B 5 ey [EPRO DGO, (o
dsy, n=1,n#k myc? <)\(n)’5(kn)>i 4

(n) n n (n)
+ <)\(n)7;(kn)>i [dc/l\san <)‘(k)’£(k )>4 - fék ) <)\(k)’ d(;\sn>4]}

52 (k)ret ;3 (k) y(k)rety, _ y(K)ret a(k)ret (k) k)ret
45 [sa (A ARty — ABITete(Ryret \()y, <1+<d)\()67£(k)ret>4)

kaCQ ()\(Ic)ret7 é‘(k)ret)S dSret
' (2.1)
1 d/\&’“”e" k)ret k (k)ret k) da(k)ret
+ (et g(Ryreny2 < = (5( Jret \( )>4 — & <)\( ) L >4)]

kac2 <)\(k)adu,£(k)ad1:>i dSadv

_ 5% |:££!k)adv <)\(k)7)\(k)adv>4 _ )\gk)adv <£(k)adv’)\(k)>4 (1 + <d/\(k)adv g(k)adv> )
9
4

d)\flk)adv adv (k)adv d\(k)adv
+ <)\(k)adv71€(k)adv>i ( 5.2 (f(k) d ,)\(k)>4 — &5 <)\(/’€)7 >4)}

dSadv
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d)\glk) _ 23 QUkn) {sflkn) <)\(k)7)\(n)>47)\in) <)\(k)7£(kn)>4 (1 n <d)\(n) é_(kn)> )
4

dsk n:l,n;ék 62 <)\(n)7€<kn>>z dSn

Ay n kn ()
+ <A(n>7€1“m>>i [d;n (AW gy — gl (A i >4]}

5% |:§Elk)ret<A(k)7)\(k)rﬁt>4 _ )\Elk)ret<§(k)rct7/\(k)>4 (1 + <§(k)7‘6t d)\(k)ret > )
4

2mc2 (AR)ret gkret)3 ’ dsret

+
(2.2)

1 Kyret \(k)y dAST! k) da(B)ret (k)ret

5% g(()(k)adv <)\(k) 7)\(}c)adv)4 _ )\Slk)adv <£(k)adv’)\(k)>4 1 (k)adv d\(k)adv
B 2mk02 ()\(k)adv7§(k)ad'u>2 + § ) dsadv 4

1 k)ad Ky, A k) da(k)adv (k)adv
+</\““>‘“i’%€<’“)‘“l”>3<<§( Jadv \( )>4£T_<)‘( ), m>4 i )

3. Transition to the Euclidean Coordinates Introducing Suitable Denotations

Using the formalism from [19], [3] and [4] we are able to move to the Euclidean space: for the isotropic
vectors <€(kn)’ 5(kn)>4 =0, <€(k)ret7 é(k)ret>4 =0, <§(k)adv’ f(k)adv>4 — 0 we have

= (&M, &E) g5k Gery,) = (gk”),iCTkn)

(#17) = 2l (t = 710,287 (1) = 287t = 710), 28 (1) = 2§70 = 7). e )

k re k k re k k ret\ ;.. re
37 _331 (t— 7 t),xé)(t)—xé)(t—v'k t)7$g)(t)—$g)(t ), dery t),

k)ret t t . = .
k:)ret (g% re ’52 Jre 753 Jre ,ZCTget) — <£(k)ret’zc7.]7€"et)

{(k)adv — (51 (k)adv, & (k)adv’ gg(k)adv’ iCT]?dU)

I
o
oy

=z
Q
U
<
.
3
Ea]
U
<
N—

= (270 = 2l (¢ + 7). 287 (6) = o7 (1 + 7p2), 27 (1) — 0 (¢ + 7o), dero)

which implies 74, = 1 <g(kn)’g(kn)>, Tget:i\/<g(k)ret’g(k)ret> | e = i\/<5 advvg(k)adv>.

For the velocity vectors we have

N ugn) (t — Tkn) ugn) (t — Tkn) ugn) (t — Tkn) ic _ At — 1) ic
B Akn ’ Akn ’ Akn ' Akn 7

where

Ay, = \/02 — (T (t = T ), T (t — Tk ))

and
d 1 d d 1 d 1 dt d d

diskzxk% ; E_ Akndtkn B Akn dtkn%’ dtkn -

kns
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uo <5(kn)7 g(zm)> _ < g(kn)’ﬁ(n)> Pr — < glin). ﬁ(n)>
- - = Djon.
dtin, c <g(kn)’g(kn)> _ <€(kn)’ﬁ(k)> CQT]m — <g _’(k > k

For the acceleration vectors and scalar products in the Minkowski space we have

2P 1 (e il | e oEn0d®w)

dsk - Ak dt Ak - Ai Ai ’

A e d L _ ie(@®.aM @)

ds, ~— Apdt - AT ’

oy _p uy(t_w L 2 ) (T () ) )

dsn— kn A7 Af, ’
n

A" Dy (7 (t= k) 1 (t= )

dsn - A% ’
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@k (1), @) (t—1 —c2
<)\(k)’)\(n)>4 = ( (t)vAkgkn k“)> 5

(A0 glhn)y - <ﬂ(’“)<t>,5§")>—02mn;
k

<£(kn) d)\<”)>4 — Dy, (€1Fm) 4™ (t—7y,) ) i (€™ @) (t=1kn) ) = ien

X a7, a7,
() (t = Tan), T (= i) ) ) 5

k) dx(™ _ Din <ﬁ(k>(t)7ﬁ(")(t—‘%n)> (@™ ()@ (t—7pp ) ) — 2 7ip,
(D0, 40) = D 7 + A7

<ﬁ(”) (t ! Tin), 0 (£ — T,m)>) k '

For the retarded part of radiation term in a similar way differentiating

Ji[ 1) -l ()] 2

y=1

3 (k) (k) ¥ k) (pydt o (F) oy
7 e (t)—zy" (k) (t)-2 )
with respect to & (t = t(f})), we obtain Cif 1 === 1[ r H a, "k ]

o oy [ o (0] 2

. Hence

L dt \/<g g ret> — <f_tk)r6t, U(k)mt> et <§_'(lc Jret i (t _ T,:et)>
D;¢t = .

k= 7 =

b, \/< ret, k)m> <§~(k)ret7 ﬁ(k)> CTget_<£(k)ret’ﬂ’(k)(t)>

Analogously for advanced term we have

Dgv = dt \/< _

L/‘r‘rl

dv_ ¢k adv>_<§(k)adv’ﬁ(k)adv> o <§k Jodv 70 ¢ + adv)>

d ?k \/< k)adv> _ <g(k)adv7ﬁ(k;)> - Ty — <5 Jadv (t)>

—

Ak:A(k)ret 4 AICA(k)adv

</\(k) )\(k)ret> _ (@), a™ (- ) - 02; <)\(k)7)\(k)adv> (@), @™t + ) -
4
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(k) (¢ Fk)ret\ _ 2 ret (k) (¢ 7 FAk)adv\ _ c2radv
<§(k)ret )\(k)> _ <u ()€ > Tk .<€(k)adv )\(k)> _ <u (1), > k.
Y 4 Ak Y Y 4 Ak Y
S(k)ret(y _ - rety f(k)ret\ _ 2 _ret
<§(k2)7"6t )\(k)ret> _ <u (t Tk )’f > “ Tk .
’ 4 A(k)ret
—(k)adv advy fk)adv\ _ .2 _adv
<€(k)adv )\(k)adv> _ <u (t+77%), € > Ty ‘
’ 4 A(lc)aalv
d_ _ 1 d _ 1 dt d __ 1 ret d .
dsret A(Ic)ret di A(k)ret dtk dt — A(k)'ret k dt
d _ 1 d _ 1 dt d _ 1 adv d .

dsadv A(k)advﬁ A(k)adv dtk dt — A(k)adv ko dt

k re hrd Te 5 re
d/\ff)""et —_ chet ( il )(t ‘rmt) + ugx)( t—7p t)< (k)( Y, (k)(thk. t)>) .
)

dsret A2

(k)ret (k)ret
d/\flk)rﬂt _ ichet <ﬁ(k)(t Tret) ﬂ(k)( I:et)> '
dsret A?k:)'ret ’
ax(padv adv alF (t+7_adv) (k)(t+Tadu)<~(k)(t+Tadv) ~(k)(t+Tadu)> .
dsqd = Dk‘ A2 + )
aav (k)adv (k)adq;
d}\é(lk)adv _ icngv <ﬁ k) (t+7"ldv) k) (t+T€dU)> )
dsaqv A?k)adv )
<£(k)ret d)\(k)’r'et> o Dret <§(k)ret u(k)( 'ret)> n <§(k)7‘et -'(k)(t Tret)> Tet
' dsret 4 k A(Qk)ret A4
(@9t = met), @ = 7))
(0, gy B (08 | 0 )
? dSret 4 Ag A?k)ret A?k)ret

(@90, 59 = 77)) ) ;

<§(k)ad’0 dk(k)adv> . Dadv <<5(k)adu ;(k)(t+7_adv)> n <§(k)adv7—’(k) (t+Tadv)>7c2ng'u
) et A2

4
dsady (k)adv A(k)adv

(¢ + 7). 1)t + 7)) )

<)\(k) d)\(k)adv> _ podv <<a<k>(t),i7(k>(t+r,gdv)> " (@™ (),d® (t+7gd)) -2 r(RWadv
)
4

= > T
dsadv Ak A(k)adv A(k)adv

<g<k> (1), @9 (¢ + T,gdv>>) :

Hip = |1+ Do, <5(’f2;%:7(”>> + (€. ) _AC;kn> () A,
H’:et . Dzet <§(k)::7ﬁ(k)ret> N (<€_fk)ret’ﬁ(k)ret> _AciT(k)ret> <ﬂ‘(1€)ret’ﬂ’(/€)ret> A%k)rev
(k)ret (k)adv i
Ak Jadv_jz(k)adv _'(k)adv ~(k)adv\ _ .2 g(k)adv =(k)adv
H]?dv = |1+ Dzdv <£ A(k)adv > + (<§ > ;;(;;Z:iv) <u - > A%k)adm
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for (k =1,2,3), n # k. Then the equations of motion (2.1) and (2.2) become o =1,2,3; k=1,2,3:

(k) ) (@) oy (Prin= (€55 0))
. - ¢
azlia’ +Rr <u(k)v “(k)> = Ytk ik S S Tk Hin+

k <c27kn—<g(k”)7ﬁ(”)>>
Akn

—(kn)
<<£ *(’“)>fc T;m> ) (@ @)
o T S

Ak AQ A4
AQ _ kn kn o
5k (@0 3) 7y )

((u(k) (), N ((g(k)j(n)) ¢ )<a(n)ﬂj‘(n)>>
_.I_

(kn)

@

Dy,
A 2 4
k Ak:n Akn

( (g(kn) 7{[(”) > 7C2Tkn)2

(k)ret (ﬂ(k),i(k)TEt)ch _u(k:)ret (“< ) EUC) T6t> 2r TEt

e ARA (k) ret ARA (k) ret ret
+ kaCQ <i(k)ret E(k) rety_ 2 ret 3 H +

? k
A(k) ret >

( é‘(k) ret a(k)> 27 ret)Dzet < ugp)ret " u&p)r(i(k)m;‘t ﬁ(k)ret>> 3 1

A 2 4 .
+A2 k A(k) ret A(k) ret ( )
(k) ret 2 ret _(&(k) ret_z(k)rety)?
(c2rpet— (g et gkirety)
g(Ryret D <<ﬂ<k> Ja(B)rety (<a<k>,a““)*etl;ﬂ)<ﬂ<’“>,a<k>7>et>
Ak (k) ret (k) ret

(62 ret <£(k)ret *(k)ret))

(k) adv <u(k) (k) adv) _c? u&k)adv (ﬁ(k) ,E(k) “d”>*62n‘§d“

e ApAR) adv  A(k)ade Ak adv
2mk62 <ﬂ~(lc)aclv7 5"(1@) adv>_627_;€1dv 3 H +
( A(lc) adv )
<§“(p) adv —-(k)> 27 adu wdo (lc)adu u(ak)adv<ﬁ(k)adv77‘1(k)adv>
AL Dy ) + A
+A2 (k) adv (k) adv o
(k) adv (027—]?(1‘07(6(1@) adv’ﬁ(k)adv>)2

k) adv Di;dv <<a(k> ledvy (<a(’“>,a(’“>“d”>—c2)<a<’“),d<’“)“d“>>
k

4
(k) adv A(k) adv .
2 ’

(02 Igdv?(g(k) adv7ﬁ(k)adv>)

(a=1,2,3)
(@) e (Pr(Ea®))
i (k) Sk _ epe VY-S L - N A
R I R R e T T—
Akn
< g(kn) a(k)>

c? Tkn  icDy =(n) =(n)
LA 5 Ay <“2 ) (3.2)
b | T (@)

a(k) g(n) a(k) g\ _2)(g(n) #(n)
a2 (0, (5 (e 20}
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AT}gn Akn

(& ) i) "




V.G. Angelov, Results in Nonlinear Anal. 3 (2020), 45-58 53

<E<k) ﬁ(k)TEt>—c2 . <i<k) f(k> Tet)—c2TT6t
2 ierl® : — = 7 k
+ €L k AkA(k) ret A(k) ret Ak H?"€t+

kac2 <ﬂ(k)ret,g(k) 'ret>_c27.l'get k

A(k) ret
<£‘(k) ret7ﬁ(k)>_c27_]:€t icDZet<:(k)retﬁ(k)ret>
—|—A2 Ak AZ(llv) ret
(k‘) ret (C2T£Et—<g(k> ret’a‘(k)'ret>)2
<E(k)ﬁ(k)7,et> <<ﬁ(k)j(k>mz>7c2) <i(k)retﬁ(k)7‘et>
A2 + Al
; ret Dlzet (k) ret (k) ret
_ZCT]C Ak 2 ret__ [F(k) ret 7(k)ret 2 -
(Prpet—(gWreratirer))
) 4 <ﬂ»(k:)yﬂ»(k)a(iv>7c2 ie <ﬂ(k:)yé‘(k)adv>7627_gdv
e2 L VW N A

_ % k= (k) adv (k) adv k Hadv+

2mk02 <ﬁ(k)adv7€(k)ad'u>7627_gdv 3 k

A(k) adv
<£"(k) advﬁﬂ(k)> _CZngv 'LcngU <ﬁ(k)adv ,ﬁ(k)adv>
_|_A2 S A?k) adv
(k‘) adv (CQT]gdv_<g(k) ad'u’a‘(k)adv>)2

+
2 4
Ak A(k) adv A(k')adv

<027_]z€zdv _ <g(k) adv 77]/‘(Ic)aolv > ) 2

D;cldv < <ﬂ»(k)yi(k)adv> ((i(k) 7ﬁ(k’)adv> 762) <ﬁ(k)adv’ﬁ(k)adv> )

One can prove as in [2]| equations (3.2) are consequence of (3.1 ). Therefore we consider in the following
only the system (3.1 ).

4. Reducing the System of Equations of Motion in a Suitable Form

We are able to simplify (3.1 ) using denotations:

Hi (¢ (& ) 3, (70 600) + (79, 5100) =) (7))
Apn = = - 3 — Dy, —= o ~ p) )
(Cszn_ <§(kn) 7u(n) > ) Ain ( <£(kn) 7u(n) > _0277“")

Hin (i (E8,809)) D ((),809) — P ) () i)
Bip, = = = i = - 2 ;
(CQTkn _ (g(kn) ’u(n) > ) Ain ( <£(k:n) 7u(n) > _CQTkn)

Crr = Dkn£<€(ki),i(k)>—c2Tk;);
( <§(kn) ’u(n) > 7027.]“1)

Hret(e2— -‘(k)’—‘(k)v'et
A(k)ret = : (C <u - >)3

(CQT]:et _ <g(k)'ret 7ﬁ(k:)ret> )

<,a'(k) ,’lll,‘(k)TEt> + ( <,a'(k) 7,L-L‘(k)ret > —62) <,a>(k:)ret ﬂ'-i(k)ret>

S (S (G ) |

2
. D;d A(k')?“et

H}:et (CQTI:rat _ <€(k)7‘et 7ﬂ(k) > ) Dzet ( <€(k)ret 7,E(k) > 7027_;;91) <,&'(k)ret 7,&'(Ic)ret>

B(k)ret = (627—;51&_<E(k)ret7a‘(k)ret>)3 A%k)ret(C2T£€t_<gk)ret’ﬁ(k)ret>)2 ;

DZEt ( <§(k)7‘et 7,&‘(1{3) > 70271’2%) )

(627—]:615 _ <€(k)ret 7,uj(k)ret>)2 ’

C(k)ret =
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Hgdv (C2_<1—[(k’),ﬁ(k)adv>)

A2 ﬂ(k)7,l:—[(k:)adv -’(k) g(k)adv\ _ .2 ﬁ(k)adv7,a‘(k)adv
A(k)adv — o D](:dfu (k)adv< > (< > >< > .

(CQT]gdv_<g(k)adv7ﬁ(k)ad'u>)3 A%k>adv(027_gdv <§(k)adv7ﬁ(k)ad'u>)2 ’
B Hadv (C Tadv <£(k)adv #(k)>) ngv((E(k)adv 4(k)> 2 ;Czdv)<ﬂ(k)adv’,l'z(k)adv>
(k)adv = (c2rpdv—(gk)adv (k)adu>) o A(Qk)adv(CQTk —(k)adv, (k)ady>)2 ;
padv g(k)adv7,a'(k) _2adv
Clyatn = 54 L), (k=1,2,3).

= (CQTIg,dU7<g(k)adv7ﬁ(k)adv>)2 ’

Then we reach the system

(1) .
() + 25 (@), d0(0)) = 22t (41260 - Bioul) + Coald) +

mic?
+€;§ch1 (A €a13 B ug) + C13 u(3)> 4 267;?012 (A(l)retft(xl)ret B B(l)mtug})_’_
+C(1)retut(:vl)ret - A advga Jadv + B(l)advuS) - C(l)advu((ll)adv) ;

(2) .
ﬂg)(t) + uaA?(t) <ﬁ(2)(t), 11'(2)(t)> — 6281A2 (A fa B21u8) + 021118))

moc?
+ef$?2 (AQ ¢ — Bygul¥ + Cygul? )) + Bh2 (A(Q)Tet @ret _ B(Q)retug)—i—

2moc?
(2)adv (2)adv>

+C(2)retug¢ et _ A(?)advga &

+ B(Q)advua - C(Q)advua

(3) .
i (1) +“z—§“<ﬁ<3><t>,ﬁ<3><t>>:€3€1A3 (A~ B! + Corill) +

mgc
e (A 260" = B + 032“(2)> i (A(3)Tet€£y3)mt — Bgyreus) +
_|_C(3)Tetu(3)ret _A @) adv£(3)adv + B( 3)ad Uu((l?)) C(S)advUExS)adU> .

Introduce denotations (k =1,2,3; a = 1,2, 3)for the Lorentz forces

q2) _ e1e28

mic?

eres\
<A12£(()¢12) BlZU( )+ 012“( )> ) G&B) = & (A f (13) BlBU( )+ Cl3u( )) ;

mlc

G _ 26t (An€@) — Buad) + Coril))) ¢ G2 = €2650 (A€ — Basul®) + Coil®)

mac? @ moc?
GPY = 7€3€1A3 (A 1683V — ByiulD) + C31U(1)> WSS % (A 265 — Bypul) + Cail )>
mgc m3C

T eA )r r
Gt(lk) “d = 271;%52 (A(k retga reb _ B(k)retugé) + C( E)retUa (k) * A k)advg (Fadu

(k)adv> _

k
+B(k)advu&) - C(k)advua
We write down the last system in the form

(1)

D) + “22@) <ﬁ(1)(t), iz<1>(t)> =G 4 g3 4 grad,
1

<
S
-
N~—
_l’_
B
NIV
T
<y

) (¢), {z(z)(t)> — GO 4 G 4 g@)rad,

’(3)(t)> _ G&Bl) +GBY +G((X3)’rad‘

,.\
o
—
~—
[9V] )
S
o
=
—
~
SN—
<y
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Recall our basic Assumption (C): All velocities satisfy the inequalities ‘ua(p) (t)‘ <\ {(u® uP)y <

¢ < cand then 2—(u®,u®)) > 2—2% > 0. Therefore, the determinant of the above system is § = ¢2/A2 > 0
(k) *

and consequently we can solve the last system with respect to 4q ' (t), (k=1,2,3; a = 1,2,3):

2 (M) 1) @)
ugn(t) _ U1(1) — (621 ) (Ggu) +G§13) +Gg1)md) o ;2 (Ggm) +G§13) +Gg2)7‘ad)

,,m
oy 33 (Ggm) +Gél3) +Gg3)rad>;

C

(1),(1) &
uél)(t) _ U2(1) = W (Ggm) JrGgw) +G§1)md> n c2—(61§2 )? (Ggm) JrGgm) +G;2)rad> —

[

MO
(G(12) n G(13) I G( )rad) :

(1),,() , WD, (D) ra
i) =uf = —mgie (6 46+ ) - B (6P 68+ 6P +
(D ra
+ S (68 + 60+ 6P

2 (u?)? 2,2
u?)(t) _ U1(2) — (21 ) (ngl) —|—G§23) +ng)md> o 32 (Ggm) +G§23) +G§2)T’ad) _

(2,2 .
_mu (Gém) +G§23) +G:(%2)md>;

(), (2 2 (@ ra
() =03 = —1 (G + 6P 4 6P ) 4 S (68 68+ ) - )
@), (2) ’
_M (G(21) +G(23) +G( )rad)
u(2)u(2) Ta u(2)u(2) ra
+C _(:23 )2 (G(21) + G(23) + G( )T“d>
.(3) 3 cQ*(ﬂﬁ )) (31) (32) (3)rad WP ul® [ (31) (32) (3)rad
i) =up= g (6P + 6 o) - e (66 4+ 6fP 4 6P ) -
(3),(3)
_u (G(31) n G(32) n G( )rad)
(3),(3) (3)
ué:s)(t) _ Ug’ —_w c2u2 (G(31) +G(32) +G(s)md) 4 ¢ (u )? <G(31) +G(32) +G(3)md>
3),,(3)
G (G<31) +G8? 4GP )md) :
(3),,(3) a NCNC) ra
() =Up= 1 (6P + 6 4 ) - g (68 + 6P 6P +
— u<3> ra
+E (660 + 6§ + 6P 1> 0,
5. A Transformation of the Radiation Terms under Dirac Assumption
Here we follow the Dirac assumption T}ft = ng” = 7, 7 is a small parameter. This assumption is

motivated by the fact 7 = 79y/1 — 52, ( T0=1e¢/c~ 1072 sec) Since u( )( t) are infinitely smooth functions,
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using the Taylor expansions we recall the reasoning from |[7],[14]:

((lk)adv _ (k)(t—i-’i') (k)(t> _ TUJ(()zk)( )+ T 2' ( )( )+ .= f(k Jadv Tu((yk)(t) —|—O(T2)
= gPadv o P (t); et — ) (t) — ) (t—71)~ ull) ()7

v
(¢4 7) = ud () + 5l + [l @) + 51 600 (1) + 51 (W) +

= uP(t+7) =P t) + O(r);
ul (=) =P (1)~ 500 + 7aP 0 - 5 il 0 + 7 (lPw) " -
= uPt—7) =P (t) - O(r);
uF Ol + ) = (uff) (t)>2 + a0l (6) + Tal (ul () + ..
= ulOult+7) = () +0lr);
a0t ) = () - 5 u (1) + 3 0l (1) -

= u((lk) (t)ugk) (t—r71)= (ug{k) (t))2 —O(1);
<ﬁ<k>,ﬁ<k>adv> - <ﬁ(k),ﬁ(k) (t+ T)> = iug’ﬂ (6)u®) (¢ +7) Zu(k <ﬁ<k>,ﬁ<k>> :
<ﬁ(k)’ﬂ»(k)ret> ~ <ﬁ(k)’ﬂ»(k)>; <2—L»(k)adv’ ﬂ»(k)adv> ~ <ﬁ(k)7 ﬁ(k)adv> ; <ﬂ»(k)ret’ﬁ(k)ret> ~ <ﬂ»(k)’ﬁ(k)ret>;

cQTget — <§_)(k Jret ﬁ(k)mt> =cr—r < a®) (1), a®) (t— 7')> ~T <02 — <ﬁ(k) (1), a®) (t)>> ;

Aoy <§_'(k)adv, ﬁ(k)adv> — 27 < a®(t), 7" (t + T)> ~T (C2 _ <a"(k) (t), @™ (t)>> .
Then
G(k)rad o e%Ak |:<A(2k)rct(c _<u(k) ‘*(k)o"et>)

« T 2myc? (C2T_<€(k)ret’ﬂ(k)ret>)3 +

(02_<a‘(k)7ﬁ(k)Tet>)<€(k)ret7ﬁ‘(k)ret> (C — <g(k:)ret *(k)ret>)<a‘(k)7a‘(k)ret> (k)ret_
(CQT, <g(k)ret7ﬁ<k)>)(CQT,<§<k)ret7~<k)ret>)2 a

A%k)ad'u -

( ﬁ(k)7ﬁ(k)adv>) (027<ﬁ‘(k)7ﬁ(k)adu))<g‘(k)adv,,l'7“(k)adv> (C — <£(k)adv *(k)adv>)<ﬂ(k)’ﬁ(k)ad1)> (k:)adv
(C27—_<g(k)adv7ﬁ(k)adu>)3 (627'— <{(l€)adu’{[(k)>)(C2T_<£(k)adv7u(k)adv)) ga +
(*r

+ < A%k)adv (0277

(
(@ ) (- (G T @\ g
= 3 U -
( <€ k)ret *(k:)ret>)

«

(ﬂ(k)7g(k)adv>) (C — <€(k)ad'u —‘(k)adv>)<§(k)adv7ﬁ(k)adv> u(k)adv_
(6277<ﬁ(k)adv7§(k)adv>)3

A?k)ret

uék)adv ’l:LSlk)TEt

_C2T7<g(k)adv’ﬁ‘(k)adv> + 627.7<g(k)7‘et7ﬁ‘(k)'ret>
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e2 A, |:<A?k)mt(02—<ﬁ(k)7a‘(’€)7'€t>) (02_<ﬁ(k)iL’(k)T@t))T<ﬁ(k)ﬂj'(k)ret> (C _<ﬂ(k) ﬂ(k)ret>)<ﬁ(k)7ﬁ(k)ret>> (k:)( )

T 2myc? (2 (@, akret))? * 32— (@®) @) (2 (@, awret))? T

<A?k)a(c2<ﬁ(k>,ﬁ(k)ad“>) (02_<,L—L'(k)7ﬂ(k)adu>)T<u(k)7u(k)adv> T(C <ﬁ(k) —'(k)adv>)<—>(k) '~<k)adv>> (k) (t)

T3(62_<ﬁ(k)’ﬁ(k)adv>)3 32— (@®) @®)) (2 (@) gkadv)) 2 T la
A?k)adv(CQT 7(@® @0 = (2r—r (@k) gRade)) 7 (G GRadv) (K)adv
+ ( 2 (k)adv7ﬁ(k)>)3 u

—
B G L A L A
(2 <u(k)7ﬁ(k)rct>)3

(k)adv u(k)'ret
_027'—7'< (k) a(Fadvy + C2T_T<§(k),ﬁ(k)ret>:| -
2 —(k) S(k)adv adv
. eiAk A%k)ret A% )ad'u qu) + A(k)a -7 u( ),’U,( ) >Ug€) d _
- 2myc? (2 - <a’(k)’a’(k)ret>)2 (2 — (a®), adv>)2 72 (2 - <ﬂ’(k)’ﬂ’(k)>>2 2
) A% =T <g(k:), g(k:)ret> et ) aPade _ g ret 7
(2 — (@®,aw)? 7 (2= (@, a®))
a2, AZy A2 B A A2 ) <ﬁ(k),ﬁ(k)adv> (u®), u(k)ret>u(k)_
2my.c? (¢ - <ﬁ(k)7ﬁ(k)>)2 72 (2 — <u(k)7ﬁ(k)>)2 72 (2 - <ﬁ(k),ﬁ(k)>)2 o
- u((xk)adv . u((yk)ret B
T (02 — <ﬁ(k),ﬁ(k)>)
A [ ull) oy @) —iWE 1)\ 1 a®(t+7)— il — )
mec? \ (2 — (@0, @®))? ’ 27 & (@™, a®) 5 :
In explicit form the radiation term becomes
(kyrad Ay, 0) (K &) (1) —ia®) (t—7)
G - _ﬂI;kC2 2— (@) (1)@ (¢ 2 <u( )(t)’ o7 >+
(2=(@® (t),a®) (1))
+71¢(1k)(t+7) <k)(t T) 1
27 (@™ (),a®) (1))
or
2 (k) 3
Gorad _ ¢ [ va () > uy B ()i, ) (1) + i P (1)

6. Conclusion

We have derived the system (4.1) of equations of motion describing the 3-body electrodynamics problem.

The radiation terms are obtained in Section 4. It turns out to be a nonlinear neutral system with delays
depending on unknown trajectories. The difficulties to investigate such systems we overcome in the next
paper by means of fixed point method. We define an operator whose fixed points are a periodic solution of
the above problem.
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