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Article Info Abstract

Keywords: Bicomplex numbers, Dual In the paper, we have considered the real and dual bicomplex numbers separately. Firstly,
numbers, Pell numbers we examine the dual numbers and investigate the characteristic properties of them. Then,
2010 AMS: 11Y55, 11B39, 11B37 we give the definition, feature and related concepts about bicomplex numbers. And we
Received: 11 April 2020 define the number of dual k— Pell bicomplex numbers that are not found for the first time
Accepted: 9 June 2020 in the literature and we examine the norm and conjugate properties of these numbers. We
Available online: 10 June 2020 give equations about conjugates and give also some important characteristic of these newly

defined numbers, and we write the recursive correlations of these numbers. Using these
relations we give some important identities such as Vajda’s, Honsberger’s and d’Ocagne
identities.

1. Introduction

The sequence k— Pell is defined as follows[1]:
{Pein}, oo ={0.1,2,44k, 844k, 16+ 12k + k>, ... 2P +kPin—2, ...} .

The elements of this set are satisfied the following relation:

Pep=2Pcp1+kPipo, kEZ", n>2

and the initial values are
Peo=0,P1 =1

In [2], Binet-like formula related to these numbers is given as

po (1+V1+k)"—(1—1+k)"
o 2V/1+k '

The characteristic equation that gives these numbers and the roots of this equation are as follows:

X —2—k=0, a+B=2,aBf =—ka—B =2V1+k.
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For more details on Pell sequence can be seen the references [3]. Bicomplex numbers is a 4— dimensional real vector space
and it is defined as follows.

BCZ{be] +boi+b3j+baij:by,by,b3,bs ER}.

Hence, any bicomplex number b consists of a real and three imaginary units. It should be noted that the multiplication of
bicomplex numbers is similar to multiplication of real quaternions. That is,
P=j==1if =1, ij=ji=k

It is noted that there are some differences between these two sets of numbers. According to this, we can list these as bicomplex
numbers are commutative and they have zero divisors and non-trivial idempotent elements. On the other hand the real
quaternions are non-commutative and don’t have zero divisors and non-trivial idempotent elements. Also, the commutative
property is satisfied for elements of the set BC.

In this work, we first investigate some properties of bicomplex numbers by examining the conjugates and norms. Then, we have
introduced a new set of bicomplex numbers with coefficient from Pell number sequence, and gave some fundamental properties
of this new set. Also, we gave some generalized identities such as Catalan’s identity, d’Ocagne’s identity, Honsberger formula,
that the elements of this set provided. Working the mathematical structure of quantum mechanics on the bicomplex number
field, there are many studies in this topic(see, [4]-[10]). n —th, k— Pell bicomplex number BP; , is as follows:

BPBiyw = Pin + 1Pt + jPin2 +jPny3-
That is the k— Pell bicomplex number sequence is
{BPcy}, oo =BPin:BPin=2BPiy_+kBPiy s, k€EZ", n>2.

Here BP g =i+2j+ (4+k)ijand BP,; = 1 +2i+ (4+k)j+ (8 +4k)ij.
Follows from that we have

BP,y = 2BP 1 +kBPio =2+ (4+k)i+ (8 +4k)j+ (16 + 12k +K*)ij.

So, we can write
BP; i1 = 2BPgP; , + kBPgPy 1

which is a useful equation.
2. Dual k— Pell bicomplex numbers

As known that the dual numbers are binary members or a member of the 2 parameter families of the complex numbers system,
called generalized complex numbers. Then, any dual number can be written as z = x + £y, where (x,y) € R? and ¢ is a nilpotent
number, also €2 =0 and € 2 0. Then, the dual numbers set is

D =R[e] = {z:x+£y: (x,y) €R* €*=0,¢ 3&0}
Now, for the numbers k € ZT, we define dual k— Pell number as follows:

Pk,n = Pk,n + £Pk3n+] .

Hence, we can define any element of the dual bicomplex sequence {BPk’n}n>0 as

BP, = BP+ €BPy 1.

Here BF; ,, is the n — th, k— Pell bicomplex number.

Theorem 2.1. The elements of dual bicomplex sequence {BP’%"}WO are satisfied the following relation:

BP., =2BPi,_ | +kBPep 2, n> 1.

Where the initial values ED/C\O and Iﬁ’; are follows.
B/H(\Q =BP.o+&BP and ﬁ’; =BP. | +€BP;,

respectively.
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Proof. For n =2, we have
BP;» =2BP.1 +kBPF;y.
From the following the fact we get

BP.i = BP.| +€BP5 and kBP.y = kBPo+keBP .

So, we write o -
ZBP](J + kBPk_’() = (ZBPkJ + kBPk,()) + E(ZBP]CJ + kBPkJ )

Follows from that, we have this:
2(BP,1 + €BP.5) + k(BPco + €BP, ) = 2BP, | +kBP,y = BP.
In here the initial values are
BPeo = (i+2j+ (44K)ij) + (1 +2i+ (4-+K) j+ (8+4k)ij)

and
BP i = 1+2i+ (4+k)j+ (8+4k)ij+e2+ (4+k)i+ (8+4k)j+ (16+ 12k +Kk)ij).

Furthermore, we can also write the number BP ,, differently as follows:

BPy = (Pin + Pyt + jPons2 +1jPent3) + €(Pent1 +iPens2 + jPonys +ijPinsa)-

Then, we get
BBy = Py +iPipi1 + jPipt2 +ijPeny3
where Fk\n is the n —th dual k— Pell number. O

Since, usually the absolute values and arguments of bicomplex numbers are defined for each conjugation it is important to
consider the conjugates of these numbers. Since there are four different units in this set, it means that four separate conjugates
will be defined. According to this, for the bicomplex number BP ,, we can define four different conjugates as follows:

—

B/Pk\,n = I/Jk\n - iP/k,H\l - jP/k,n+\2 —ijPiny3,
BPL = Pon— Py + JPena — P,
BPL = Bop Pyt — Bonra — P,
BP,” = Poy— By — jPna + P
Using this definition, we can give equations provided by conjugates. So, the following theorem is about them.

Theorem 2.2. For the numbers ﬁ’\kn the following equalities are satisfied:
BRo,+ BPL, — 2P0,

BPon+BPiy = 2(Pon+ Ppsa)-
BPkn+BPkn ! 2By + Ppr)-
BPk,n+BPk,n =2(Pen +lJPkn+3)
BPy +BPy’ = 2(Pip—ijPons)-
ﬁkn"w&n = 2(Bep— iPeni1)-
BR.,’ +BPkn ! 2By — [Pomra)-
BP.,+BPe, +BP., +BP., = 4P,
BPe, —BPy = ~2jPirna.

A ) —
BP,, —BP, " = —2kP; p43.

i /\] —_— R
BPsz _BPk,n = _z(lPk,nJrl _]Pk,n+2)'

i ——ij e
BPy —BPiy” =2j(Peni2—iPini3)-
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Proof. From the definition and properties of dual numbers the proofs can be easily seen. O

Now, using the definitions norm and conjugate we also give the following theorem.

Theorem 2.3. For the numbers B/f-’\kn the following equalities are satisfied:

o —

0 — /\2 /\2 /\2 /\2 ./\/\ ./\/—\ . ./\
i) Nr(BPin) = Pen +Pentt +Pinva —Bines +2(0Peni2Penss + jPons1Ponts — LPent 1Prnt2)- 2.1

2

—

o 22— 0~
ii) Nr(BPiy)' = Pepn +Penst —Pinsr —Pients +2j(PenPint2 — Pt 1Pens3)-

_—2 —

R S R —
iii) Nr(BPn) = Pen —Pontt +Pont2 —Pionts + 2i(PenPins1t — Pens2Pinss)-

2

o —

N e 22— — 2 o~
Vi) Nr(BP )" = Pepn +Pens1 +Pintz —Ponts +207(PenPrn+3s — Ponr1Preps2)-

Proof. As per the definition of norm, we write

-

i) Nr(BPin) = (BPy)(BPip) = (P + Pt + jPens2 +1jPns3) (Pen — iPops1 — jPens2 — 1jPins3)-

After some calculations, we get
— 2 2 2 2 o
Nr(BPiyp) = Pin +Pentt +Peni2 —Ponts +2(Pens2Pin+s + iPent1Pents — ijPoni1Pent2)-
In other cases, proof can be made in a similar way. O

Note here that the dual k— Pell bicomplex numbers with the negative indices can be given.

Corollary 2.4. Negative dual k— Pell bicomplex numbers ﬁ’;;:, are given as
(=)t {Pk,n —iPep—1+ jPein—2 —ijPen—3+€(—Pip_1 +iPin—2 — jPin—z+ iij,n—4)} .

Proof. From the equalities P_, = (—1)""!P, and Py = 0, we get
Peon=(=1)""P,
and writing negative of its instead of n in the equation
BBy = Py +iPepni1 + jPinr2 +ijPenys,

BP = (—1)"""Ppy+i(—1) P+ j(— 1) Prpn +ij(— 1) P

can be written. It follows from that
BP = (=1)""" (P = iPn-1 + jPin-2 = ijPen-3)-
On the other hand for dual of these numbers, by the aid of the equality
BPy = BPiy+ €BPy i1

we have -
BP, _,=BP _+€BP _pny1-

Hence, the term B/PI:I is as follows:
(=) NPy —iPip1+ jPin2— ijPen—3)+&(—1)" (Pen—1 — iPp—2+ jPin—3—ijPin—4)-
That is we have
BB = (=1)""" {Pen—iPen 1+ iPon2 = ijPen—3+ E(—Pen 1+ iPon2— jPin—3+ijPin-a)}

which is desired result. O
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Generating functions and their properties are a powerful tool for solving recurrences and combinatorial problems. Generally, a
generating function is a series of formal power containing the information of the inputs of a given sequence in its coefficients.
There are various generating functions according to usage and application areas.

In the following theorem, the generating function will be given for the dual k— Pell bicomplex sequence.
Theorem 2.5. The function that generates the elements of the sequence {ﬁ/m} o is
n>

_ BPio+(BP, —2BBoy)t

G(e) 1—2t—kt?

Here lﬁ’k\ﬁ cmd]j’k\,] are
i+2j+@+k)ij+(1+2i+ (4+k)j+ (8+4k)ij)
and

1420+ (4+k)j+ (844K)ij + €(24 (4+k)i+ (8+4k) j+ (16 + 12k +k2)ij).

Proof. The generating function of {ﬁk,,} . is as follows:
nz

glﬁ’;lt::G(t): Y BP
n=0

G(1) = BPeo+ BPe1t +BPat® +...+ BPyt" + ...
—ZIG(Z‘) = —Z(BP](7()Z‘ +BPk,1t2 +BPk72t3 +... +BPk7ntn —|—BPk’n+ll‘n+l .. ) s
—kt*G(t) = —k(BPi ot> + BP; 11> + BPot* + ... + BP yt" ! + BP ,t" 2 ...).

Using above equations, we write the following formula:
(1—2t — ki*)G(t) = BPco+ (BPiy — 2BP o).
Then, it follows that

BPeo+ (BPo —2BPeo ) 1
G) = 1—2t—kt?

that the desired generating function. Here BP, o and BF ; are

BPo=i+2j+(4+k)ij+e(l42i+ (4+Kk)j+ (8+4k)ij)

and
BP | =1+2i+(4+k)j+ (8+4k)ij+e2+ (4+k)i+ (8+4k)j+ (16+ 12k + k%)ij)
respectively. O
Theorem 2.6. Elements of the sequence {ﬁkn} o satisfy in the following formula:
n>

—  ao"—-pp"

o~ L¥ —FP”
where

o =1+ia+jo? +ija’ +e(o+ia® +jo’ +ija’)

and

B=—{(1+iB+jB*+iip’)+e(B+if>+jB>+ijB*)}.

Proof. The general solution of the characteristic equation of the sequence {BP;M} o is
n>

B, — A+ BB".
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The initial conditions B/PE and Ii‘; yields the following equations
BPo=A+B

and
BPk,l =Ax +Bﬂ

respectively. Solving these equations, we get

_ BR—PBPy ,_ aBPRy—BPg
- a_ﬁ ) - a—ﬁ .

So, we have the following formula for the sequence {B/P\kn} o
S s

ao — ﬁﬁn

BPk,n = o —

1 —_— —_— —_— —_—
=5 {(BP,{,1 — BBPeo)a + (aBP.y — BP )[3"} —

We also note that the remarkable fact the last formula can be rewritten as follows:
BPy y = BPy 1 Py + kBP0 Py n—1

or
BP , = BPk,ll/)k: +kBPy 0Py n—1-

Here, the values P ,, P n—1, BPy,1 and BF; o are known.

The relation given in the theorem above theorem is known as the Binet formula. Many identities related to all Fibonacci-like
integer sequences are obtained with the help of this formula.

Theorem 2.7. The Cassini’s identity for the sequence {ﬁk,,} o is follows:
n>

_— —2
BPiy 1BPiyi1 —BP,, = (—1)"afk"! (2.2)
where a3 is equal to this:

(14+k) {k* = 1=2i(1 —k) —2j(k+2) +8ij} —2e { (1 +k) —k*(1 + k) +2i(1 —k*) +2j(k* + 3k +2) +4ij(2+ k) } .
Proof. If we use the Binet formula for proof, then we get

B " o . Bp 2 1 n— n— n n n n
BPin-1BPss1 — BPin :m{(@x ' BB ) (! — BB — (o~ BBV}

— —2
BPk,n—lBPk,n+1 *BPk,n _ (aZaZn *QEO!"_IB”-H 7gﬁﬁn—lan+1 +E232n 7g2a2n+2gﬁanﬁn 7E2ﬁ2n)'

4(1+k)

If the required simplifications are made, then

_—  _— _—2 _
BPiy—1BPini1 —BP, = (—1)"apk""

is obtained. Thus, the proof is completed. O

Theorem 2.8. The Catalan’s identity for the sequence {Iﬁ’;} o is
nz

(_ 1 )n—1n+1kn—m

— —2
BPk,n+1nBPk,n—m - BPk,n = 4(1 — k)

gE{(x2m+ﬁZm72(7k)m} )
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Proof. From the Binet formula, we get the following equation.

Bfk,;mek;:m_ﬁ)\MZ _ ﬁ {(gan+m_Eﬁner)(ganfm_Eﬁnfm) _ (gan_éﬁn)Z} )

If necessary corrections are made,

(7 1 )n7m+1kn7m

— —2
BPk,n+mBPk,n7m - BPk,n = 4(1 — k)

gé{aZm_'_ﬁZm _2(_k)m} )

is obtained. Thus, the proof is completed.
Specially, in the Catalan identity, if we take m = 1 then we get the Cassini’s identity. O

Theorem 2.9. The Honsberger’s identity for the sequence {B/P\kn} o is
Y s

BEtn—1BPry+ BPnBPei1 = {@a (14 )+ BB (14 B7) — P (—k)" @ 4 B (1 k)

1
4(1+k)
Here,

=(1—-a?)(1—o*)+2ia(l—a*)+2ja*(1—a?) +4ijo’ +2ae { (1 — &) (1 — a*) +2io(1 — at) +2ja (1 — o) +4ijo’ ).

B*=(1-B*)(1-B*) +2iB(1-B*) +2jB*(1-B*) +4ijB> +2Be { (1 - *)(1 - B*) +2ip (1 - B*) +2jB*(1 - B*) +4ijB’} .

Proof. Let us use the Binet formula. Then

By BB+ B BP 1 = o { (e = BB (@~ BY) + (ear” — BB™) (e — ™)}
1

_4(1+k) (aZ n+m—1 J;(Xm lﬁn gﬁa"ﬁ’"‘l+E2B"+m_l+g2a"+’”+1—Qﬁa”’ﬁ”l—gﬁﬁma”+l+ﬁzﬁ”+’”+l)

can be written. When the necessary actions are performed, we get the following equation.

:4(11_~_k) {(gza’”m’l(l+a2)+E2ﬁ"+’"’1(1—i—B ) Otﬁ( ) ( o m+l+ﬁn m+1)(1_k)}.

Thus, the proof is completed. O
Theorem 2.10. The d’Ocagne identity for the sequence {B/PE} - is
n>
np RD . Bp np —a E m( pn—m+1 n—m+1 n/pm—n+l1 m—n+1
BB nBPin i1 = BPenBPon 1 = gy LR (B 4 ) = ()" (B + o)

Proof. Binet formula can be used to prove the proof. So,
BPi inBPipv1 — BPt nBP 11
is equal to this:

( 1—|—k) {( B‘Bm)( n+17E‘Bn+1)7(ganiﬁﬁn)(gam+l7Eﬁm+l)}'

When the necessary arrangements are performed, we get

— — —Q,
BPk,mBPk,n+1 _BPk,nBPk,m+1 = m {amﬁn+l +Brna11+1 _ anﬁm+1 —ﬁ”am“}.

Thus, we get the desired result. That is,

—(Xﬁ) {(7k>m(ﬁn—m+l + an—m+1) _ (7k)n(ﬁm—n+1 + am—n+1)} )

BPuBPiny1 — BP nBPi i1 = m
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Theorem 2.11. For the positive integers n, i, j, Vajda’s identity related with the sequence {L?Pk\n} o is follows:
L

(_l)n+1kn {

BP; y+iBP pvj — BP nBP pyiyj = FEDE

aB(B/ o) ~B') |

Proof. Let us use the Binet formula for the proof. The desired this value, that is
BPn+iBPintj — BP nBPntit j

is follows:

ﬁ {(@ = By (o™ — B) — (o — ) (" — Bt}

When the necessary algebraic operations are performed, we get

—af o . . o .
— OC"H n+j + n+1an+] —a" n+i+j _ nan+l+] .
Ao BT B B B }

From here, we get
(_ 1)n+1kn
4(1+k) {
which is desired. O

BPy 1 +iBPc iy j — BPnBPyy iy j =

aB(B’ - ol)(o' B }.

3. Conclusion

In this study, we examine the dual numbers and give them the characteristics of these numbers. Also, we give the definition
and related concepts about bicomplex numbers. Moreover, we define the number of dual k— Pell bicomplex numbers which
are not found for the first time in the literature and we examined the norm and conjugate properties of these numbers. We
have given some important characteristics of these newly defined numbers, and we have obtain the recursive relations of these
numbers. Using obtained relations one can investigate the other important identities.
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