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Abstract

In the paper, we have considered the real and dual bicomplex numbers separately. Firstly,
we examine the dual numbers and investigate the characteristic properties of them. Then,
we give the definition, feature and related concepts about bicomplex numbers. And we
define the number of dual k− Pell bicomplex numbers that are not found for the first time
in the literature and we examine the norm and conjugate properties of these numbers. We
give equations about conjugates and give also some important characteristic of these newly
defined numbers, and we write the recursive correlations of these numbers. Using these
relations we give some important identities such as Vajda’s, Honsberger’s and d’Ocagne
identities.

1. Introduction

The sequence k− Pell is defined as follows[1]:

{
Pk,n
}

n≥0 =
{

0,1,2,4+ k,8+4k,16+12k+ k2, ... ,2Pk,n−1 + kPk,n−2, ...
}
.

The elements of this set are satisfied the following relation:

Pk,n = 2Pk,n−1 + kPk,n−2, k ∈ Z+, n≥ 2

and the initial values are
Pk,0 = 0,Pk,1 = 1.

In [2], Binet-like formula related to these numbers is given as

Pk,n =
(1+
√

1+ k)
n− (1−

√
1+ k)

n

2
√

1+ k
.

The characteristic equation that gives these numbers and the roots of this equation are as follows:

x2−2x− k = 0, α +β = 2,αβ =−k,α−β = 2
√

1+ k.
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For more details on Pell sequence can be seen the references [3]. Bicomplex numbers is a 4− dimensional real vector space
and it is defined as follows.

BC = {b = b1 +b2i+b3 j+b4i j : b1,b2,b3,b4 ∈ R} .

Hence, any bicomplex number b consists of a real and three imaginary units. It should be noted that the multiplication of
bicomplex numbers is similar to multiplication of real quaternions. That is,

i2 = j2 =−1, i j2 = 1, i j = ji = k.

It is noted that there are some differences between these two sets of numbers. According to this, we can list these as bicomplex
numbers are commutative and they have zero divisors and non-trivial idempotent elements. On the other hand the real
quaternions are non-commutative and don’t have zero divisors and non-trivial idempotent elements. Also, the commutative
property is satisfied for elements of the set BC.
In this work, we first investigate some properties of bicomplex numbers by examining the conjugates and norms. Then, we have
introduced a new set of bicomplex numbers with coefficient from Pell number sequence, and gave some fundamental properties
of this new set. Also, we gave some generalized identities such as Catalan’s identity, d’Ocagne’s identity, Honsberger formula,
that the elements of this set provided. Working the mathematical structure of quantum mechanics on the bicomplex number
field, there are many studies in this topic(see, [4]-[10]). n− th, k− Pell bicomplex number BPk,n is as follows:

BPk,n = Pk,n + iPk,n+1 + jPk,n+2 + i jPk,n+3.

That is the k− Pell bicomplex number sequence is{
BPk,n

}
n≥0 = BPk,n : BPk,n = 2BPk,n−1 + kBPk,n−2, k ∈ Z+, n≥ 2.

Here BPk,0 = i+2 j+(4+ k)i j and BPk,1 = 1+2i+(4+ k) j+(8+4k)i j.
Follows from that we have

BPk,2 = 2BPk,1 + kBPk,0 = 2+(4+ k)i+(8+4k) j+(16+12k+ k2)i j.

So, we can write
BPk,n+1 = 2BPBPk,n + kBPBPk,n−1

which is a useful equation.

2. Dual k− Pell bicomplex numbers

As known that the dual numbers are binary members or a member of the 2 parameter families of the complex numbers system,
called generalized complex numbers. Then, any dual number can be written as z = x+εy, where (x,y) ∈ R2 and ε is a nilpotent
number, also ε2 = 0 and ε 6= 0. Then, the dual numbers set is

D = R[ε] =
{

z = x+ εy : (x,y) ∈ R2, ε
2 = 0,ε 6= 0

}
.

Now, for the numbers k ∈ Z+, we define dual k− Pell number as follows:

P̂k,n = Pk,n + εPk,n+1.

Hence, we can define any element of the dual bicomplex sequence
{̂

BPk,n
}

n≥0 as

B̂Pk,n = BPk,n + εBPk,n+1.

Here BPk,n is the n− th, k− Pell bicomplex number.

Theorem 2.1. The elements of dual bicomplex sequence
{̂

BPk,n
}

n≥0 are satisfied the following relation:

B̂Pk,n = 2B̂Pk,n−1 + kB̂Pk,n−2, n≥ 1.

Where the initial values B̂Pk,0 and B̂Pk,1 are follows.

B̂Pk,0 = BPk,0 + εBPk,1 and B̂Pk,1 = BPk,1 + εBPk,2,

respectively.



88 Fundamental Journal of Mathematics and Applications

Proof. For n = 2, we have
B̂Pk,2 = 2B̂Pk,1 + kB̂Pk,0.

From the following the fact we get

B̂Pk,1 = BPk,1 + εBPk,2 and kB̂Pk,0 = kBPk,0 + kεBPk,1.

So, we write
2B̂Pk,1 + kB̂Pk,0 = (2BPk,1 + kBPk,0)+ ε(2BPk,2 + kBPk,1).

Follows from that, we have this:

2(BPk,1 + εBPk,2)+ k(BPk,0 + εBPk,1) = 2B̂Pk,1 + kB̂Pk,0 = B̂Pk,2.

In here the initial values are

B̂Pk,0 = (i+2 j+(4+ k)i j)+ ε(1+2i+(4+ k) j+(8+4k)i j)

and
B̂Pk,1 = 1+2i+(4+ k) j+(8+4k)i j+ ε(2+(4+ k)i+(8+4k) j+(16+12k+ k2)i j).

Furthermore, we can also write the number B̂Pk,n differently as follows:

B̂Pk,n = (Pk,n + iPk,n+1 + jPk,n+2 + i jPk,n+3)+ ε(Pk,n+1 + iPk,n+2 + jPk,n+3 + i jPk,n+4).

Then, we get
B̂Pk,n = P̂k,n + iP̂k,n+1 + jP̂k,n+2 + i jP̂k,n+3

where P̂k,n is the n− th dual k− Pell number.

Since, usually the absolute values and arguments of bicomplex numbers are defined for each conjugation it is important to
consider the conjugates of these numbers. Since there are four different units in this set, it means that four separate conjugates
will be defined. According to this, for the bicomplex number B̂Pk,n, we can define four different conjugates as follows:

B̂Pk,n = P̂k,n− iP̂k,n+1− jP̂k,n+2− i jP̂k,n+3,

B̂Pk,n
i
= P̂k,n− iP̂k,n+1 + jP̂k,n+2− i jP̂k,n+3,

B̂Pk,n
j
= P̂k,n + iP̂k,n+1− jP̂k,n+2− i jP̂k,n+3,

B̂Pk,n
i j
= P̂k,n− iP̂k,n+1− jP̂k,n+2 + i jP̂k,n+3.

Using this definition, we can give equations provided by conjugates. So, the following theorem is about them.

Theorem 2.2. For the numbers B̂Pk,n the following equalities are satisfied:

B̂Pk,n +
¯̂BPk,n = 2P̂k,n.

B̂Pk,n + B̂Pk,n
i
= 2(P̂k,n + jP̂k,n+2).

B̂Pk,n + B̂Pk,n
j
= 2(P̂k,n + iP̂k,n+1).

B̂Pk,n + B̂Pk,n
i j
= 2(P̂k,n + i jP̂k,n+3).

B̂Pk,n
i
+ B̂Pk,n

j
= 2(P̂k,n− i jP̂k,n+3).

B̂Pk,n
i
+ B̂Pk,n

i j
= 2(P̂k,n− iP̂k,n+1).

B̂Pk,n
j
+ B̂Pk,n

i j
= 2(P̂k,n− jP̂k,n+2).

B̂Pk,n + B̂Pk,n
i
+ B̂Pk,n

j
+ B̂Pk,n

i j
= 4P̂k,n.

B̂Pk,n− B̂Pk,n
i
=−2 jP̂k,n+2.

¯̂BPk,n− B̂Pk,n
i j
=−2kP̂k,n+3.

B̂Pk,n
i
− B̂Pk,n

j
=−2(iP̂k,n+1− jP̂k,n+2).

B̂Pk,n
i
− B̂Pk,n

i j
= 2 j(P̂k,n+2− iP̂k,n+3).
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Proof. From the definition and properties of dual numbers the proofs can be easily seen.

Now, using the definitions norm and conjugate we also give the following theorem.

Theorem 2.3. For the numbers B̂Pk,n the following equalities are satisfied:

i) Nr(B̂Pk,n) = P̂k,n
2
+ P̂k,n+1

2
+ P̂k,n+2

2
− P̂k,n+3

2
+2(iP̂k,n+2P̂k,n+3 + jP̂k,n+1P̂k,n+3− i jP̂k,n+1P̂k,n+2). (2.1)

ii) Nr(B̂Pk,n)
i = P̂k,n

2
+ P̂k,n+1

2
− P̂k,n+2

2
− P̂k,n+3

2
+2 j(P̂k,nP̂k,n+2− P̂k,n+1P̂k,n+3).

iii) Nr(B̂Pk,n)
j = P̂k,n

2
− P̂k,n+1

2
+ P̂k,n+2

2
− P̂k,n+3

2
+2i(P̂k,nP̂k,n+1− P̂k,n+2P̂k,n+3).

vi) Nr(B̂Pk,n)
i j = P̂k,n

2
+ P̂k,n+1

2
+ P̂k,n+2

2
− P̂k,n+3

2
+2i j(P̂k,nP̂k,n+3− P̂k,n+1P̂k,n+2).

Proof. As per the definition of norm, we write

i) Nr(B̂Pk,n) = (B̂Pk,n)(
¯̂BPk,n) = (P̂k,n + iP̂k,n+1 + jP̂k,n+2 + i jP̂k,n+3)(P̂k,n− iP̂k,n+1− jP̂k,n+2− i jP̂k,n+3).

After some calculations, we get

Nr(B̂Pk,n) = P̂k,n
2
+ P̂k,n+1

2
+ P̂k,n+2

2
− P̂k,n+3

2
+2(iP̂k,n+2P̂k,n+3 + jP̂k,n+1P̂k,n+3− i jP̂k,n+1P̂k,n+2).

In other cases, proof can be made in a similar way.

Note here that the dual k− Pell bicomplex numbers with the negative indices can be given.

Corollary 2.4. Negative dual k− Pell bicomplex numbers B̂Pk,−n are given as

(−1)n−1{Pk,n− iPk,n−1 + jPk,n−2− i jPk,n−3 + ε(−Pk,n−1 + iPk,n−2− jPk,n−3 + i jPk,n−4)
}
.

Proof. From the equalities P−n = (−1)n−1Pn and P0 = 0, we get

Pk,−n = (−1)n−1Pk,n

and writing negative of its instead of n in the equation

BPk,n = Pk,n + iPk,n+1 + jPk,n+2 + i jPk,n+3,

BPk,−n = (−1)n−1Pk,n + i(−1)nPk,n−1 + j(−1)n+1Pk,n−2 + i j(−1)n+2Pk,n−3

can be written. It follows from that

BPk,−n = (−1)n−1(Pk,n− iPk,n−1 + jPk,n−2− i jPk,n−3).

On the other hand for dual of these numbers, by the aid of the equality

B̂Pk,n = BPk,n + εBPk,n+1

we have
B̂Pk,−n = BPk,−n + εBPk,−n+1.

Hence, the term B̂Pk,−n is as follows:

(−1)n−1(Pk,n− iPk,n−1 + jPk,n−2− i jPk,n−3)+ ε(−1)n(Pk,n−1− iPk,n−2 + jPk,n−3− i jPk,n−4).

That is we have

B̂Pk,−n = (−1)n−1{Pk,n− iPk,n−1 + jPk,n−2− i jPk,n−3 + ε(−Pk,n−1 + iPk,n−2− jPk,n−3 + i jPk,n−4)
}

which is desired result.
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Generating functions and their properties are a powerful tool for solving recurrences and combinatorial problems. Generally, a
generating function is a series of formal power containing the information of the inputs of a given sequence in its coefficients.
There are various generating functions according to usage and application areas.

In the following theorem, the generating function will be given for the dual k− Pell bicomplex sequence.

Theorem 2.5. The function that generates the elements of the sequence
{

B̂Pk,n

}
n≥0

is

G(t) =
B̂Pk,0 +(B̂Pk,1−2B̂Pk,0

)
t

1−2t− kt2 .

Here B̂Pk,0 and B̂Pk,1 are

i+2 j+(4+ k)i j+(1+2i+(4+ k) j+(8+4k)i j)

and
1+2i+(4+ k) j+(8+4k)i j+ ε(2+(4+ k)i+(8+4k) j+(16+12k+ k2)i j).

Proof. The generating function of
{

B̂Pk,n

}
n≥0

is as follows:

g
B̂Pk,nt==G(t)=

∞

∑
n=0

B̂Pk,ntn
,

G(t) = B̂Pk,0 + B̂Pk,1t + B̂Pk,2t2 + . . .+ B̂Pk,ntn + . . . ,

−2tG(t) =−2(B̂Pk,0t + B̂Pk,1t2 + B̂Pk,2t3 + . . .+ B̂Pk,ntn + B̂Pk,n+1tn+1 . . .) ,

−kt2G(t) =−k(B̂Pk,0t2 + B̂Pk,1t3 + B̂Pk,2t4 + . . .+ B̂Pk,ntn+1 + B̂Pk,ntn+2 . . .) .

Using above equations, we write the following formula:

(1−2t− kt2)G(t) = B̂Pk,0 +(B̂Pk,1−2B̂Pk,0)t.

Then, it follows that

G(t) =
B̂Pk,0 +

(
B̂Pk,1−2B̂Pk,0

)
t

1−2t− kt2

that the desired generating function. Here B̂Pk,0 and B̂Pk,1 are

B̂Pk,0 = i+2 j+(4+ k)i j+ ε(1+2i+(4+ k) j+(8+4k)i j)

and
B̂Pk,1 = 1+2i+(4+ k) j+(8+4k)i j+ ε(2+(4+ k)i+(8+4k) j+(16+12k+ k2)i j)

respectively.

Theorem 2.6. Elements of the sequence
{

B̂Pk,n

}
n≥0

satisfy in the following formula:

B̂Pk,n =
ααn−ββ n

α−β

where
α = 1+ iα + jα2 + ijα3 + ε(α + iα2 + jα3 + ijα4)

and
β =−

{
(1+ iβ + jβ 2 + ijβ 3)+ ε(β + iβ 2 + jβ 3 + ijβ 4)

}
.

Proof. The general solution of the characteristic equation of the sequence
{

B̂Pk,n

}
n≥0

is

B̂Pk,n = Aα
n +Bβ

n.
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The initial conditions B̂Pk,0 and B̂Pk,1 yields the following equations

B̂Pk,0 = A+B

and
B̂Pk,1 = Aα +Bβ

respectively. Solving these equations, we get

A =
B̂Pk,1−β B̂Pk,0

α−β
, B =

αB̂Pk,0− B̂Pk,1

α−β
.

So, we have the following formula for the sequence
{

B̂Pk,n

}
n≥0

:

B̂Pk,n =
1

α−β

{
(B̂Pk,1−β B̂Pk,0)α

n +(αB̂Pk,0− B̂Pk,1)β
n
}
=

ααn−ββ n

α−β
.

We also note that the remarkable fact the last formula can be rewritten as follows:

B̂Pk,n = B̂Pk,1Pk,n + kB̂Pk,0Pk,n−1

or
B̂Pk,n = BPk,1P̂k,n + kBPk,0P̂k,n−1.

Here, the values Pk,n, Pk,n−1, BPk,1 and BPk,0 are known.

The relation given in the theorem above theorem is known as the Binet formula. Many identities related to all Fibonacci-like
integer sequences are obtained with the help of this formula.

Theorem 2.7. The Cassini’s identity for the sequence
{

B̂Pk,n

}
n≥0

is follows:

B̂Pk,n−1B̂Pk,n+1− B̂Pk,n
2
= (−1)n

αβkn−1 (2.2)

where αβ is equal to this:

(1+ k)
{

k2−1−2i(1− k)−2 j(k+2)+8i j
}
−2ε

{
(1+ k)− k2(1+ k)+2i(1− k2)+2 j(k2 +3k+2)+4i j(2+ k)

}
.

Proof. If we use the Binet formula for proof, then we get

B̂Pk,n−1B̂Pk,n+1− B̂Pk,n
2
=

1
4(1+ k)

{
(αα

n−1−ββ
n−1)(αα

n+1−ββ
n+1)− (αα

n−ββ
n)2
}
.

B̂Pk,n−1B̂Pk,n+1− B̂Pk,n
2
=

1
4(1+ k)

(α2
α

2n−αβα
n−1

β
n+1−αββ

n−1
α

n+1 +β
2
β

2n−α
2
α

2n +2αβα
n
β

n−β
2
β

2n).

If the required simplifications are made, then

B̂Pk,n−1B̂Pk,n+1− B̂Pk,n
2
= (−1)n

αβkn−1

is obtained. Thus, the proof is completed.

Theorem 2.8. The Catalan’s identity for the sequence
{

B̂Pk,n

}
n≥0

is

B̂Pk,n+mB̂Pk,n−m− B̂Pk,n
2
=

(−1)n−m+1kn−m

4(1− k)
αβ
{

α
2m +β

2m−2(−k)m} .
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Proof. From the Binet formula, we get the following equation.

B̂Pk,n+mB̂Pk,n−m− B̂Pk,n
2
=

1
4(1+ k)

{
(αα

n+m−ββ
n+m)(αα

n−m−ββ
n−m)− (αα

n−ββ
n)2
}
.

If necessary corrections are made,

B̂Pk,n+mB̂Pk,n−m− B̂Pk,n
2
=

(−1)n−m+1kn−m

4(1− k)
αβ
{

α
2m +β

2m−2(−k)m} .
is obtained. Thus, the proof is completed.
Specially, in the Catalan identity, if we take m = 1 then we get the Cassini’s identity.

Theorem 2.9. The Honsberger’s identity for the sequence
{

B̂Pk,n

}
n≥0

is

B̂Pk,m−1B̂Pk,n+B̂Pk,mB̂Pk,n+1 =
1

4(1+ k)

{
α

2
α

n+m−1(1+α
2)+β

2
β

n+m−1(1+β
2)−αβ (−k)m−1

α
n−m+1 +β

n−m+1)(1− k)
}
.

Here,

α
2 =(1−α

2)(1−α
4)+2iα(1−α

4)+2 jα2(1−α
2)+4i jα3+2αε

{
(1−α

2)(1−α
4)+2iα(1−α

4)+2 jα2(1−α
2)+4i jα3} .

β
2 =(1−β

2)(1−β
4)+2iβ (1−β

4)+2 jβ 2(1−β
2)+4i jβ 3+2βε

{
(1−β

2)(1−β
4)+2iβ (1−β

4)+2 jβ 2(1−β
2)+4i jβ 3} .

Proof. Let us use the Binet formula. Then

B̂Pk,m−1B̂Pk,n + B̂Pk,mB̂Pk,n+1 =
1

4(1+ k)

{
(αα

m−1−ββ
m−1)(αα

n−ββ
n)+(αα

m−ββ
m)(αα

n+1−ββ
n+1)

}
.

=
1

4(1+ k)
(α2

α
n+m−1−αβα

m−1
β

n−αβα
n
β

m−1 +β
2
β

n+m−1 +α
2
α

n+m+1−αβα
m

β
n+1−αββ

m
α

n+1 +β
2
β

n+m+1)

can be written. When the necessary actions are performed, we get the following equation.

=
1

4(1+ k)

{
(α2

α
n+m−1(1+α

2)+β
2
β

n+m−1(1+β
2)−αβ (−k)m−1(αn−m+1 +β

n−m+1)(1− k)
}
.

Thus, the proof is completed.

Theorem 2.10. The d’Ocagne identity for the sequence
{

B̂Pk,n

}
n≥0

is

B̂Pk,mB̂Pk,n+1− B̂Pk,nB̂Pk,m+1 =
−α β

4(1+ k)

{
(−k)m(β n−m+1 +α

n−m+1)− (−k)n(β m−n+1 +α
m−n+1)

}
.

Proof. Binet formula can be used to prove the proof. So,

B̂Pk,mB̂Pk,n+1− B̂Pk,nB̂Pk,m+1

is equal to this:
1

4(1+ k)

{
(αα

m−ββ
m)(αα

n+1−ββ
n+1)− (αα

n−ββ
n)(αα

m+1−ββ
m+1)

}
.

When the necessary arrangements are performed, we get

B̂Pk,mB̂Pk,n+1− B̂Pk,nB̂Pk,m+1 =
−αβ

4(1+ k)

{
α

m
β

n+1 +β
m

α
n+1−α

n
β

m+1−β
n
α

m+1} .
Thus, we get the desired result. That is,

B̂Pk,mB̂Pk,n+1− B̂Pk,nB̂Pk,m+1 =
−αβ

4(1+ k)

{
(−k)m(β n−m+1 +α

n−m+1)− (−k)n(β m−n+1 +α
m−n+1)

}
.
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Theorem 2.11. For the positive integers n, i, j, Vajda’s identity related with the sequence
{

B̂Pk,n

}
n≥0

is follows:

B̂Pk,n+iB̂Pk,n+ j− B̂Pk,n ̂BPk,n+i+ j =
(−1)n+1kn

4(1+ k)

{
αβ (β j−α

j)(α i−β
i)
}
.

Proof. Let us use the Binet formula for the proof. The desired this value, that is

B̂Pk,n+iB̂Pk,n+ j− B̂Pk,n ̂BPk,n+i+ j

is follows:

1
4(1+ k)

{
(αn+i−β

n+i)(αn+ j−β
n+ j)− (αn−β

n)(αn+i+ j−β
n+i+ j)

}
.

When the necessary algebraic operations are performed, we get

−αβ

4(1+ k)

{
α

n+i
β

n+ j +β
n+i

α
n+ j−α

n
β

n+i+ j−β
n
α

n+i+ j} .
From here, we get

B̂Pk,n+iB̂Pk,n+ j− B̂Pk,n ̂BPk,n+i+ j =
(−1)n+1kn

4(1+ k)

{
αβ (β j−α

j)(α i−β
i)
}
.

which is desired.

3. Conclusion

In this study, we examine the dual numbers and give them the characteristics of these numbers. Also, we give the definition
and related concepts about bicomplex numbers. Moreover, we define the number of dual k− Pell bicomplex numbers which
are not found for the first time in the literature and we examined the norm and conjugate properties of these numbers. We
have given some important characteristics of these newly defined numbers, and we have obtain the recursive relations of these
numbers. Using obtained relations one can investigate the other important identities.
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