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Abstract 

In this article, we theoretically investigate the electronic band structure of monolayer graphene in the presence of 

trigonal warping and photo-induced effects. The total Hamiltonian of the system has been written and the optical 

absorption of circularly polarized light for the high frequency regime have been modelled by the Haldane 

interaction. The relation between trigonal warp aspects and optical absorption of circularly polarized light has been 
overviewed through the model. Additionally, theoretically analyzed the versatile electronic properties of trigonal 

warped-graphene under circularly polarized light. We have concluded that photo-induced effect which induced 

circularly polarized light leads to the opening of energy gap between valance and conduction bands while raises 

electron-hole asymmetry in the system.  
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Üçgensel Eğrilikli Grafende Dairesel Polarize Işık 
 

 

Öz 

Bu makalede tek tabakalı grafenin elektronik bant yapısını üçgensel eğrilik ve foto-kaynaklı etkiler varlığında 

teorik olarak araştırdık. Sistemin toplam Hamiltoniyeni yazılmış ve yüksek frekans rejimi için dairesel polarize 

ışığın optik absorpsiyonu Haldane etkileşimi ile modellenmiştir. Üçgensel eğrilik bakış açısı ile dairesel polarize 

ışığın optik absorpsiyonu arasındaki ilişki model üzerinden genel olarak incelenmiştir. Ayrıca, dairesel polarize 

ışık altındaki üçgensel eğrilikli grafenin çok yönlü elektronik özelliklerini teorik analiz edildi. Dairesel polarize 

ışığı indükleyen foto-kaynaklı etkinin, sistemde elektron boşluk asimetrisi üretirken, valance ve iletken bantlar 

arasında enerji boşluğunun açılmasına yol açtığı sonucuna varıldı. 

 

Anahtar kelimeler: Dairesel Polarize Işık, Grafen, Üçgensel Eğrilik. 

 
1. Introduction 

 

Graphene is a one-atom-thick layer of carbon atoms which is forming a two-dimensional honeycomb 
lattice. The structure has a variety of unusual electronic properties. For a long time graphene has been 

considered as a theoretically but later on it became an attractive research area by the experimental 

fabrication of the structure. Pristine graphene has low energy excitations which are defined by a two 

dimensional massless Dirac equation [1-4] and its charge carriers have low energy spectrum. The charge 
carriers have a conical band structure and preserve the valley degeneracy. In this material, iso-energetic 

band dispersion has circular forms [5] but in the presence of trigonal distorsion, iso-energetic band 

dispersion is modified. The circular forms tend to be trigonal forms due to the lattice symmetry and 

changed the topology of low energy bands at the 𝐾 and 𝐾′ valley points in the Brillouin zone of 

graphene. This phenomenon is called as a trigonal warping (TW) (or distorsion) effect. This feature 

cause a noticeable results on low energy properties of the graphene, e.g. modifies nature of the 

conductivity near the Dirac points of graphene and its transport characteristic which has been 
investigated experimentally [6] and many aspects of theoretically [7-9]. Trigonal warping, also 

drastically changes the minimal conductivity value that is predicted to be 𝜎 ≅ 12𝑒2 𝜋2ℏ⁄  in the presence 
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of bilayer graphene [10]. For an all-inclusive investigation of the transport properties of monolayer 

graphene and bilayers, see [11,12]. In 1988 Haldane [13] introduced a model which exhibited striking 

properties on the graphene. The effects of photo-irradiation induced by Haldane interaction is quite 
interesting [14,15]. This interaction corresponds to the integer quantum Hall(IQH) effect [16] because 

it has two bands separated by two fold given potential [17,18]. The potential represented by the mass 

term which is related to the parity anomaly substantiation in (2+1) dimensional relativistic field theory. 
Haldane's model can be implemented by realization a periodic magnetic field but which has no net 

magnetic flux per unit cell and in this model spins violate of time reversal (TR) symmetry which is equal 

to the model for spinless electrons. Hence, IQH effect can be generalized to cases without an applied 

magnetic field by a TR symmetry breaking term in the Hamiltonian and this exemplify the Chern 
insulators and which give rise to an opposite sign at points of K' and K. To the best of our knowledge 

there has not been an informant on the circularly polarized light on the trigonal distorted monolayer 

graphene, yet. In this paper, we have performed analytical study on the Landau level structure of the 
monolayer graphene to figure out circularly polarized light effect on the trigonal distorted graphene. In 

particular, we have focused on the analysis with the existence of both effects (the gap opening term 

Haldane interaction and trigonal warping term) and we have presented how to modify the Landau levels 
and Fermi lines topology of the graphene.  

 

2. Material ve Methods 

 
In a graphene, Fermi surface comprises two points. The point states are labelled by the direction of a 

wave vector 𝐾 and a unit cell contains two carbon atoms identified as A and B. Dirac equation for the 

effective low-energy quasi-particle states in the presence of trigonal warping and photo-induced effect, 
in the vicinity of the K-point of the Brillouin zone, can be written as, 

 

𝐻 = (
∆𝜏 𝐻1 + 𝐻2

−𝐻1
† + 𝐻2

† −∆𝜏 ).                                                                                                              (1) 

The effective Hamiltonian is given by Eq.(1), where  represents the electronic part, can be given by 

𝐻1 = 𝛾(𝑘𝑥 − 𝑖𝑘𝑦)                                                                                                                                  (2) 

 

where 𝛾 = ℏ𝑣𝐹  is the band parameter and 𝑘  is the wave vector. This Hamiltonian contains two different 

kind of bands, the 𝜎 and 𝜋 bands. Mechanical properties of graphene are formed by the σ bands while 

unique electronic properties are formed by the π bands which are created by the  π bonds between the 

out-of-plane 𝑝𝑧-orbitals.  𝜋 bands has cone-like dispersion relation are described by the Dirac-type 2 ×
2 Hamiltonian in the vicinity of the inequivalent points, i.e., 𝐾′ and 𝐾 valleys. The spectrum of this 

Hamiltonian 𝜀 = 𝜎ℏ𝑣𝐹𝑘. 𝐻2 term introducing a trigonal distorsion known as trigonal warping which 

breaks the isotropy of dispersion relation at low energy and this can be also important since it changes 

the topology of the energy bands close to the Dirac point. 

 

𝑯𝟐 = 𝜸�̅� 𝐞𝐱𝐩 (𝟑𝒊𝜼)(𝒌𝒙 + 𝒊𝒌𝒚)𝟐                                                                                                             (3) 

  

 Here �̅� is described as �̅� = 𝛽𝑎𝑐𝑐 4ℏ⁄  and here, 𝑎𝑐𝑐 is the lattice constant of graphene. 𝛽 is a 

constant of the unity order, which can be ensured by a tight binding model[19], the values of 𝛽  is 1. For 

𝛽 = 0 there is no trigonal warping. This parameter have been also evaluated in metallic carbon 

nanotubes[20]. According to theoretical and experimental data, it is clearly known that band dispersion 

of graphene and carbon nanotubes show similarity [21]. 𝜂 represents the chiral angle that specifies the 

material. If  𝜂 = 0 is selected, graphene can be described as a zigzag graphene, while 𝜂 = 𝜋 6⁄   is 

selected, graphene can be described as an armchair graphene. Photo-irradiation effect is included 

circularly polarized light and modeled Haldane potential, we have to take into account the edge states. 

But in this situation effective-energy term characterizing the impacts of circularly polarized light, which 

renormalized the mass of the Dirac fermions can be described as Δ = (ℏ𝑣𝐹)2𝐴2 ℏΩ⁄ . Where 𝐴 is the 

defining the intensity of light with frequency Ω = 3500 𝑇𝐻𝑧 [22].  
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Δ
𝜏 = 𝜏Δ                                                                                                                                                  (4) 

 

here, 𝜏 is the valley index which acts differently on the inequivalent K and K′ points. Additionally, it 

also depends on the application direction of the light. If circular polarization applied on structure, the 

band gap is reduced in K′ valley and increased in the K valley while for other-side application of circular 

polarization, the result can be reversed. The normalized eigenvector of the system in K valley can 

obtained as, 

 

Ψ𝐾 =
1

√2𝐸𝐾(𝐸𝐾+∆)
  (

∆ + 𝐸𝜈
𝐾

𝛾𝑘+ + 𝛾𝛽 ̅𝑒𝑥𝑝(−3𝑖𝜂)𝑘−
2 )                                                                                    (5) 

 
 The energy bands defined by the application of ℋΨ = 𝐸Ψ eigenvalue equation and analytically 

calculated eigenvalue result can be obtained as,  

 

𝐸𝐾(𝒌) = √∆2 + 𝛾2𝑘2 + 𝛾2�̅�2𝑘4 + 2𝛾2�̅�𝑘3𝐶𝑜𝑠3[𝜂 + 𝜃]        
                                                                                                                                                                (6) 

𝐸𝜈
𝐾(𝒌) = 𝜈𝐸𝐾(𝒌) 

 
here 𝜈 is the band index, Eq.(6) is the band dispersion, i.e., energy eigenvalues of the system. The band 

dispersion of K′ can be easily obtained by just rotating 𝜃 by amount of 𝜋/3 and the 𝑘 ∙ 𝑝  equation for 

K′ point can be obtained by the replacement of 𝐻1 with −𝐻1
†
and 𝐻2 with −𝐻2

†
. Haldane term ∆𝜏 have 

must replace with −∆𝜏. So this means that the consideration only one of the Dirac valley is enough to 

evaluate the energy band dispersion relation of graphene in the presence of both Haldane interaction and 
trigonal warp effects. Circularly polarized light have been exemplified for germanene and its band 

structure have been  analyzed in the high frequency regime [23]. Ezawa [24], has also investigated the 

effects of Haldane potential to show the photo-induced effects result of topological phase(TP) transition 

from a topological insulator to another topological insulator by irradiating circular polarized light in 
silicene. So it can easily understand that photo-induced effect changes the topological class of 

topological insulators. Additionally, Liu et al. [25] have also gave a brief overview of the quantum Hall-

insulator property on silicene. Drummond et al. [26] have examined the photoinduced topological phase 
transition and showed that the effect has been controlled by applying the electric field perpendicular to 

the material sheet. Considering the values and analyzed of these studies, there is not yet an exact 

clarification for all nano-based structures and devices. Taking into account of this investigations, we 

have adopted circularly polarized light on the band structure of graphene within the k.p model in the 
high frequency regime. For this reason, we would like to contribute to the literature with possible 

explanations. Fermi lines topology which are close to the Dirac points with trigonal warping, see Fig. 

1(a) and 1(b), 𝐾 and 𝐾′ valley of the graphene are related to each other by TR symmetry. According to 
this figure, trigonal distortion strongly effects the circular band structure of graphene and each the Fermi 

line about 𝐾 and 𝐾′ is broken. In Figure 1(a) and 1(b), we have examined the difference of these energies 

with 𝐾 and 𝐾′ valley of the graphene by the use of the expression of  ∆𝐸(𝒌) = 𝐸𝐾(𝒌) − 𝐸𝐾′
(𝒌) and 

∆𝐸(𝒌) = 𝐸𝐾′(𝒌) − 𝐸𝐾(𝒌), respectively. In the figures Haldane interaction strength is accepted as a 

zero to see the only effect of TW. Fermi lines analyzed 𝑘𝑥 = 𝑘𝑦  condition so this gives the symmetric 

effect on the Dirac points. One switches on the circularly polarized light the structure, see Fig.(1a) and 

Fig.(1b), the band gap reduces in one of the graphene valley, while it increases in the other, i.e., the two 

valley reflecting opposite signs of the effective mass term. In short, it can be easily seen that 𝐾′ and 𝐾 
valley of the graphene affected by an opposite effect. Figures 2 exhibit the topology of the Fermi contour 

lines that are close to the 𝐾 valley of the graphene in the presence of combined effects of Haldane type 

(mass) interaction and trigonal warping. In these figures, we have compared the Figure 2(a) (∆= 4 ×
0.0037meV ), Figure 2(b) ( ∆= 0.0037meV) in the 𝐾 valley of the graphene. It is seen that the strength 

of the photo-irradiation highly effects the energy level of Fermi lines of the graphene. For a better 

understanding of the energy level changes with photo-irradiation, we also provided plots in Fig.3 in the 

𝐾’ valley of the graphene. From these figures, it is easy to see how the level spacing increases by 
increasing the strength of Haldane mass term as in the Figures 2. As presented in Figures 2 and Figures 
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3, the low energies of the trigonal band structure show an anisotropic behavior on the two valley. When 

the interaction amplitude of polarized light expands from ∆= 0.0037𝑚𝑒𝑉 to ∆= 4 × 0.0037𝑚𝑒𝑉 in 

Fig. 2(a) for the 𝐾 valley (∆= 0.0037𝑚𝑒𝑉 to ∆= 4 × 0.0037𝑚𝑒𝑉 in Fig.2(a) for the 𝐾′ valley) showing 
that the contour splits at low energy. We can seen from that photo-induces effect treats like a 

homogeneous magnetic on the structure and the band gap shows the nontrivial edge states, which 

demonstrates a TP transition.  
 

 
Figure 1. (Color online) Fermi lines topology, which are near to the Dirac points with TW (a) 𝐾 and (b) and 𝐾′ 
valley of the graphene are pertinent to each other by time reversal symmetry. Numbers of the contours indicate 

the energy in unit 

 

 

  
Figure 2. (Color online) Fermi lines topology which are close to the K valley of the graphene for different 

values of Haldane mass term (a) ∆= 4 × 0.0037 meV, (b) ∆= 0.0037 meV. (Numbers of the contours indicate 

the energy difference in unit) 
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3. Summary and Conclusions 

 

The outcomes of the present study allow us to draw a conclusion that the photo-induced effect and 
trigonal warping on the graphene provides us an effective tool for tuning the topology of the Fermi lines 

which are near to the Dirac cones. Trigonal warping causes a significant modifications to the single 

electron dispersion because a trigonal distortion that breaks the 𝑘 → −𝑘 symmetry of the Fermi lines, 

i.e., produces asymmetry of the dispersion at each valley 𝐸(𝐾, 𝑘) ≠ 𝐸(𝐾, −𝑘). We have been 

investigated a photo-induced TP transition from a topological insulator to another because the band 

structure is altered by the dressing of circular photon, where the topological property is modified. Based 

on the presented study, the application of controlling the topology of the Fermi lines can be also 
applicable for graphene in the presence of a homogeneous magnetic field. Thus, the energy splitting has 

been compared with photo-induced effects and magnetic fields because we see that the contour splitting 

in the presence of Haldane mass. Additionally, the effects of trigonal distortion on the multilayer 
graphene [27-29] more effective than the monolayer graphene. The simultaneous effects of these two 

potentials can be analyzed on the multilayer graphene by taking into account of interlayer relation. A 

large and growing body of literature can be extended with spin-orbit interactions which corresponding 

to the homogeneous electric field and also be exert together with intrinsic spin-orbit interaction. 
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