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Abstract

We consider the controllability problem for a class of fractional impulsive evolution systems of mixed type in
an infinite dimensional Banach space. The existence of mild solutions and controllability results are discussed
by a new estimation technique of the measure of noncompactness and a fixed point theorem with respect
to a convex-power condensing operator. However, the main results do not need any restrictive conditions
on estimated parameters of the measure of noncompactness. Since we do not assume that the semigroup is
compact and other conditions are more general, the outcomes we obtain here improve and generalize many
known controllability results. An example is also given to demonstrate the applications of our main results.
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1. Introduction

The concept of controllability was firstly introduced by Kalman in 1960. There has been a significant
development in controllability results of systems represented by differential equations, integrodifferential
equations, impulsive equations, differential inclusions, neutral differential equations and delay differential
equations in Banach spaces. Most of the previous results require the assumption that the operator semi-
group T'(t) is compact.Using a compact analytic semigroup and a nonlinear alterative of Leray-Schauder
type for multivalued maps due to O’Regan, Yan [1] established sufficient conditions for the controllability of
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fractional order partial neutral functional integrodifferential inclusion with infinite delay. Balachandran and
Park [2] studied the controllability of fractional integrodifferential systems in Banach spaces, and an example
with a compact analytic semigroup was also given. Based upon Bohnenblust-Karlin’s fixed point theorem
and a compact semigroup, Chang [3| investigated a controllability result of mixed Volterra-Fredholm type
integrodifferential inclusions in Banach spaces. Chalishajar [4] considered sufficient conditions for semilin-
ear mixed Volterra-Fredholm type integrodifferential systems in a Banach space via a compact semigroup.
Herndndez and O’Regan [5] pointed out that the controllability results will be restricted to the finite di-
mensional space when the compactness of a semigroup and some other assumptions are satisfied. So, many
researchers have tried to get sufficient conditions guaranteeing the controllability results of various systems
without involving the compactness of a semigroup.

Wang et al. [6] studied the following fractional neutral differential system in an abstract space:

{Cpg(x(t) + F(ta0) + Az(t) = Cu(t) + G(t, ), te€(0,al,
20(0) = ¢(0), 6 € (—o0,0].

By using the fractional power of operators and Sadovskii’s fixed point theorem, they obtained the complete
controllability of fractional neutral differential systems in an abstract space without involving the compact-
ness of characteristic solution operators, but the main results require that the set Il 5 is relatively in a
Banach space X for arbitrary h € (0,¢) and 6 > O(see (Hy) in [6]).

Feckan et al. [7] discussed the controllability of a class of fractional functional evolution equations of
Sobolev type

§DI(Ex(t)) + Ax(t) = f(t, ;) + Bu(t), te€ J:=]0,a,
x(t) =o(t), —r<t<0,

in a Banach space. With the help of two new characteristic solution operators and their properties, such
as compactness and boundedness, the controllability results for fractional evolution equations were obtained
by the Schauder fixed point theorem. Later, researchers have always tried to avoid the compactness of
a semigroup via the measure of noncompactness. Ji et al. [8] considered the controllability of impulsive
functional differential equations with nonlocal conditions by the measure of noncompactness and the Ménch
fixed point theorem. Machado et al. [9] obtained the controllability results for a class of abstract impulsive
mixed-type functional integrodifferential equations with finite delay in Banach spaces, sufficient conditions
for controllability were obtained by the Monch fixed point theorem via the measure of noncompactness
and semigroup theory. Those results in [8,9] do not assume the compactness of the evolution system, but
restrictive conditions on the estimated parameter of the measure of noncompactness are required.

By using the techniques of convex-power condensing operators, Zhu et al. [10] considered the existence
of mild solutions for one order impulsive semilinear differential equations with nonlocal conditions. Xue
[11] obtained the existence results of integral solutions for nonlinear one order differential equations with
nonlocal initial value conditions under the assumptions of the measure of noncompactness in a separable
and uniformly smooth Banach space. Ahmad et al. [12] showed the existence of mild solutions to one
order impulsive integrodifferential equations with the nonlinearity of a form f(¢,u(t), Gu(t)), where Gu(t)
represents a Volterra-type integral operator. Very recently, Wang and Zhou [13] investigated the complete
controllability of fractional semilinear systems in infinite dimensional spaces of the type

ODix(t) = Ax(t) + f(t,z¢) + Bu(t), teJ:=[0,b],
z(t) = zp € X.
Chen and Li [14] studied a nonlocal problem for fractional evolution equations of mixed type in a Banach

space, the existence of mild solutions and positive mild solutions was obtained by utilizing the measure of
noncompactness and a new fixed point theorem.
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Inspired by the above results, here we consider the controllability of the following fractional impulsive
evolution system of mixed type in an infinite dimensional Banach space X:

CDlx(t) + Ax(t) = f(t,z(t), (Sz)(t), (Tz)(t)) + Bu(t), tel=][0,b],
Axli—y, = I(x(t;)), k=1,2,...,m, (1.1)
z(0) + g(x) = x0 € X,

where CD? is the Caputo fractional derivative. 0 < ¢ < 1,4 : D(A) C X — X is a closed linear operator
and —A generates a uniformly bounded Cp—semigroup (7'(t))i>0 in X. Here A = {(t,s) : 0 < s <t <
b, I : X =5 X, 0=ty < t1 < -+ <t < b1 = b, Axlsmy, = 2(t)) — x(t;,), 2(t) = limy, o+ z(ts + h)
and x(t, ) = limy,_,o- x(tx + h) represent the right and left limits of x(¢) at ¢ = ¢, respectively. f and g will
be specified later. B : U — X is bounded linear operator, u € L?[I,U], and integral operator S and T are
defined as

t b
(Sa)(t) = /0 k()2 (s)ds,  (Tx)(t) = /0 h(t, $)a(s)ds. (1.2)

Here k € C[A1,RT], Ay ={(¢,s) | 0<s<t<b},and h € C(A2,RT), Ay ={(t,s) | 0<t,s<b}.

In the present paper, we introduce a suitable concept of mild solutions for abstract control system
(1.1).Under some necessary conditions on the characteristic solution operators S;(.) and 7,(.), we obtain the
sufficient conditions of controllability results for system (1.1) when the operator T'(t),¢ > 0, is not compact.
The methods we use are a new estimation technique of the measure of noncompactness and a fixed point
theorem with respect to a convex-power condensing operator. The main results do not require any restrictive
conditions on estimated parameters of the measure of noncompactness, i.e., parameters L;(i = 1,2, 3) do not
appear in inequality (3.1) and any other inequalities, which is the main difference between our study and
the previous results, and also the main contribution of this paper.

The rest of the paper is organized as follows. In Section 2, we present some preliminaries and lemmas
that are to be used later to prove our main results. In Section 3, we discuss the controllability results for
system (1.1). At last, an example is provided to illustrate the theory in Section 4. Section 5 is a conclusion.

2. Preliminaries

For the convenience of the readers, we shall recall here some necessary definitions from fractional calculus
theory and some properties of the measure of noncompactness, one can refer to the monographs by Podlubny
[15], Miller and Ross [16] and Deimling [17].

In this paper, we denote by X a Banach space with the norm ||.||. Assume that Y is another Banach
space, Ly(X,Y) denotes the space of bounded linear operators from X to Y. We also use || f||p(r+) to de-
note the norm of f whenever f € LP(I,R"),1 < p < co. Let LP(I,X) denote the Banach space of functions
f 1 — X which are Bochner integrable normed by ||.||zr(; x). C(I,X) represents a Banach space endowed
with supnorm, i.c., |zl = supge; |a(t)] for € C(IL,X).

Definition 2.1 The fractional integral of order ¢ > 0 with the lower limit zero for a function z € L'(I,X)
is defined as

92(t) = F(lq) /0 (1 — 5)7Lu(s)ds, 2.1)

where I'(.) is the Euler gamma function.

Definition 2.2 The Caputo fractional derivative of order ¢ > 0 with the lower limit zero for a functional x
is defined as

t
CDlx(t) = ] /0 (t—s)"" 1 2™ (s)ds, 0<n—-1<g<n, (2.2)

I'(n—gq
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where the function z(t) has absolutely continuous derivatives up to order n — 1.

Definition 2.3 (see [13]) A functional x € C(I,X) is said to be a mild solution of system (1.1) if it satisfies
(t) =T4(t)(zo — g(x))
t

+ [ (t=8)T71S,(t = 8)[f (s, 2(5), (S)(s), (Tx)(s)) + Bu(s)ds

c\

Jr

ANgE

To(t — ti) Ik(x(t,)), t € (tm, ],

??‘

=1

where operators 74(t) and Sy(t) are defined by

hy(s) s)xds,  Sy(t)xr = q/ shq(s)T(t7s)xds,
0 0
where
1 — w1 D(ng+1) .
he(s) = 7ran:l(—s) 1T sin(nmq), s € (0,00),

is the functional of Wright type defined on (0, c0) which satisfies
hqe(s) >0, se€(0,00), / hq(s)ds =1,
0

. (1 +v) ,
/0 s"hg(s)ds = TOtq) € [0,1].

Lemma 2.1 (see [14]|) The operators T4(t), Sy(t)(t > 0) have the following properties:
(1) For any fixed t > 0, 7,(t) and S,(t) are linear bounded operators, i.e., for any z € X,

qM

i )H z| = illfvll (2.3)

ITa@)z]| < Millzll,  [[Sq@)all < & e

where M is a positive constant to be specified later.
(2) The operators Tq4(t)(t > 0) and Sy(t)(t > 0) are strongly continuous. Therefore, for all z € X and
0 <t <t” <b, one has

H’ﬁ](t”)x — E(t'):cH — 0, HSq(t”)x — Sq(t’)xH —0 ast’' > t. (2.4)

Lemma 2.2 Let X be a Banach space and Qx the bounded set of X. The Kuratowski measure of noncom-
pactness is the map 0 : Qx — [0, +00) defined by

(D) = inf {d >0:D C | JD; and diam(D;) < d}, here D € Qx. (2.5)
i=1
Lemma 2.3 Let D1, Dy be two bounded sets of a Banach space X. Then:
(1) 9(D1) = 0 if and only if D, is relatively compact.
(2) 0(D1) < 9(D3) if D1 C Ds.
(3) 8(D1 + Dg) < 8(D1) + 8(D2)

Lemma 2.4 (see [18]) Let X be a Banach space and D C C(I,X) be bounded and equicontinuous. Then
d(D(t)) is continuous on I, and

8(D) = maxd(D(t)) = d(D(I)). (2.6)

tel
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Lemma 2.5 (see [19]) Let X be a Banach space, let D = {x,,} C C(I,X) be a bounded and countable set.
Then 0(D(t)) is Lebesgue integral on I, and

a({ /Ixn(t)dt‘n c N}) < 2/IB(D(t))dt. (2.7)

Lemma 2.6 (see [14]) Let X be a Banach space, D C X be bounded. Then there exists a countable Dy C D
such that 9(D) < 20(Dy).

Lemma 2.7 (Fixed point theorem with respect to a convex-power condensing operator, see [20]) Let X be a
Banach space, let D C E be bounded, closed and convex. Suppose that ) : D — D is a continuous operator
and Q(D) is bounded. For any S C D and zg € D, set

Q(l,mo)(s) Q(S), (2'8)
Q0)(S) = Q(eo{Q" 1) (8),m}), n=23,... (29)

If there exist zo € D and a positive integer ng such that for any bounded and noncompact subset S C D,
A(Q™)(9)) < a(9), (2.10)

then @ has at least one fixed point in D.

Definition 2.4 The fractional system (1.1) is said to be controllable on the interval I if, for every xg, x1 € X,
there exists a control u € L?(I,U) such that a mild solution x of system (1.1) satisfies z(b) + g(z) = 1.

3. Main Results

For the convenience of presentation,we list here the following hypotheses to be used later.

(Hy) The operator A : D(A) C X — X is a closed linear operator, and —A generates an equicountin-
uous Cp-semigroup (7'(t))¢>o of uniformly bounded operators in X, there exists a constant M; such that
supye; [T < M.

(Hy) The nonlinearity f : I x X x X x X — X satisfies the Carathéodory type conditions, that is,
f(,x, Sz, Tx) is strong measure for all x € X, and f(¢,,, ) is continuous for a.e. t € I.

(H3) For r > 0, there exist constants q; € [0,¢) and functions ¢, € LY (I, R") such that for a.e. t € I
and all z € X satisfying ||z| < r,

Moreover, there exists a constant p; > 0 such that

S
lim inf HSO?"( )||L1/q1[0,b] _

r—+00 T

p1 < +00.

(H4) There exist constants L; > 0(¢ = 1,2, 3) such that for any bounded and countable sets D; C E(i =
1,2,3) and a.e. t € I,

8(f(t, D1, Do, Dg)) < L18(D1) + LQa(DQ) + L38(D3).
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(H5) The nonlocal term g : C(I, E) — X is compact and continuous, there exist a constant pa > 0 and a
nondecreasing continuous function 1 : R* — RT such that, for some r > 0 and all z € Q, = {z € C(I,X) :

lzlle <},

lo@l < vy, tim int = gy < oo

r—+00

(Hg) The linear operator B : L?(I,U) — L'(I,X) is bounded, W : L*(I,U) — X defined by
b
Wu = / (b—s)171S,(b — s)Bu(s)ds
0

has an inverse operator W~ which takes values in L?(I,U)/ker W, and there exist two positive constants
My, M3 > 0 such that

IBlly@x) < M2, [IW 7Ly, 22(10) ker wy < Ms.

(H7) I : X — X are continuous and My is a positive constant,

H ifz(t - tz-ﬂk(x(t,;))H < My
k=1

(Hg) I : X — X are continuous and there exist M € C[I,R*] such that
[ k(z1) — Ip(z2)|| < M(t)||x1 — x2||, 21,22 € X, E=1,2,...,m.

Theorem 3.1 Assume that hypotheses (H;)—(Hg) are satisfied. Further assume that the following inequality
holds:

My (1 — MM, [t
M ||zo|| + Mips + — ( m)m + =2 / (t—s)r !
0

I'le) \¢—a I'(q)
Mibi—a [ 1 —
x Ms | ||z1]| + Mi|zo|| + Mips + ~— D)o lds <1, (3.1)
I'(e) \¢—a

then the fractional impulsive evolution system (1.1) is controllable on I.
Proof Define the operator @ : C(I,X) — C(I,X) as follows:

(Q2)(t) = T(t) (w0 — 9(a))
b [ =91 = )75, (5), (S2)(6). (10)(5)) + Bus(s)lds

[e=]

+ 3 Tolt — ) I(a (), t € (tm,b]. (3.2)
k=1

We shall show that, using the control
us(t) = W |21 = Ty(0) (w0 — 9(a))
b
- /0 (b= )171S,(b — ) f (s, 2(5), (Sz)(s), (Tw)(S))dS] ), (3-3)

the operator @ has a fixed point, which is a mild solution of fractional evolution system (1.1). Note that
(Qx)(b) = z1 and Definition 2.4, which means that system (1.1) is controllable on I.
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Step 1. @@ maps bounded sets into bounded sets.
For any z € €,, it follows from Lemma 2.1, hypotheses (H3), (Hs) and (Hg), and the Hoélder inequality
that

1(Qx) ()| < My||zol| + Myllg(z)| + I]‘\él)
M,

+l[a—@qwB%@mw+H§;uu—m&@@ww

/O (t = s)HIf (2, 2(s), (Sz)(s), (Tx)(s))l|ds

I'(q)

Myt (1 g M M, .
< My||zo| + My (r) + ell 11/ 42 / t— )t
ol + M) + s (q_m>n¢npﬂmm o )9

X M | ||21|| + My ||lzo| + Mitp(r)

Mt (1 g
+ r ds. 3.4
T(q) (q — q1> lorll L1/ [O,b]] (3.4)

By (3.1) and (3.4), we know that ||(Qz)(t)|| < r. Therefore, () maps bounded sets into bounded sets.
Step 2. @ is continuous in £2,..
Assume that {z,}22, C , and lim,_, z, = z*. By hypotheses (Hg) and (Hs), we get

lim f(s,2n(s), (Swn)(s), (Txn)(s)) = f(s,2(s), (S2)(s), (Tx)(s)),

n—-+o00

lim g(z,) = g(a). (3.5)

n—-+0o0o

From hypothesis (Hs). we have

(t = )T I (5, 20(5), (Sza)(5), (T20) (5)) = f(5,2(s), (Sz)(s), (Tx)(s))]
< 2(t - 5)" n(s)- (3.6)

Then by the Lebesgue dominated convergence theorem, we obtain that

’|(Q$n)(t) - (Qx)(t)ll < Mlug(l‘n) - 9(53)”
+ 1 —g)? 1 S, Tp(s Tp)(S Iz, )(s
T(q) /0 (t ) [[f(s,2n(5), (Szn)(s), (Tzn)(s))

— f(s,2(s), (Sz)(s), (Tx)(s))|
+HZT?§—7§1 I(an(t])) ZTt—t I(x ))H

k=1
+ || Bug, (s) — Bug(s)||]ds — 0, n — 00. (3.7)

Therefore, ||Qx, — Qzl/c — 0 as n — oo, that is, Q is continuous.
Step 3. @ : Q. — Q, is equicontinuous.
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For any x € 2, and 0 < t; <ty < b, we know that
(Qz)(t2) — (Qz)(t1) = (Tq(t2) — T(t1))(zo — g(x))  denoted by I

+ /t : (ta — 5)T"Sy(ta — s) f(s,2(s), (Sx)(s),(Tx)(s))ds denoted by I

~ =

2

+/ ty — 8)7'S,(ta — s) + Buy(s)ds  denoted by I5
t

[uN

+ /tl [(ta — 8)T71 — (t1 — 8)17 1 f (s, 2(s), (Sx)(s), (Tx)(s))ds denoted by I3
0

+ /t1 [(ty — 8)% 1 — (t1 — 5)7 Y Buy(s)ds  denoted by Ig
0

+ /0 1 (t1 — 8)T71[S,(ta — 5) — Sy(t1 — 8)1f(s,2(s), (Sx)(s), (Tx)(s))ds denoted by I,

t1
+ / (t1 — 8)T71[S,(t2 — 5) — Sy(t1 — 8)|Buy(s)ds  denoted by Iy
0

+Z7'tg—t In(z ZTtl—t Ii(z(t;))  denoted by Ig
k=1
=h+b+h+h+k+k+h+h. (3-8)

Next, we shall show that ||(Qx)(t2) — (Qz)(t1)]] — 0 as to — t;. For I1, by Lemma 2.1, ||I1|| — 0 as ta — t1.
For I3, by hypothesis (H3) and the Hélder inequality, we know that

Ml /t2 1
Ll < — ta — 8)T i, (s)ds
| 12| ) t1(2 ) (s)
1-q1
M, t2 Y
< F(q)(/t (tg — )l /0 ql)ds) X HSDTHLU‘Il[tI,tQ}
1
1-q
Miyllerllpiray i) (1 - ¢
< 1t ! ty — £;)9791. 3.9
- I'(q) q—q (2 =1) (3.9

Obviously, ||I2]| — 0 as t2 — t;. we have
My - _
151 < 70 / (b — )7 = (2 — )~ V) oy (5)ds

1-q1
M, t 1 —1\1/(1-q1)
< m (/0 ((tl — s)q — (t2 — 8)‘1 ) Yds X ||(p"1HL1/ql [0,t1]

< My h ¢ 1q ' t 1 = d o
_ aq — — q1
= F(Q) /0 (( 1 S) ( 2 S) ) S X HSOTHLI/‘II[O,I)]

1-q1 _ _
[W _ 9—q1 q Q1
< IW;QL;/‘”[OM (1 611) X (" —ty ™ 4 (t —t1) )1 B
q

q—q

21_‘71M1H80R||L1/q1 s [ 1—aq o
) 7 b pya—ar 3.10
I'(q) q—q > =) o

So we get that ||I3]] — 0 as to — ¢;. For ¢t = 0,0 < ta < b, we have ||I4]| = 0. For ¢; > 0 and € > 0 small
enough, by hypothesis (H3), the Lebesgue dominated convergence theorem, and the equicontinuity of T'(t),



D.Senthil Raja, P.Sundararajan, K.Karthikeyan, Results in Nonlinear Anal. 3 (2020), 85-99 93

we get that

< / 1 E(tl = 8)17 Stz — 5) = Syt — )] f(s,2(s), (Sz)(s), (Tz)(s))ds

+ 2M§ /tl E(tl —s)T 190r(3)d5
0 - (tr = 5)7 1 [Sq(ta = 5) = Sylts — )| f(s,2(s), (Sz)(s), (Tw)(s))ds
2M 1/q — o
. 1”(1]0:‘};2)]4 /a[0,b] (Clz - Zi) e (3.11)

Then ||I4]| — 0 as ta — t1,6 — 0. In similar way, for I, Is, I, Is, we obtain

MM 1_ 1-q1 t q
T < 2 — ) (ty —ty)0 gV ds |
T
(¢9) \¢—a 4

1-q¢1
2L n M My (11— h
11s]) < S o (ty — ;)70 / gV ds
F(Q) q—q1 0

7] < Ma (/0 1_E(tl = 8)T[Sy(ta — 5) = Syt — 5) f (s, 2(s), (S)(s), (T)(s)) ds

1—q1 1—q1 q1
2My (1 —q _ /t1 1
+— gd—a ug||Mds | . 3.12
F(q) (q_(ﬂ) ) ( 0 H H ( )

It can be easily seen that I5, I and I7 tend to 0. Therefore, for any x € Q,, ||(Qx)(t2) — (Qx)(t1)|| — 0 as
to — t1, which means that Q : 2, — £, is equicontinuous.

Step 4. @ : F — F'is a convex-power condensing operator.

F = ¢coQ(f,), where co means the closure of convex hull. It is easy to see that Q maps F into itself and
F C C(J,E) is equicontinuous. Next, we shall show that there exists s positive integer ng such that for any
bounded and nonprecompact subset D C F,zy € F,

8(QM™) (D)) < a(D). (3.13)

q1

Obviously, Q%) (D) c €, is also equicontinuous for D C F and zo C F. Therefore, from Lemma 2.4, we
attain

8(Q(n,xo)(D)> _ maXa(Q(n 20) ( )(t))7 n=12,... (314)

tel

Note that by Lemma 2.6, there exists a countable set D; = {z.} C D such that

A(Q(D)(1)) < 20(Q(D1)(1))- (3.15)
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By (H4) and (Hg), we have
Oy () =0 W~ [1 = T0) (a0 — g(22)

b
=[-8, - 91 (s aho). (ah(s >,<Tw;><s>)]<t>}

4M
< M (q; / (b— )L [Lla(pl(s))+L28((SD1)(S))+Lga((Tpl)(s))}ds
0
4My (Ll + bKyLo + bHOL3)bq
< M. o(Dy). 3.16
< My e (Dy) (3.16)
Suppose instead
4M1(L1 + bKoLo + bHoLg)bq
L=M Ky = k(t Hy = h(t
3 T+ ; 0= (trggll (t,s)l, 0= (trgg)g?! (t,s)l,

then
9((QM™)D)(t)) = 8((QD)(t)) < 20((QD1)(t))

= 23(E(t)g($i)+/0 (t = 8)171S,(t = 5) [f (5,2 (5), (S3)(5), (Tzy) (5)) +Buxgl(5)}d8>

4My

< -
~ I'(q)

4M, .
< ) Js (t — 8)17Y(Ly + bKoLs + bHoL3 + L) (D1(s))ds
< 4My (Ll + bKoLs + bHoLs + L)tq

- I'(1+q)

/ (t = )10 (f (5,20 (s), (Szp)(5), (Twp)(5)) + Buga (s))ds

a(D). (3.17)

There exists a countable set Dy = {22} C ¢o{(QU~%) D), ¢} such that

3(Q(co{(Q1™) D), 20}) (1)) < 20((QD2)(t)), (3.18)
0((Q**D) (1)) = 0(Q(co{ (Q1) D), z0}) (1)) < 20((QD2)(1))
< 28<T<t>g<mi)+/ (t — 5)171Sy(t — 8)[f (s, 22 (5), (S22)(s), (Tx3,)(s)) +Buxa(s)]ds>
0

4—]\/[1 — )t s, 22 (s 22)(s 22)(s u,2(s))ds
< T [ 51060, (S2)6). (P)(6) + B ()

AM, [t 1
< 11(q)/0 (t—s) (L1 + bKoLs +bH0L3+L)8(D2(S))dS
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4M; [t
< Tqi / (t — )91 (L1 + bKo Lo + bHoLs + L) (co{(QU*2) D), z0}(s) ) ds
0
[4M1(L1 + bKoLs + bHyLs + L)tq]Q
D(g)T'(1+q)

[4M;(Ly + bKoLo + bHoLg + L)t9)? /1 .

_ 1—s)91s%dsd(D
D(1+ 20)B(1+ 4.0) , (1= 8 s1ded(D)

- [4M1(L1 + bKoLs + bHyLs + L)tq]2a(D)

B I'(1 4 2q) ’

<

/ (¢ 5)11510(D)ds
0

where B(p, q) = fg sP71(1 — s)971ds is the beta function. Suppose instead

[4M;(Ly + bKoLo 4+ bHoLs + L)t7]"

oA D)() < S

a(D), vtel.

Similarly, we get that
o((Q"ID)(1))

— 0(Q(o{(Q™™) D), mo}) (1)) < 20((QDy11)(1))
AM; [t "

< F(Q§/0 (t — s) 1a(f(s,xﬁ+1(s)7 (Sw£+1)(3), (T$ﬁ+1)(8)) 4 Buzfj-l (S))ds
4M,

< —— /Ot(t — S)qil [Lla(Dk+1(8)) + LQ@((SDk_H)(S)) + L38((TDk+1)(s)) + La(Dk_H(S))]dS

~ T'(q)
< 1% /Ot(t — 5)"" (L1 + bKoLy + bHoLs + L)0(Dy11(s)) ds

t
< Q) / (t — )71 (L1 + bKoLa + bHoLs + L)3(co{(Q™*) D), z0}(s))ds
0
[4M;(Ly + bKoLy + bHoLg + L)t9)k+1
L(g)T(1+ kq)
[4M;(Ly + bKoLo + bHoLg + L)t9)k+1

1
_ — )01k gg
= T+t DOBU 40 q) /0 (1= 8)T"sHdsd(D)

<

/t(t — 5)171sM9(D)ds
0

. [4M1(L1 + bKogLo + bHoLs + L)tq]k'H a(D)
- T+ (k+ 1)q) :

Then by the principle of mathematical induction, for any n > 0, we attain

[4M: (L, + bEoLg + bHoLs + L)t9)"
I'(1+ ngq)

o((QU™)D)(t)) =

a(D).
So we have
2((QU) D)) = max (@) D) (1))

< [AM;(Ly + bKoLs + bHoLs + L)b4]™
- ['(1 + ngq)

a(D).

From [14], there exists a large enough positive integer ng such that

[4M1(L1 —+ bKoLQ + bHOL3 + L)bq}no

< 1.
I'(1 + ngq)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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Hence
a((Q™™ D)) < (D). (3.25)

Therefore @) : F' — F is a convex-power condensing operator, ) has at least one fixed point, which is a mild
solution of system (1.1). By Definition 2.4, system (1.1) is controllable on I.

In order to obtain more controllability results, we replace conditions (Hgz) and (Hs) by the following
hypotheses:

(Hj3) There exist a function ¢ € LY%(I,R*), ¢; € [0,q) and a nondecreasing continuous function
U : RT — R such that
1f(t, @, Sz, Tz)|| < o()(||z])

forall r ¢ X and a.e. t € 1.

(H%) The nonlocal term g : C(I, F) — X is compact and continuous, and there exist constants d,c > 0
such that

lg()|l < dl[z]c +ec.

Theorem 3.2 Assume that hypotheses (H;) — (Hz), (Hj), (Hs) and (HS) are satisfied. Further assume that
there exists a constant R and the following inequality holds:

1-q1
Ml\I/(R)bliql 1—q My My M5
M M M _—

X

1-q1
My (R0 (1 ¢
ol + Millao | + MR + My + 22D ( 1) WMmml

['(q) q9—q
1-q1
>< blfql 1 - QI
q—q1

<R, (3.26)

then the fractional evolution system (1.1) is controllable on I.

Proof By the definition of u; and the hypotheses we imposed, we have

%t—sq_l ug(s)||ds
o [ =B

My M>Ms [* Ve
['(q) /(t )
MY (R)
['(q)

1-q1
M7 Mo M. M;U(R 1 (1 —
MEMs |y 4 Moo + MidR + Mye + 22 < “) wmmw]

[z1]] + Mulzol| + Mud|z]|c + Mie

b
/0 (b— s)q_lgo(T)dT] (s)ds

= ['(q) ['(q) q—q

1_ 1-q1
x bl <Q1> (3.27)
q9—q1
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From (3.26) we have

Q) < M Jlzo ]| + Millg(z) | + % /0 (t— ) L1£ (5, 2(5), (S)(s), (Tx)(s)) | ds
M,y

t
—_— — 8)77 Y| Buy(s)||ds
i | =Bl

S M1Hx()” + MldR + Mlc

1—
L MR (1 - qu I
I'(q) 49— q PlLt/n o

My My M3
I'(q)

+

X

1-q1
My (R0 (11— ¢
leall + Mo + MidR + Myc + 22 ( Il 1ves 0

I'(q) q—q1
1—q
x pl=a 1o 1
q—q1

<R. (3.28)

Using a similar method as in the previous proof, we can get that the fractional evolution system (1.1) is
controllable on I.

4. Example

Consider the following fractional control system governed by a fractional partial differential equation:

09z 22
P = D) 4 Pt 2(1,y), S2(s,1), T2(s,9) + ulty), 1€ [0,1],y € (00, +00),

Z(O7y) = Zo(y) + #Sinz(uy%

(4.1)
z(t, —00) = z(t, +00) =0,
Azlimryp = N(2(3 7)),
where % is a Caputo fractional partial derivative of order 0 < ¢ < 1, F'is a given function.
t ¢
Selty) = [ M9)xs)ds,  Talt) = [ hto)s(s0)ds (42)
0 0

p:[0,1] X (=00, +00) = (—o0, +00) is continuous. Let X = U = L?(—o00, +00), assume that the operator A
is defined by Aw = w”, with the domain D(A) = {w(.) € L?(—o00,+o0),w’,w” € L?(—o00,+0o0)}. It is well
known that A is the infinitesimal generator of a differentiable(equicontinuity) semigroup 7'(¢)(¢t > 0) but not
compact in X, which is given by

[ Gty - s)a(s)ds, >0,
(T(t)x)(y) = < 2(y), t=0, (4.3)
Li(z) = w(t)x,

2

where G(t,y) = \/ﬁe_%(t >0, —00 < y < +00). Moreover, it is easy to get that

sup ||T'(t)]| L, x) < 1. (4.4)
t€[0,400)



D.Senthil Raja, P.Sundararajan, K.Karthikeyan, Results in Nonlinear Anal. 3 (2020), 85-99 98

Put z(t)(y) = z(t,y),u(t)(y) = p(t,y), defined the operator B : U — X by Bu(t)(y) = u(t,y), —o00 < y <
+o0. Then, with the appropriate choice of A, B, f and g, the fractional evolution system (4.1) can be written
in the form of (1.1). The following conditions hold:

Wu := /b(b — 5)171S,(b — s)Bu(s)ds (4.5)
0

11(2) = L)l < w(@®)llz -yl

has bounded invertible operator W~ defined by L?([0,b];U)/ker W. If we can verify that all the conditions
of Theorem 3.1 and inequality (3.1) are satisfied, the fractional control system (1.1) is controllable on [0,1],
then the fractional control system (4.1) is controllable.

5. Conclusions

In this paper, using the uniform boundedness, equicontinuity of an operator semigroup and a fixed
theorem with respect to a convex-power condensing operator, we have obtained the controllability of abstract
fractional evolution control systems in a Banach space. It is well known that the compactness conditions
of the operator semigroup can be weakened to equicontinuity. However, we have not only implemented a
concrete assumption on the compactness condition via a parameter estimator but also removed the estimated
parameter constraints; the sufficient conditions of controllability for various semilinear evolution systems are
hence weakened. The conclusion of this paper is one of the most important developments in the aspect of
imposing the necessary condition of controllability.
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