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Abstract

In this paper, we investigate the fractional derivatives and expansion formulae of incomplete H and H-
functions for one variable. Further, we also obtain results for repeated fractional order derivatives and some
special cases are also discussed. Various other analogues results are also established. The results obtained
here are very much helpful for the further research and useful in the study of applied problems of sciences,
engineering and technology.
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1. Introduction and Preliminaries

The fractional derivative from Oldham and Spanier [12] (see also; Ross [17]) of complex order « of a function
f(t) is defined by

L[t — ) () da «@
ﬂzv?[f@)]:{ e Jalt 7 2y @, Rl <0 )

A BT ()} 0 < R(a) < m,

where m € I't(Positive integer). For our convenience, we use DY = (D¢.
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The equation will reduces to Riemman-Liouville representation and Weyl sense for differintegral of arbi-
trary order if 8 — 0 and 8 — oo respectively.

In our present paper, we use the Leibniz rule for the derivative of arbitrary order of a product (see; Ross
and Northover [I6]) which is the generalization of the n*? order derivative.

B’D?{f(t)g(t)}=2< ) OF ()} - {508 (0}, Vo @

m=0

Leibniz’s rule helps to predict any interesting transformations, summations, generating functions and exten-
sions referring to the various special functions (including g-functions) of one and often more variables, see
papers [11 [3, 10 1T}, 13], 23] and references therein.

For the study of incomplete generalized hypergeometric functions ,7v, and ,I'y, the following pair of Mellin-
Barnes type contour integral representation is defined by Srivastava et al. [19] as:

y [ (u1, ), u2, ..., Up; z} _ ;1':1 L'(vj) & Z y(ur + k, x) o (uj + k) 2k
pra V1, V2, ~--7'Uq§ ?:1 F(U‘]) k=0 g:l (U] + k) k:'
1 [T, (v, ur +s,2) [P, T(u; + s
2mi [ [521 D(uy) Je [T +s)
and ‘ ~
r { (u1, ), ug, ..., Up; z} _ [Ti=1 T'(v)) Z I'(ur + k&, x) o D(uj + k) 2F
P q V1, V2, ..., Ug; ?:1 F(u]) —0 ;]-:1 (’UJ —|— k‘) k"
1T (v D(up +s,2) [P, T(u; + s
2mi Hj:l L(uj) Je Hj:l L(vj + )

where (larg(—z)| < m) and £ is the Mellin-Barnes type contour which starts from 7 — ico and terminate at

T 4+ 00 (7 € R) with indentations that each set poles are separate to each other in the integrand in each

case.

Recently, in this sequel of and , Srivastava et al. [20] introduce and investigate the corresponding pairs

of incomplete H-functions. Further, they also define their various properties. The incomplete H-functions
m,n m,n

Yp,q and I'pg" are defined as follow:

(Uh Ui, Z‘), (’LL]', Uj)?,p :|
(v, Vi)1,q

mn H (u1, Ur, @), (u2,Us), -+, (up, Up) ]

i () =Wq" [Z

T (01, V), (v2, Va), -+, (vg, Vo)
— QLTFZ Sg(s,x)z_sds, (5)
where
(5.2) = 7(1—u1—U18,m)]_[ (vj—i-Vs)]_[j o T'(1 —u; — Ujs) ©)
7 i D00 Vi) [l DOy + Ugs)
and

mmn _ mmn (uh U17 l’), (uj7 Uj>2,P
Lot(z) =T ['Z‘ (07, Vj)1q

— mn |:Z‘ (Ul,Ul,l'),(UQ,UQ),"‘ 7(up7Up) :|
(v1, V1), (v2, V2), - -+, (vg, V)

2m/Gsx s, (7)
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where

D1 —ur = Uis, @) [T72, T(v; + V) [[[oo T (1 — uj — Uys)
H?:m—‘rl F(l Y ‘/38) H?:n—i—l F(UJ + U]S)

These functions are exists for all x > 0 for the same conditions as (see, for details [0 [8, [0 [18]). Also, this
decomposition formula holds:

G(s,z) = (8)

Toa () + 15" (2) = Hyg"(2).

Further, we study the H- function which is defined by Buschman and Srivastava [2] in the form Mellin-Barnes
type contour integral of type £9. Since due to the wide applications of H- function for fractional-order
differential equation, Srivastava et al. [20] defined the following set of incomplete H-functions in term of
—m.n =m,n

Ypq and I', o as follows:

7m,n<2) = |:Z ’ (Ula Upsm e lE)? (Uj, Uj;’Yj)Qﬁw (Uj, Uj)”+1’p :|
P P (v5, Vi)1ms (05, Vi 6)m14

_man |, (u1, Usy @), (u2, U2;72), - -+, (tn, Uni ),
7p7q (U17‘/I)7"' 7(UW’L7V7TL)7
(un+17 Un+1), ) (upa Up) :|
(Um+17 Vm—&-l; 5m+1)7 R ('Uq, ‘/:1, 6q)
=L G5, 0)d (9)
=5 Sg s, 1)z °ds,
where M n i
G(s,7) = [(Y(1 —uy — Urs, z)] Hj:l L(vj +Vjs) Hj:Q L1 —uj — Ujs)] (10)
M - 6 )
G=mat (DA = v = Vis)]% TG pr Ty + Ujs)
e ( ) ( )2 (15, U)
=m,n =m,n U17U1;’Yl 1 x), Uj,Uj;’Yj 2,n Uj,Uj n+1,p :|
r =T ! ’
P.q (2) P,q [z ‘ (Uja V})l’m, (Uj, Vi; 5j)m+17q
|, (u1, Usm = @), (u2, Uzsv2), - -+ 5 (tny Uni ),
pa (Ulvvl)a"' ,(Um,Vm),
(un+17 Un-i—l)a R (upa Up) :|
(Um+17 Vm+1; 5m+1)7 Tty (Um ‘/q; 561)
1 _
:m/LG(S,ZL‘)Z_SdS, (11)
where S, n -
Go.my = [P0 = Vs, ) T Doy Vi) T (00— = Uy )
) - 6 *
i1 D= = V)| [T, T(u; + Ujs)

Also fractional calculus have several applications in modelling real-world problems, interested may refer
[5L [7, T4, [15] 211 22].

2. Main results

In this section, we derive the expansion formulae for incomplete H and H-functions for one variable with the
help of (Leibniz rule for arbitrary order) fractional order derivative (see also [4]), and also find the results
for repeated fractional order derivatives. Our results are shown in the below in form of Theorems.
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Theorem 2.1. For u > 0, > 0, then

g0 {(et + )7 (gt + h)5 . F;’}vn [z (et + ) (gt + h)’\] }

~4 3 ona(it77:) ()

P,Q=0
(U17U17 ) -1, )7( 57)‘) ('LL], j)2,p
(v, Vi)1g» (P =m0) (@ =& A) ’

Fm n+2

2012 z(et + f)H(gt + h))‘

(13)

Theorem 2.2. For p; > 0,\; > 0, then

CA R

R
{H eztz+fz gzt1+h) }
=1

R
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=1
R o0 o0 R i Ql
B - Bi > < ti — i )
= A; 0.
}:[1( )Pi%;() PR,QROE {QSP“QZ <tl +fife: tit hilg: }

R
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Theorem 2.3. For u > 0,\ > 0, then

oD {(et+ )7 (gt + )Ty [ (et + )" (gt + W) }

= A Z OPQ (Hfi)lj (tér_heg)Q

P,Q=0
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(=& N1) -, (un, Unsm) (’LL]', Uj)n_A,_Lp :|

—=m, +2
T [z(at (gt + b

Theorem 2.4. For u; > 0, \; > 0, then

595 8 D8

R
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=1
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—m n+2R
p+2R q+2R

ZH ezt +fz 'LLZ gzt +h)
=1

(_

R

(Pr — R, ur; 1), (QRr — &R, AR;

Theorem 2.5. For u > 0, > 0, then

(ur, Uy

)n+1,p

|

In this manner, the following results can also be defined for ;" and 7,¢" as follows:

5O { (et )" (ot 1 g [2 et + )" o+ )]}

= A Z OPQ (Hfie)lj (t:_hég)g

m,n+2
7p+2 q+2

Theorem 2.6. For p; > 0,\; >

61@?‘11 . Br@g’“

o0

z(et + f)*(gt + h)

P,Q=0

0, then

=1

R
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T 3 3 THena (5

P;,Qi=0
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Theorem 2.7. For u > 0, > 0, then
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Theorem 2.8. For pu; > 0, \; > 0, then

R
5D 5, D0 {H eiti + fi)" (giti + hi)® }
=1

< - N ti—Bi \" ([ ti—B \¥
=TT, s
o ZH{¢ (wvie) (@)

(u1,Ur;m 2 @), (—nRr, pr; 1),

R
2] (eiti + £)" (giti + hi)™
i=1

R
7;12;2;123 [Z H(eiti + fi)Hi(giti + hy)
1

i (Uj’vj)l,m’(vﬂ"/ﬂ’é)m—o—lq’
(_gRa )‘R; 1) T (um Un; ’Yn) ) (uj? Uj)n-i—l,l” :| . (20)
(Pr—nr,1r; 1), (Qr — &R, AR3 1)

In our above results, we consider

. (et+({)_”(é])ta+h)5; bra = ( ; > ( aéP )'p(1+P1+Q—04)’

ety + fi)" (giti + hi)® [ a; — P;
di= (ti — Bi)™ PR = ( b ) < Qi )

1
TO+P+Qi— )

and

Proof. To prove equation , let L.H.S. be denoted by I1, and then, we have
I = g7 (et + )" (gt + W) Ty [ (et + £ (gt + )] }
now by making use of equation ([7)), we have
=5 / G(s,x) 2~ °5D¢ {(et + )" (gt + h)g_)‘s} ds,

now to solve above fractional derivative, we use Leibniz rule for differentiation of arbitrary order, for this we
let f(t) = (et + f)77 (gt + h)* ™™ and g(t) = 1, then equation (2] gives

2m/Gsx =S (a);;{(et%-f)n “s(gt+h)£ )\S}

. {QD?_PtO} ds

P(L+n—ps)D(L+€— As)
27”/(;81’ P%:OQsR F1+77 Ms—P)F(].+§—AS_Q)

| (tfffj <tt+_h[/39>Qd8’

now making the use of equation (7)), which gives the desired result. O

In this similar way, we can also obtain the above results (14)-(20), details are omitted here.
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3. Special cases

In this section, we establish some special cases and various analogous results by substituting particular values,
as if we put e = g = 1,h = 8 = 0 in equation and , then the fractional derivative of double series
representation reduced to single series representation, then for p > 0, A > 0, we have

Corollary 3.1.

OF {# (¢4 )T [ (¢4 1]} =67+ gy i < P ) <t—|—tf>P

P=0

(uh Ui, i‘) ) (_777 ,LL) ) (_fa )‘) ) (uj? Uj)Z,p

(7, Vi) g+ (P =n,p1), (= P =&, X) (21)

m,n—+2 by
i g [Zt (t+ )"

and

Corollary 3.2.
D¢ {tf t+)".Thy [zt’\ (t + f)“”
o0 P
=) ( P ) (tif) T [ztk(t + )
P=0

(UlaUl;’Yl :$) (_7’ 15 ) (_§7>‘; 1)7 ’(uann;fYn)u(ujan)n—&-l,p
(Uj>v_v7')17m7(vja‘/]75)m+1q (P—Ua,u;l)»(a—P—f»)\%l) ‘

Proof. To prove the result , we start from the L.H.S. by making use of equation (7)), we have

Do {t€ (t+ f)7.Tmn [ztA (t+ f)”} }

—syo n—ps €—As
2m/Gsx ok {(t—i—f) t }ds

now, we use Leibniz rule for differentiation of arbitrary order, we assume f(t) = (t 4+ f)"** and g(t) = t£=,
then equation gives

00 {tf (t+ ). Tn [ztA (t + f)“”
QM/G s,x) 2 O: < ? > TN “S}{D?‘P(tﬁ‘”)}ds

—s « F(U—M5+1) —us—P
2m/G’sx (P>F(77—u8—P—|—1)(t+f)n#

[(§—As+1) £-As—a+P

ré—As—a+P+1) ’
rearranging the terms and making the use of equation (7)), which gives the desired result (2I). Similarly we
can prove the result . O

In this manner, we can also establish the results for v,¢" and 7" as below:
For po > 0, A > 0, then results holds true:
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Corollary 3.3.
[e'e) a + P
« 3 n Ammn A Y _ &« -
o7 {t 6+ 1) g [ ¢+ ]} = (t+f)n;< > ) <t+f)
m,n+2 A (u17U17$)7(_n7,U/)7(_57)‘)7(uj7Uj)2
2Nt + P 23
'Y“““[ D Vi) (P =) (o — P— €, (23)
and
Corollary 3.4.
0 a ¢ P
o7 (et + 17 7y [ 0+ D]} =2+ £y -
P t+ f
P=0
—_m,n+2 A (Ula Ul; 71 - l‘) 5 (_777 3 1) y (_57 )\; 1) s
th(t+ f)H
7p+2 a2 |: ( f> (Uj’ ‘G)l,m ) (’U]', Vv]’ 5j)m+1,q )
) (Um Un; 'Vn) ) (uj7 Uj)n+1,p :| . (24)
In particular, if we put f = 0 in the L.H.S of equation (21]), we obtain
Corollary 3.5.
ok {t’?*f. T [zt’“’\} }
U1,2), (=0 — &5+ N), (u, Uj)
_ tn+£ a Fm n+1 t/ur)\ (u17 ’ ’ ) y\PI 3720 . 25
v |2 (05, Vg (-1 — &+ i+ ) %)
Proof. To prove (25)), we start from the L.H.S. and then by making use of equation (7)), we have
1
« —+ m,n +A _ —sya +&)—s(pu+A
D7 {t” £ o [zt“ } } =5 /EG(S,SU)Z D7 {t(" )=slu )} ds
/ G(s,7) F(14+n+&—s(p+ ) prHEa—s(ut) g
= omi 1+n+£—a—s(u+/\))
by making the use of equation (7)), which gives . O
Now, if we compare equation with equation with particular case f = 0, then we have
For po > 0, A > 0, then the results holds true:
Corollary 3.6.
an+1 Zt“+)\ (ul,Ul,l'),(—77—5,#+)\>,(Uj,Uj)2,p
prlatl (Uj7‘/j)1’q7(_n_§+a7:u’+)‘)
_ i ( ) T ;42 [ t#-‘r)\ (ulv Un, CC) ) (_777 H) ’ (_67 )‘) ) (uj’ Uj)Q,p ] (26)
- P+2,q+2
=0

Similarly from equation ([22)), we obtain the following result:

(Uja V})Lq ) (P -

UaM)a(Oé—P—§>)\)
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Corollary 3.7.

I [Ztl“r/\ (i, Uism s @), (=n—=&pu+ A1), (un, Uni ) ,
p+1,q+1 ('Uj,‘/j)Lm’(’U]vVvJ’(s )m—i—lq’
(uj7 Uj)n-i-l,p :|
(—n—&+a,p+ A1)

i < ) m'rL+2 |:Ztu+>\ (u17U1771 : 1’),(—777#3 1)7(_57)\; 1)7
pr2,a+2 (Uj7 Vj)l,m ’ (vj’ ‘/j; 5j)m+1,q )

P=0

7(un7Un§’Yn)7(u'aU’)n \

Similarly, we can also find the results for repeated fractional derivative from equation and as follows:
For p; > 0, \; > 0, then

Corollary 3.8.

R
m,n+R uz—i-)\
FerR q+R [ H t
=1

(w1, Ur, @), (=nr — &Ry R + AR) , (45, Uj),,
(v, Vi1 4+ (@r — R — &R, LR + AR)

oo R
= Z H (¢Pi7Qi>

Pi,...,Pr=0i=1

R
rm n+2R . H tuZJr)\ ula Uy, .%') ; (_77R7 MR) ) (_fRa )‘R) 5
P+2R q+2R P (vj, Vj)l,q , (PR — 1R, MR) ,
(uj,Uj)g, ]
, . 28
(ap — Pr— £+ R, \g) 28)

and
Corollary 3.9.

(u, Uiy s @), ((—mr — €ry R + ARs 1)),

R
mn+R ZH t‘ur’-)\
R.q+R Vo
Fotrat Pt (035 Vi) 1 > (V55 Vi3 05) g1 g

; (Um Un; ’Yn) ) (uj7 Uj)n+1,p :| )
((aor — MR — &R, kR + AR; 1))

R
= Z H ¢p,Q,) T Z’;’;;?ﬁm [zH(tﬁuﬂi)

Py, ,Pr=0i=1 i=1

(u1,Usm ),
(05 Vidy g » (055

(=g, ur3 1) (=€r, Ar3 1) -+ (uns Uni ) 5 (4, Uj) g, ] (29)

(Vii0i)mi1q» (PR =R, R3 1), (0p — Pr — £+ R, AR 1)

Similar manner, we can also defined the results for 7,¢" and 7" of above equations (26)), (27), and

(29).
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4. Conclusions

In this present investigation, we obtained the fractional derivatives and expansion formulae of incomplete
H and H- functions for one variable. We also found from the results for recurrent and repeated fractional
order derivatives and discussed about their some special cases. Further, various other analogues results are
also established. The results obtained here are very much helpful for the further research and also useful in
the study of applied problems of sciences, engineering and technology.
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