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Abstract

In the present article, we have discussed the (p, g)-numbers, the Rogers-Szegdé polynomial
and the (p, q)-Rogers-Szegd polynomial and have defined the (p, g)-matrices and the (p, q)-
Rogers-Szegd matrices. We have presented some algebraic properties of these matrices and have
proved them. In particular, we have obtained the factorization of these matrices, their inverse
matrices, as well as the matrix representations of the (p,q)-numbers, the Rogers-Szeg6

polynomials and the (p, g)-Rogers-Szegd polynomials.

Keywords: (p, q)-analogue; (p,q)-Rogers-Szegd polynomials; (p, q)-Rogers-Szegd

matrix.

(p, @)-Rogers-Szegd Matrisleri Uzerine

Oz

Bu c¢alismada, (p,q)-sayilarini, Rogers-Szegé polinomunu ve (p,q)-Rogers-Szegd
polinomunu ele aldik ve (p, g)-matrislerini ve (p, q)-Rogers-Szegd matrislerini tanimladik. Bu

matrislere ait baz1 6zellikleri verdik ve bunlarin ispatlarmi yaptik. Ozellikle, bu matrislerin
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carpanlara ayrilisini, bunlarmn ters matrislerini ve (p, q)-sayilarinin, Rogers-Szegd polinomlarinin

ve (p, q)-Rogers-Szegd polinomlarinin matris temsillerini elde ettik.

Anahtar Kelimeler: (p,q)-analoji; (p, q)-Rogers-Szegd polinomu; (p, q)-Rogers-Szegd

matrisi.
1. Introduction

The g-binomial is defined as;

m—1

m (¢:9) <
=— LT and (a;q9), = [A-agq’). (1)
Ll (2:9),(2:9),,_, and () 1,1( )

Another way to present the g-binomial is;

where [m], =+ ‘1; and [m] 1=[1] [2], .[m] .

The g-oscillator algebra is an important part of the quantum groups [1- 3]. Accordingly,

the (p, q)-oscillator algebra was presented in [4] and studied in [5-6]. The (p, q)-number [m]p .

was introduced as a result of the studies on the (p, g)-oscillator. The (p, g)-number is defined as;

P =q"
], =2~

And it is obvious that;

iim{],, =[],

The (p, q)-binomial coefficient is defined as;

= = @ ,and (a,b; p,q), = | | (ap’ —bq")
sl,, »ar.a)(p.¢:p.9),. [s] '[m-s] ! 11

pq

{M} _ (p.4;,9),, [],,! 1

where [O]M '=1and [m]p’q = [l]p’q [Z]M ...[m]p’q .
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After the presentation of the (p, g)-number, the (p, q)-calculus studied in [1, 4, 7-9].

Recently, many researchers have studied the ¢ analogue of number sequences and
polynomials, see [10-13]. The Rogers-Szegd polynomials were shown up in the studies of Rogers

[14, 15] and were discussed by Szegd [16]. The single variable Rogers-Szegé polynomial is

defined as;
m m
Hm(x):Z{ } X’
=0 ],

The Rogers-Szegd polynomials satisfy the recursion in [17, p. 49] given as;
H  (x)=0+x)H, (x)+x(q" -DH, (x)-

Jagannathan and Sridhar [18] defined the (p, q)-Rogers-Szeg6 polynomial using the (p, q)-
number and showed that it is related to the (p, q)-oscillator. The (p, g)-Rogers-Szegd polynomial

1s defined as;

Hm(x,p,q)zir:} x*

p-.q

This polynomial is a natural generalization of the Rogers-Szegd polynomial as;

lin’lle (x,p,q)=H, (x).
P>

Additionally, some matrices associated with the number sequences and the polynomials
were studied. For example, in [19] the authors studied the £-Fibonacci matrix and the symmetric
k-Fibonacci matrix, in [20] the authors studied the Pell matrix. Lee et al. [21] gave the
factorization of the Fibonacci matrix. In [10] the authors studied the (¢,x,s)-Fibonacci and Lucas
matrices. Fonseca and Petronilho [22] gave explicit inverses of some tridiagonal matrices. Some

of the important works on the number sequences are determinant and permanent representations
[23-28].

2. (p, q9)-Matrices and Rogers-Szegé Polynomial

Definition 1. The nXn lower triangular (p, q)-matrices N”? =[q, ] are defined by

rs

_ [r—s+1],,, r—s=20
0, otherwise.
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Theorem 2. Let N?7 are(p, q)-matrices, then

1, r=s
[bm]= _(p+Q), r—s=1
pq, r—-s=2

0, otherwise.

(N2) ' =

Proof. It suffices to prove that N”-7(N”)~" = [ . It is obvious, for 7' <§,

n n
ZarkbkY =0 and for r =5, Zarkbks =a,b, =1.For r>5>0 wehave
k=0 k=0

s+2

> ab, =Y ab, =[r-s+1], +[r—sl, (-p—-q)+[r—s—11,, pq
k=0 k=s

=[r—s+1],, —(r—sl, , (p+q)+[r—s-1],,(=pg) =0
which implies that NZ9(NP ) = I,.

Definition 3. The nxn tridiagonal matrices H? =[# ] are defined by

-1, s—r=1
_ x+1, r=s 3)
" (g7 =D, pos=1
0, otherwise.

~q . .
Theorem 4. Let H,, be a lower triangular matrix defined as

1 0 0

~q 0
Hn = _Hq . (4)

1

Hi—j(x)a 12]

0, otherwise.

e, (A1) <[]

Proof. It is obvious by using matrix product.

3. (p, 9)Rogers-Szego Matrices

288



Sahin (2020) ADYU J SCI, 10(1), 285-294

Definition 5. The nxn lower triangular (p,q)-Rogers-Szegd matrices R”7 = [rij] are

defined by

0, otherwise.

K'Z{Hi—j(x’p’q): l_]ZO
ij

The sequence /1, (X, p,q) is defined by h,(x, p,q) =1, h(x,p,q)=x+1 and

n—1

hn (x: D, Q) = (X + l)hn—l (x> D, CI) + Z (_1)’1*5 n—s+1 (x: D, Q)hs—l (x9 D, Q) .

s=1

Definition 6. The 7 X7 lower Hessenberg matrices S”*? =[q,, ] are defined by

H . (x,pyq), r—-s=-1
a =
® 0, otherwise.

Lemma 7. [28] Let | be an nXxn lower Hessenberg matrix for all 7 >1 and define det(

H ))=1.Then, det(H,)=a,, and for n>2

s—1 K
det(H,) = Aol 541 det(H,_ )+ Z[(_I)S_kas,k H a; v det(H,_,)]-
k=1 =k

Lemma 8. For n>1, det(S”*) = A, (x, p,q)-

Proof. det(S”?) = h,(x, p,q) = x+ 1. Suppose that the result is true for all m <n.We

prove it for m = n + 1. Actually, by using Lemma 7 we have

det(S211) = 5,0 det(SL) + D [(=1)"" s, [ |50 det(S2)]
i=1 Jj=i
= (x+1)det(S) 1) + D [(=1)"""H,,,, 1y (%, p,q) det(S])]
i=1

= (x+1)det(S) )+ X (=) H,., (%, P, (x, p,q)]

i=1

= h)Hl (.X, p’ q)

Lemma 9. Let » >1 then,
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Hn (X, P q) = Z(_l)kﬂhk (xa P q)Hn_k(x, P q)

k=1

Proof. From the previous definition of /2, (X, p,q) we know A, (x, p,q) =1 and

n—1
hy(x, p,q) = (x+ Db, (x, p, )+ D (<) H, (6, 2,y (%, ).

k=1

Using this equation, we have;

h,(x, p,q)—(x+Dh,_ (x, p,q)+ H,(x, p,q)h,_,(x,p,q)—...+ H, (x, p,q)h(x, p,q)
_Hn(xap9Q)h0(x3p,q) =0

= Hn(x’paq) = hn(x,p,q)—(x+1)hn_](x,p,q)+H2(x,p,q)hn_2(x,p,q)—...
+Hn—l (x’ p’ Q)hl (x7 pa Q)

Theorem 10. Let R”**be the (p,q)-Rogers-Szegd matrices, then

R =[1,]= {(_1)” he(6pag)s i=j20

0, otherwise.

Proof. The proof runs like in Theorem 2 using Lemma 9.
Corollary 11. Let R?be the (p,q)-Rogers-Szeg0 matrices and ﬁz be the lower triangular
~q
matrices in Eqn. (4). Then, R = (H,)™".

Theorem 12. Let D?? =[d ], be an nxn lower Hessenberg matrix defined as

-1, r+l=s
drs = (_ l)r_s hr7s+1 (X, P> Q)s r—s=>0

0, otherwise.

Then,
detD”? =H (x,p,q)-
Proof. The proof runs like in Lemma 8 using Lemma 7.

The following two corollaries are easy consequences of known results in the literature.
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Corollary 13. LetN  =[n,] be an nxn tridiagonal matrix defined as

-1, j-i=1
_|p*q, i=j
nij_ . .

-pq, i—j=

0, otherwise.
Then, detN, =[n+1],,,, where I = -1,

Proof. detN, =[2], , = p+q. Suppose that the result is true for all the m <n—1. We

proveitfor m=n.

N, (1,71, )" =(0,...,0,[n+1], )"

In fact, using Cramer’s rule we have

_ det(N,_)[n+1],, _ det(V,)[n],,,
P det(N,) P4 det(N,,)

We obtain detN, =[n+ 1,,

Therefore, det N, =[n+ 1]M holds for all positive integers .

Corollary 14. Let H? be the matrix in Eqn. (3). Then, det H? = H, (x)-

Proof. The proof runs like in Corollary 13.

If we multiply the 7th row by (—=1)i" and the sth column by (—)*** of the matrices N,

H”and D", then the determinant is not altered [23]. In addition, there is a connection between

the determinant and permanent of the Hessenberg matrix [26, 29]. Then, it is clear that the

following corollaries holds.
Corollary 15. Let E;*? =[e, ]be an nXn Hessenberg matrix defined as

[ t—s=1

3(s—
est =31 ( t)hs,H] (xa 28 Q)ﬂ Ss—t2> O

0, otherwise.
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Then, detE” = H (x, p,q), where I =+/—1.

-
Corollary 16. Let H (x,p,q)be (p,g)-Rogers-Szegd polynomial, D, =[d;] and

—p4q
E. =[ej]be an nxn Hessenberg matrices defined as

L, j-i=l i, t—s=1

31]' = (_l)i_‘i i—j+1(x: D, Q)a i—j >0 ;Sf = (l‘)3(x—t)hs—t+1 (X, P, q)a s—1t>0

0, otherwise, 0, otherwise.

Then, pel’ﬁf’q = perl?fq =H (x,p,q), where [ = \/—_1 .

Corollary 17. Let H (x)be Rogers-Szegd polynomial, then

det D' =detEY = perﬁi’q = perljltq =H (x).

Proof. Proof is obvious from equation linll H (x,p,q)=H (x).
) i

Corollary 18. Let [n]p . be a (p,q)-number and M n = [mst] be an nXn tridiagonal matrix

defined as
_ia t—s=1
_ p+q, s=t
ipq’ S—lzl

0, otherwise.

Then, det M, =[n+1], ,, where i=+-1.

Corollary 19. Let K? =[k_]be an nXn tridiagonal matrix defined as

_ia t—s= 1
1+ x, t = S
kS’ = . s—1
ix(g>" =1,  s—t=1
0, otherwise.

Then, detK? = H,(x).
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4. Factorization of (p, q)-Rogers-Szegé Matrix

The lower triangular matrix K, =[k,],,,, is defined by

kzj = Hi—l(xapaq) _pHi—z(xapaq) _qu—2(x9p>q)+qui—S(xapa q)
Theorem 20. Let R”*“be (p,q)-Rogers-Szegd matrices and N”*“ be (p,q)-matrices. Then,

R”Y = K N”1.

Proof. It suffices to prove that R/*'(N/“)" =K. Fori> j, k, =0. For 12720,

n Jj+2 3
by =Y b, =Y b, =H_(x,p,q)—H_(x,p.q(p+q)+H,_(x,p.q)pq =k,
s=1 s=j s=l1

which implies desired result.
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