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The Analysis of Some Spherical Mechanism Movements and Joint
Design by The New SLERP Interpolations

Highlights
< The sequential and the sequential fast SLERP are firstly introduced.
«+ The links between the joints in the spherical mechanisms are designd by geometric SLERP.

The Serret-Frenet frame and curvatures of the geometric SLERP interpolation are computed.

Grafik Ozet (Graphical Abstract)

In this paper, the design and the trajectory motion equations of the joints in the spherical mechanisms were presented
by the methods of the sequential SLERP.

Figure. The design of the links between the joints in the 3DoF spherical mechanism by the
geometric SLERP

Aim

The paper aims to design the spherical mechanisms and theri motion via some kinds of SLERP and analyze their geometric
properties.

Design & Methodology

Appliying an alternative method to spherical mechanism motions and spherical mechanism designs.

Originality

Some new SLERP interpolations are introduced and used for the first time in spherical mechanism design and motion.
Findings

The sequential and the sequential fast SLERP in the spherical mechanisms firstly by utilizing the definition of the

SLERP interpolation are firstly introduced. Furthermore, with the help of the definition of the geometric SLERP, the
design of the links between the joints in the spherical mechanisms has been drawn.

Conclusion

The design of the links between the joints in the spherical mechanisms has been drawn using the geometric SLERP.
Then the Serret-Frenet frame and curvatures of the geometric SLERP interpolation have been computed in order to
find the location and the curvatures of these joints in the spherical mechanism.
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ABSTRACT

The movements of the spherical mechanisms take an important place in the robotic studies. In this paper, the design and the
trajectory motion equations of the joints in the spherical mechanisms were presented by the methods of the sequential SLERP,
sequential fast SLERP, sequential SLERP with De-Moivre, and modular SLERP interpolation that we firstly defined. Additionally,
the Serret Frenet frame and curvatures of the geometrical SLERP interpolation curve for the locations of the joints in the spherical
mechanisms were computed, and then, several numerical examples on the interpolation equations that produce the motion equations
of the spherical mechanisms with 2 and 3-degree of freedom were given at the end of the paper.

Keywords: Quaternion, sequential SLERP, sequential fast SLERP, modular SLERP, interpolation.

Bazi1 Kiiresel Mekanizma Hareketlerinin ve Mafsal
Tasarimlarinin Yeni SLERP Interpolasyonlari ile
Incelenmesi

(077
Kiiresel mekanizmalarin hareketleri robotik ¢aligmalarda dnemli bir yer almaktadir. Caligmamizda kiiresel mekanizmalardaki
mafsallarin tasarimi ve yoriinge hareket denklemleri ilk defa tanimladigimiz dizisel SLERP, dizisel fast SLERP, De-Moivre ile
dizisel SLERP ve modiiler SLERP interpolasyon yontemleri ile verilmistir. Bununla birlikte, kiiresel mekanizmalardaki mafsallarin
konumlari i¢in geometrik SLERP interpolasyon egrisinin Serret-Frenet catist ve egrilikleri hesaplanarak sayisal bir 6rnek
verilmigtir. Ayrica makalenin sonunda, iki ve {i¢ serbestlik dereceli kiiresel mekanizmalarin hareket denklemlerini iireten

interpolasyon denklemleri ile ilgili birkag sayisal drneklendirme de yapilmistir.
Anahtar Kelimeler: Kuaterniyon, dizisel SLERP, hizh dizisel SLERP, modiiler SLERP, interpolasyon

1. INTRODUCTION

A famous Irish mathematician Sir William Rowan
Hamilton (1843) brought quaternions in the literature by
writing the quaternion equation g =S+ iX+ jy +Kkz in
ij=Kk ji=-k, jk=i, kj=-i,,
ik=—], ki=j and s,X,y,zZel] , on the Brougham
Bridge, with an inspiration which came while he was
going to meeting in the royal family to be a chairman.
Since the quaternions with non-commutative reel algebra
yield most of the properties of the complex numbers, they
also called hypercomplex numbers. Furthermore, since
they easily enable the rotation motion of a point in the
space, the quaternions have a quite wide implementation
area. Especially, in such areas as mechanics, kinematics,
robotics, and physics in which geometric movements
occur, quaternions have a big advantageous usage in
terms of representation and operation. Therefore, a lot of

which and

*Sorumlu Yazar (Corresponding Author)
e-posta : hkusak@beu.edu.tr

studies on the quaternions have been conducted in
various disciplines [1-6]. Sheomake (1985) defined the
SLERP interpolation between two unit quaternions for
the first time [7]. Dam et al. (1998) carried on various
animation studies by utilizing the methods of
interpolation [8]. Hast et al. (2003-2004) analyzed the
shadings with the spherical linear interpolation by using
the De Moivre formula and also made the definition of
the fast incremental SLERP by using the
orthogonalization method of Gram-Schmidt [9,10].
Kremer (2008) yielded the definition of the normalized
linear interpolation and then did new researches on the
SLERP interpolation by using the quaternion algorithms
[11]. Jafari et al. 2014) analyzed the Bezier curves by
utilizing the spherical linear interpolation [12]. In
addition, Kusak Samanci et al.(2015), Karadag et
al.(2019), Incesu (2021) obtained some properties of the
Bezier curves [13-15]. On the other hand, the
mechanisms and machines theory was firstly launched
into analyzing in Russia in 1800 and then spread around
the world. Also, in 1969, the second convention for
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machines and mechanisms had been assembled in
Poland, and there, the importance of the kinematic in the
mechanisms was emphasized. One of the pioneers of the
spherical mechanisms, Leonhard Euler (1776) defined
the rotation of a solid object about a point, firstly. In
recent years, studies have shown that the quaternions
play an essential role in the rotation motions of the
spherical mechanisms, as well. Alizade(2005),
Gezgin(2006), and Kilit(2007) analyzed the motions of
the spherical mechanisms by using the quaternions.
Moreover, they also defined sequential and modular
rotation new methods for the first time [16-18].

The robotic studies have an important place in
mechanical engineering. Furthermore, the spherical
mechanisms comprise a substantial part of the field.
However, we’ve realized that even though the quaternion
structures had been used in the spherical mechanisms in
some studies conducted before, the interpolations hadn’t
been used. Thus, in this study, we have analyzed the
equations of the motions of the SLERP interpolations and
the spherical mechanisms as an alternative to the
quaternion studies which are used in the design of the
spherical mechanism before. The sequential SLERP,
sequential fast SLERP, sequential SLERP with De-
Moivre, and modular SLERP have been defined firstly to
analyze the motion of the spherical mechanisms. Also,
the geometric SLERP interpolation curve has been
benefited for the designs of the spherical mechanism
joints. Then, a numeric example has been given by
computing the Serret-Frenet frame and the curvatures of
the SLERP interpolations. We expect that our study will
prepare a theoretical background for engineering studies.

2. MATERIAL and METHOD

A quaternion is defined by the
q=S+ix+ jy+kz where s, X, Y,z €l
=P =kl =ik=-1, ij=k ve ji=—-k, jk=i,
kji=-i,and ik=—], Ki=j.Let H and H, be the set

of quaternions and the unit quaternions, respectively. The
two quaternion multiplication q=S+iX+ jy +kz and

g'=s'+ix'+ jy'+kz' is defined by

equation
and

SS'-XX'-yy'-2z',
[s,v]x[s' V] =] s(ix'+ jy'+ke')+5'(ix+ jy+ke)
+(yz'-y'z)i+(2x-2'%) j+(xy-x"y )k
where (,q"' € H [1-6]. The spherical linear quaternion

interpolations are the biggest arcs drawn by two-unit
quaternions on the sphere surface. Let t e [0,1] be a

parameter and 0, €H,, the spherical linear
interpolation between (, and ¢, is defined by
) sin((1-t)9) _sin(t)
SLERP(d,,q,,t) = 0, (0%, ) = N
(06 = s (%0 =0 = 6=

where the angle value is computed by ¢,.0, =cosé in [7-
8]. When the Gram-Schmidt orthogonalization method is
applied for the unit quaternion (, € H | the fast
incremental SLERP interpolation
a(n)=gq,cos(nK,)+aq,sin(nK,) occurs, where the
quaternion {, is orthogonal of the quaternion (], . Also,
if there is a digit K , the angle between the quaternions

cos™(q,.0,) [
k

Then, the geometric SLERP interpolation between the
vectors v and Vv,which are taken in the three-

is computed by equation K, =

dimensional space is given by the equation

sina

where t e [O,l] and the angle between the vectors v,
and v,is a =arccos(v,.v,)[12].

Let the vectors I; to be rotated about the axes M, as
much as the angle &, (i =1,...,n). Here, in order to get
the vector I;,,, the vector I; is rotated by the quaternion

Q;. Thus, the vector I;,, is yielded by the equation
li,=0 (n)q(l. The rotations of the solid objects by

1+

using the sequential method and the quaternion operators

are defined by I, = 0,0, 4.--0,0 (1) 0 G5 -0,
in Figure 1 [16-18].

X -

n+1

Figure 1. The sequential rotation of the solid objects by
quaternions [16-18]

The new vectors rl' and mi occur as a result of the

rotation of the all M, except M, ,and I} aboutthe M_

up to the 6., and this process continues until the I,"

occurs. At the end of this process, with the help of the
quaternion of the solid objects, the modular rotation
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* * * * *_1 *_l *_l *_1
L =00, 4.--050 ()0 0, *..0, 40, ~ has been
*1
1

i =g (r)q
mj =g (m{*)g" inFigure 2 [16-18].

Z m.1

defined by using and

m1
Figure 2. The modular rotation method of the solid objects
[16-18]

3. MAIN RESULTS

In this section, the interpolation definitions of the
sequential SLERP, sequential fast SLERP, sequential
SLERP with De-Moivre, and the modular SLERP with
De-Moivre are firstly given. The link design between
joints has been made by using geometric SLERP. Finally,
the Frenet frame and the curvature calculations of the
SLERP interpolation have been defined.

3.1. The Sequential and The Modular SLERP

Interpolation In The Spherical Mechanisms

Definition 3.1.1. Let t<[0,1] be a parameter and

q(i—l) Qi € Hl, the SLERP interpolation equation of the

great arc which is drawn from q(H) to Q; rotations by

the robotic arm in the spherical mechanisms is obtained
Qo5 = SLERP (0,6, )

sin((l—t)a) sin(ta)
I (R L e
sina sina
where the angle between two unit quaternions q(i_l) and

0; are computed by COSx = q(i_l).qi in Figure 3 [3].

Figure 3. The formation of a path according to the two
quaternion points of the robotic arm by the SLERP
method

Definition 3.1.2. (The Sequential SLERP Method) Let

te[O,l] be a parameter and q(i_l),qi,q(m) eH,.

Then, the equation yielding the three successive rotation

through the spherical mechanisms is ¢ ), 0 € H,

where t € [0,1]. The equation of the position points of
the solid objects on the four-dimensional quaternionic
hypersphere [, =0, y)-+-Oze0iofi0ho Oog -G gy 1
defined as the SLERP method, and this equation is
obtained by using the g, (t) = SLERP(dj, ), ;.1 )
and the angle COSa = q(ifl).qi between the two

quaternions.

Definition  3.1.3. (The Sequential Fast SLERP
Method) Let 0,0, ,0;,0, €H, be the unit
quaternions where i=1,2,...,n. When the quaternions
0; instead of (, and (];,, instead of (Q, are taken in the
Fast SLERP equation
q(n)=q,cos(nk,)+q,sin(nk,),

the quaternion Q; = 0};; —(qi .qm)qi is obtained. The
angle between these quaternions is computed by
cosfd=q;.q;,, for i=12,.,n. The Fast SLERP
interpolation between the unit quaternions §; and (0,
is denoted by ¢ (k) =g, cos(k6y )+, sin(kéy )
where 0<k <N and 8, =6/N . In this equation,

the variable K can take an arbitrary value as K =K; or,

for convenience in the computations, it can also be a

mean value like K=0.5. When k=0.5 in the Fast
SLERP interpolation, the Fast SLERP interpolation value

o, .0
qi=cosz'+mi smE' is obtained. When the
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position vectors of the joints in the spherical mechanisms
are I, the rotation process by the unit quaternions g; of

the each of the vector I; is obtained by I, = (; (I’i )qi_l

1
where 1=1,2,...,n. Then, when these rotations are

sequentially written in the sequential SLERP equation
which is given in definition 3.1, this method formed by

“14-1 -1 -1
i1 = OOy 100 (1) 00, 0,50,
called the sequential Fast SLERP method.
Definition 3.1.4. (The Sequential Fast SLERP Method

with De-Moivre) Let 0,0, €H, be a unit
quaternion. When the rule of De-Moivre is used for the
complex number Z =C0S#,, +isSin@,, the number

will  be

Z* =cos (k6 )+isin(kd,) is obtained. Then,
when this statement
k
0; (k) = (qi1Qi+1)Z
guaternions O, € H, are obtained. Thus, when these

quaternions are sequentially applied to the end joint
position, the equation

— -1~4-1 -1 -1 - btained
i = OgOo--0,0h (1) % ", .0, 2,0, is obtained.
This method will be called The Fast SLERP with De-

Moivre.
Definition 3.1.5. (The Modular SLERP Interpolation)

Let I, and M, be the position vectors of the joints in the

is written in the equation

where i=12,..,n, the

spherical mechanisms. In this method, all M, , except I

and M, , rotate about the vector M, as much as 6, , and

the new vectors become rl' and ml' . Then, this process

continues until obtaining the vector I,". When the angle

o, .0,
between the quaternions (; :COSEI+mi SlnE' is

computed by COS¢ = Oi-1)i-Ci(iz) and then, is written

in the SLERP equation
) sin((1-1)6,) sin(t,)

qv ” = qi B + i1 R the
i sin g, sin g,

equation of the SLERP interpolation s

qi*(i+l) (t):qi*(m)(O.S) where t=0.5. While the

rotation of the position vector I} by obtained quaternions

is yielded by the equation
i * *_l .

=0y (O.5)(r1)qi(i+1) (0.5), the rotation of the

axes m. s

i yielded by the

equation
m‘j :qi*(mij‘l)qi*_l. Thus, the modularly occurred

n * * * * *_1 *_1 *_1 *_l
[ =0,0n1---0250h, (rl)qu Ups ---0h40,

method

will be called the Modular SLERP interpolation

method.

3.2. The Analysis of the Rotation Motions By The
SLERP Interpolation In the Spherical
Mechanisms

In this section, the rotation motions of the joints in the

spherical mechanisms are analyzed by the SLERP

interpolations.

3.2.1. The Analysis of The Rotation Motion In The
Spherical Mechanisms of Two-Degree of
Freedom by The SLERP Interpolation

Let the unit quaternions yielding the rotations of the joint

vectors Z,,Z,,Z, of a spherical mechanism of two-
degree of freedomwith |, ,Q, .0, € H, . The SLERP

interpolation of the unit quaternions q22 and dz, is

yielded by the equation
sin((1-t)ay)  sin(tay,)
0, =SLERP(Q,,, 0, ,t)=0;, - +0, —
4 (9,9:,1) =2 sina, % sinay,

where the angle a, demonstrates the angle between
the quaternions qZz and qZl , and it is computed by the
equation COSa, =(j .0, . The rotation equation of

the vector Z,, which is the end joint of the spherical
mechanism of two-degree of freedom, by the unit
quaternion ), is shown by Z, =0, (Z,)0,; . The
SLERP interpolation of the unit quaternions g, and g,
is given by the equation

o = SLERP (03,0, ) = 0y, — (S(iln 02%) ;

sin(tay)
“ sing,

where the angle o = represents the angle between the
quaternions az, and 4z, . and it is computed by the
equation COSa, =( .q; . The equation of rotation

of the vector 22 , Which is the end joint of the spherical
mechanism of two-degree of freedom, by the unit
quaternion  {,, is shown by the equation

Z:=qy (Z;) Oo . Also, when the rotation trajectories

of the end joint are written by the SLERP method, the
rotation motion by the equation

Z2 =q10q21(22)q2‘11q1‘01 has been modeled. Similar

operations can be done for the modular motion or the

other joint vectors.

3.2.2. The Analysis of The Rotation Motion In The
Spherical Mechanisms of Three Degree of
Freedom by The SLERP Interpolation

Let the rotation motion for the joints Z,,Z,,Z,,Z in

a spherical mechanism with three-degree of freedom be
described by the unit quaternions

1516
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,,0;,,9,.9;, € H,. The interpolation of the
quaternions by SLERP rotation motion is computed by

) osin((l-t)ay,) sin(tay,)
q32 = SLERP(qZS,qzzat) _qzs Sinasz +qu Sln 0‘32
i ) sin((l—t)a21) Sin(tazl)
q21 —SLERP(qZZ’qZ1’t)_qZZ Sln a/21 * 4 Sln 0"21
sin((1-t)a, ) sin(tay)
=SLERP(q,,,q, ,t)=
Cho (q21 U, ) %, sinay, e sinay,

where the angles are computed by the equations
cosa, =0y q,,, cosa, =4, 0, and

Cosa, =0 .q, . Then, the rotation motions of the

intended joint are respectively done. For example, the
position vectors of the joint Z, by the rotation by the
sequential method are respectively transformed to the

1 -1 2 1 -1
vectors  Z; =0, (23)(132 v 2y =0y (Zs)qu and
Z?? =0, (Zsz)ql_ol. If the position vector of the motion

chain result is wanted to get, it can be computed by
writing the equation Z3 = G005, (Z5) U5y Upr o -
3.3. The Design of The Links Between The Joints of
The Spherical Mechanisms by The Geometric
SLERP
The links between the joints in the spherical
mechanisms of 2DoF and 3DoF in the study of Gezgin
(2006) and Kilit (2007) are firstly formed by using the
geometric SLERPs in this section of our study.
3.3.1. The Design of The Links Between The Joints of
The Spherical Mechanisms of Two-Degree of
Freedom by The Geometric SLERP

Let Z,,Z, € R® be the position vectors of the joints of

the spherical mechanisms with two-degree of freedom.
The equation of the link between the first and the second
joints vectors Z, and Z, which are taken in this spherical

mechanism is obtained by the geometric SLERP method
as

Sin((l_t)“lo)+z sin(tey, )

z,, =Slerp(z,,z,,t)=z2 - -
o P(z0r2ut) =2, sinay, sinay,
Now, the equation of the link between the second and the

third joint vectors Z, and Z, is computed by
Sin((l_t)%l)Jrz

z,, =Slerp(z,,z,,t)=z2 -

12 p( 1142 ) 1 sin a,
Thus, the equations of the links between the joints of the
spherical mechanisms of two-degree of freedom have
been computed by the help of the geometric SLERP seen
as in Figure 4.

sina,,

Figure 4. The design of the links between the joints in the 2DoF
spherical mechanism by the geometric SLERP

3.3.2. The Design of The Links Between The Joints of
The Spherical Mechanisms of Three-Degree of
Freedom by The Geometric SLERP

Let the position vectors of the spherical
mechanisms of three-degree of freedom to be

Z,,2,,2, € R® The equation of the first link between

the joint vectors Z, and Z, in the sphere mechanism is
denoted by

sin((1-t)« sin(ta
zOl:S|erp(zo,zl,t):ZO (( ) 10)"‘21 ( 10)_
singy, singy,
Now, the equation of the second link between the second
and the third joint vectors Z, and Z,

sin((1-t)ay) .
sina,,

sin(tay, )

sinay,

z,, =Slerp(z,,z,,t) =2,

is obtained by using the angle ,, . The equation of the
third link between the vectors Z, and Z, is given by

Sin((l_t)asz)ﬂ
sina,,

sin(tey, )
sina,,

Z,,=Slerp(z,,2;,t) =12,

using the angle «,. Thus, the equations of the links

between the joints of the spherical mechanisms of the
three-degree of freedom have been computed with the
help of the geometric SLERP seen as in Figure 5.

sin (ta,,)
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Figure 5. The design of the links between the joints in the 3DoF
spherical mechanism by the geometric SLERP

Theorem 3.3.1 (The Serret-Frenet Frame and
Curvatures of The Geometric SLERP)

Let Zy = (Zo41 Zoy1 Zo,) and 2, = (2,4, 2,, 2;,) be
the unit vectors in the Euclid-3 space and

p= Slerp(Zo, Zl,t) be the geometric SLERP
interpolation formed by the unit vectors Z, and Z, .

The Serret-Frenet frame of the curve [ is

L ZyC0s(1-t)a+2, cos(tar)

T=+ ,
A
1 [cos((l—t)a)+cos(ta)cosa}zl
7 Asina ~[cosacos((1-t) ) +cos(ta) |z,
g ZoNZ
sina

and the curvature and the torsion are obtained by

sin &
K= and 7 =0 where

3

A=\/COSZ((l—t)a)+cosz(ta)—ZCOS((l—t)a)COS(ta)COSa
for the abbreviation.
Proof: First, the angle values are computed by the

Z,.Z, =COS between the vectors which are used in
the geometric SLERP interpolation. When the first

derivative of the SLERP interpolation curve
sin((1-t)a sin(ta

B =Slerp(z,,2,,t)=2, (( ) )+zl ( ) of
sina sina

the two vectors is taken, it’s computed as

z —acos(l-t)a acos(ta)
ox sina Y sing
B —acos(l—t)a+z acos(ta)
T sina Y osing
—acos(l-t)a acos(ta)

ZOz - le A
sina sina

The norm of the first derivative of the curve £ is

denoted as ||ﬂ || =A

sina
of the non-unit speed geometric SLERP curve f is
computed by the equation

T:ﬂzizo cos(1-t)ar+z, cos(ter) .
181 A

. The tangent vector field

Z,NZ
The binormal vector B =-2"1
SINa
SLERP curve [ is obtained by using its second

derivative

of the geometric

sin((1-t)a sin(ta
||:_a2 ZO ((- ) )+Zl -( )
sina sina
3
in the cross product S'A f"=——.2,AZ, . Then,
SInx

the principal normal is found by
1 [cos((l—t)a)+cos(ta)cosa]zl

N=BAT=%

- Asina | [ cosacos((1-t)ar) +cos(te) |z,
In this case, the Frenet frame {T, N, B} of the geometric

SLERP interpolation /£ has been computed. The
curvature of this curve is obtained by

18~ B o’ sina

K= 3 3 3 !
o e A
sina

and the torsion is found by
Tz(/f'ﬂ"/?"')

XA
:—_L<20Azl,[zo_aco_s(l_t)aﬂlas‘_n(ta)D:O.

SIna SIna SIna

The derivative formulas of the frame {T, N, B} of the
geometric SLERP interpolation £ are computed by
HY)
a|SIn” o
_|afsina

N = |a|sin «
A? A

T 2

T, B'=0

1518



THE ANALYSIS OF SOME SPHERICAL MECHANISM MOVEMENTS AND JOINT DESIG ...

Politeknik Dergisi, 2022; 25 (4) : 1513-1521

and the arch-length of this geometric interpolation curve

is found by the equation J-”ﬁ '|| dt = J. Adt.

sina

4. NUMERIC EXAMPLES
Example 4.1. Let the rotation motions of the joint

Z,=(1,0,0) in a spherical mechanism of 3DoF be

described by the quaternions
ds =(0,1,0,0).9,, =(0,0,1,0),

730

The computation of the angle between (,, and

ad,, :(0,0,0,1) and Q,, = (

q,, is obtained by 0,;.0,, =C0Say, =0 and
a,, =907,
t =0.5 is computed as

0z, = SLERP(d,,;,,0.5) = ( */_ */_ J

Then, with the help of this quaternion, the joint position
is computed by Z5 = (0+Oi + ] +0k) . Let rotate the

and the rotation motion for the value

joint Z5 by the quaternions @, = (O 0,1 O) and

quz(0,0,0,l) again. The angle between these

quaternions is  found  from the  equation
0,,.0,, =C0sa,, =0 as a, =90°, and the
quaternion yielding the rotation motion for the value

t =0.5 is computed as
2 IJ
2

0, = SLERP(d,,.,q,,,0.5) = (o 0,~=

Thus, the position vector, as a result of the rotation of the
joint ZI, is computed as Z? :(0+0i+0j +k).
Now, let move the position vector Z32 by the SLERP

interpolation of the unit quaternions ,, =(0,0,0,1)

1
and Q,, = ( % > J The angle between these

two  quaternions s
071070 =COS ey, =0as

found from  equality
a,=90"  and the

interpolation value for the value t = 0.5 is computed as

0 = SLERP(,,,q,,,0.5) = ( 6 V2 “/_j

44" 2

Therefore, the result

(o8

0+7i +% j +0kj has been computed. Thus,

position vector

the rotation motions of the joint Z, =(1,0,0) by the

SLERP quaternion interpolation have been designed.

Example 4.2. Let the position vectors of the joints of a
spherical mechanism of 2DoF be z,=(10,1),

z,=(0,1,1) and z,=(1,1,0). The link equation
between the joint vectors Z, and Z, is computed by the
interpolation

z,, = Slerp(z,,2,,t)

L)
/3 N

—(1.0,1) Sin(ﬂ'(

where the angle between the joint vectorsis ¢, = /3.

The value of the interpolation at t = 0.5is computed as
201(0_5):[1,1,1

V333
the link between the joints Z, and Z, after the formation
of the first link. Since the angle between the joint vectors
z, and Z, is a, =7/3, the equation of the link

between these joints is computed by the geometric
SLERP method as

z,, = Slerp(z,,z,,t)
sin(z(1-1)/3)

sinz/3

j . Let compute the equation of

sin(7t/3)
sin /3

=(0,11) +(1,1,0)

The interpolation value of the computed link at t = 0.5

is obtained by Z,,(0 5)—(i 2 i] The

e NERNCENEY)
values of the initial, mid, and endpoints of the link
interpolation equation between the joints are given in
Table 1.

Table 1. The values of the initial, mid, and endpoints of the links of the 2DoF mechanism
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6[0,1] Slerp(zo,zl,t) interpolation Slerp(zl,zz,t) interpolation
(the link between Z and Z,) (the link between Z;and Z,)
t=0 z,=(1,0,1) z, =(0,1,2)

t=1 z, =(0,1,1)

z,=(110)

Example 4.3. Let the joint vectors of a spherical
mechanism of 3DoF be z,=(1,0,1),z, =(0,11) ,

z,=(110) and z,=(1,1,1). The equation of the
first link is

z,, =Slerp(z,,z,,t)
B sin(z(1-t)/3) sin(tz/3)
- (1’0’1)W+ (0’1’1)W’

and the value of this interpolation curve at the value

LL%
BBB)

Then, the angle between the joint vectors Z, and Z, is

t =0.5is computed by Z,, (0.5) :(

computed ¢, = 7z/3 . Thus, the equation of the second

link between the joints Z, and Z,

z,, =Slerp(z,,z,,t)
)7/3)

sin((1-t sin(tz/3

=(011|1)((— ( y lO)M
sinz/3 sinz/3

is computed by the geometric SLERP equation. The

value of this interpolation curve at the value t =0.5is

. 1 2 1
obtained z ,(t)=| —=,—=,—= |- Now, let compute
0555
the equation of the third link of the spherical mechanism.
The interpolation curve between the joint vectors

z,=(110) and z,=(L,11) is given by
sin((1-t i
Z,, = Slerp(z,,z,,t) =2, ! (( )0!32)+235|n.(ta32).
sina, sina,,
The vector  z,,(0.5)=(2,21) _\/26\/_62‘5 is

computed for the value t =0.5.

Table 2. The values of the initial, mid, and endpoints of the links of the 3DoF mechanism

te[0,1] Slerp(z,,2,,t) Slerp(z,,2,,t) Slerp(z,,z,,t)
interpolation interpolation interpolation
(the link between Zjand Z,) | (the link between Z,and Z,) | (the link between Z, and Z,)
t=0 z,=(0,1) z,=(0,11) 110
t=05 1 1 2 1 2 1
=T =0 = L, = =0T T Zy,= 221 \/_
NERNERNG NERNERNG
t=1 z,=(0,11) =(1,10) = 111
T T
Example 4.4. The geometric SLERP interpolation curve . —COSE(l—t) COSEt .

between the initial vector Z, =(1,0,0) and the end

vector le(O,l,O)is denoted by the equation

R T - T
£ =Slerp(z,,z,,t) = (sm ((1—t) E],sm (Etjoj

The tangent vector of this obtained geometric SLERP /3
is computed as

\/COSZ”(l—t)+COSZ”I \/coszﬁ(l—t)+coszﬂt
2 2 2 2
The binormal vector B =(0,0,1) and the principal

normal vector of the geometric SLERP is obtained by the
equations
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—cosZt —cosZ(1-t)
2 2

N = , ,0 1.

\/cosz 5(1—t) +cos? Lt \/cosz 5(1—t) +cos? Xt
2 2 2 2

The curvature of the curve is

1

\/c052 (1—t)§+cos2 i,
2 2

interpolation

K= and the torsion is

7 =0. Also, the derivative formulas of the Frenet frame
of the geometric SLERP are computed as

~Teos”t —Ecosz(l—t)
T' — 2 2 2 2 ,O

3 3
(coszl(l—t)+coszltj (coszz(l—t)+coszzt)
2 2 2 2

T T
2 cos” (1-t
2c032( )

T T
——cos—t
2 2

N = 0.

3’ 3
\/(cosz E(l—t)+cosz Et) \/{”cosz (1-t)+cos’ ”t)
2 2 2 2

5. CONCLUSION

In our study, we have defined the sequential and the
sequential fast SLERP in the spherical mechanisms
firstly by utilizing the definition of the SLERP
interpolation. These interpolation methods make us
transact faster in robotic arm motions. Also, with the help
of the definition of the geometric SLERP, the design of
the links between the joints in the spherical mechanisms
has been drawn. Additionally, the Serret-Frenet frame
and curvatures of the geometric SLERP interpolation
have been computed in order to find the location and the
curvatures of these joints.
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