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Abstract: The concept of time scales has attracted the attention of mathematicians for a quarter-
century. The time scales have a very important place in mathematical analysis. Many mathematicians
have worked on this subject and they have achieved good results. Inequalities and dynamic equations
are at the top of these studies. Inequalities and dynamic equations contributed to the solution of many
problems in various branches of science. In this article, some results of weighted Holder type
inequality are presented via ¢ -integral.
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1. Introduction

Time scales have made a name in many branches of science for the last 30 years. The theory of
time scales was initiated by Stefan Hilger [1] in 1988 and it was developed by many mathematicians.
They have demonstrated various aspects of integral inequalities [2-32]. The most important examples
of time scale studies are differential calculus and inequalities [12]. In 2014, Agarwal, O’Regan, and
Saker revealed many features of dynamic inequalities in time scales. Dynamic equations and
inequalities have many applications in other disciplines besides mathematics. For example; population
dynamics, quantum mechanics, physical problems, wave equations, heat transfer, optical problems,
and finance problems [12, 27, 29, 30].

Holder inequalities have a very important place in harmonic analysis. Many mathematicians
have achieved very important results using Holder inequality [10, 11, 13]. The article aims to
demonstrate some results of weighted Holder’s inequality in the two-dimensional case on time scale
via the e ,-integral.

2. Materials and Method

Now, let’s briefly give information about time scales and necessary definitions and notations for
our article. The details can be followed from the studies conducted by some researchers [1-31].

T is atime scale (T # @ and T c R).
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Let a(t),p(t) be the forward jump operator and the backward jump operator in T. And jump
operators are defined by

o(t) =inf{s € T:s > t}, p(t) =sup{s € T:s > t}
fort e T.

If o: T - T, o(t) > t, then t is right-scattered and if o: T — T, a(t) = t, then t is called right-
dense. If p: T — T, p(t) < t, then t is left-scattered and if p: T - T, p(t) = t, then t is called left-
dense. Let two mappings w,9:T — R* such that u(t) =o(t)—t, 9(t) =t —p(t) are called
graininess mappings.

Letg:T—-> Rand g°:T - Rby g?(t) = g(a(t)) forvt € T, ie., g° =geo. Andlet g: T —»
Rand g°: T - Rby gP(t) = g(p(t)) forvt €T, i.e., gl = gop.

The generalized derivative g2(t) of g: T - R, becomes g?(t) = g'(t) when T = R. And if
T = Z, then g”(t) reduces to g2(t) = Ag(t).

Definition 2.1. If G: T — R is called a A-antiderivative of g: T — R, then we define

t

j 9(8)A6 = G(6) — G(s),

for vs,t € T. [12]

Definition 2.2. Let h: T, — R is called V-differentiable at t € Tj. If € > 0, then there exists a
neighborhood V of t such that

|h(p(D) — h(s) — () (p(©) — )| < elp(®) — s,
for vs € V. [14]

Definition 2.3. Let H: T — R is called a V-antiderivative of h: T — R, then we define

t

jh(&)v& =H(t) —H(s),

fors,t € T. [14]

Let f(t) be differentiable on T for a, t € T. Then, we define f°«(t) by

fe@®) =aft®+ @ -a)f' ()
for0 < a <1.[14]

Proposition 2.4. If we get f, h: T - R, o -differentiable for a,t € T, [15] then
0] f+ h: T - Ris o,-differentiable for t € T with
(f + h)°e(t) = f«(t) + h*(D).

(i) Letk € R, kf: T —» R is o,-differentiable for a, t € T with

(kf)*e(t) = kf°«(t).
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(iti)  fh:T - Ris o,-differentiable for «, t € T with

(fR)*«(t) = f*=(). h(®) + af *(ORA (D) + (1 — ) fP (DR (D).

Definition 2.5. Ifwe get a,b,t € T and f: T = R, [15] then

[r@cer=a[rmar+a-a [ row
for0<a<l. ’ ’ ’

Proposition 2.6. Let u,v,a,t € T, c € R and if f(y), g(y) are o4-integrable on [u, v]y, then the
following statements are valid. [15]

0 LI+l ear =L f®) o%av+ [ 90) o v,
() [ cfO)oay=cl.fO) o,

(i) LfW oar==L"F0) o,

V) LD eav=LFW) oav+ [ f¥) oV

v L@ eay=0.

Lemma 2.7. Let u,v,a,t € T with u < v. Suppose that h(y) and g(y) are ¢,-integrable on [u, v],
then we have [15]

(i) Ifh@) = 0for vy € [u, vy, then [ h(y) oq ¥ = 0.

(i) 1fh(y) < g(y) for vy € [w, vy, then [Th(y) oqv < [ g(¥) o ¥.
(iii) If h(y) = 0 for vy € [u, v]y, then h(y) = 0 iff f;j h(y) o, v =0.

Lemma 2.8. Let h, g be V-differentiable two positive functions [31]. For h, g satisfying g4l < hP <
gL onthe [a,b],with1/p+1/q = 1and p,q > 1, we have

b 1/p ,p 1/q b
(O ( f h(s)”Vs) ( f g(s)qv5> < (L)Yra f h(s)g(s)Vs.

a

Theorem 2.9. If h is ¢, -integrable on an interval I = [a, b], then |h| is ¢,-integrable on | that is [31]

fh(s) % S Sflh(s)loa s.

3. Results

Theorem 3.1. Let two mappings h,g € C,4 and h, g: [a, b] X [a, b] = R. 6(y,1),9(v,7) > 0 weight
functions and ¢ ,-integrable functions for a, b € T, we have
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b b
IIMWJWWJMWJWWJN%V%T

b b %bb %
S(ff”ﬂ%iﬁﬁﬂﬂ?°awa> (fIWOGﬂﬁOGDW°aV%T>

wherep > 1, g > 1.

Proof. If u,v >0 (u,v e R)with1/p+1/q=1(p,q > 1), then

1 1
qui + pv?P = pq (D

holds. Assume that

b b b b
<ffHK%TWOGﬂW°awa><ffuﬂ%twoaﬂw°aV%T)¢0-

and u(y, 1), v(y, 1) € Crq(R) with

|h(y, DO, DIP
b b 4
fa fa [h(81,65)0(61,6,)IP 05 61 04 &,

u(y,7) =

lgty, DIy, )|
J2 121981, 8,)09(61,62)19 04 6y o 6,

v(y,T) =

If we apply (1) to functions u(y, ) and v(y, t) and take integrals from a to b, we get directly Holder
inequalities

b b 00V % T
|R(81,82)0(61,62)IP 0 81 04 62 fa fa 19(61,82)9(61,82)| 04 61 04 6,

o

ff Ih(y, DO, )P 190, DOy, DI
2o

Q

b b b b
= ffu(y,f)%vmf)% °aV°aTSJJ[u(y'T) U(Y'T)] aV 0T

oayoaT
J2 [P 1h(81,8,)6(81,8,)1P og 8y 04 8,

a

1( [ Ih(y, DOy, DI
B2l

b b
1 lg(r, DIy, DI
+- b b %V % T
q 2 a fa fa 19 (81, 62)9(61,82)19 04 61 04 8,
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Theorem 3.2. Let 6(y,17),9(,7) >0 be weight functions via o4-integrable. If
M(y, 1), h(y), g(t), u(y),o(r) be non-negative functions with 1/p+1/q=1 (p,q > 1) via o4-
integrable, then the following (2) and (3) inequalities are equivalent

b b
f f My, DROY, DIDOF,T) 00 ¥ 0 T

b 7 b q
< <f uPK@)h@)E(¥))P o )/) <f a(0)ID (1) (g(D)I(1))? o4 T) (2)
and
b b p b
f o(1)PD(D)* < f My, DRDIOW) o0 y) ogy < j UK REIBW) o0 v 3)
where K(y) = f; IZ((;)? oo Tand D(y) = f: A:g)? 0y Y.

Proof. Let's consider the equation below

b b
f f My, DROF DITOF,T) 00 ¥ o0 T

b b
- f f My, DROO, r)%g(rwm 7 :EB bV oa T, @)

Now, applying the Holder inequality to (4), we get

b b
JJM(%T)h(V)g(T) %0V % T

a

b p /Db q
< ( f HDPKD ROI))P o0 y) ( f F(DID D) (MID) o r) |

a

Assume that the inequality (2) holds. If

b p-1
9@ =a(@®PDO'? ( f My, Dh@)OY) °a V)
and using (2), we obtain ’

b

b P
f o (1) PD(2)"7 ( f My, DREIOX) o y) o T

a
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b b
= [ [ MO Dh0@I90) 20 oet

b D b q
< ( f HPKD) (BI04 y) ( f s@D@(g@I(D)" o0 r)

a a

1

b % b b p q
=< f WK RO w) ( [e@epr+ < [ Mo onmem w) o r>.

a a

Now, applying Holder’s inequality, we obtain

b b
f f My, DROF)GDIT) o0 ¥ 00 T

a

b b
- f (a(rrlnﬁ f M@y, DRGIOG) o y> s(MD@TGDI(T) 00 T

| =

b b p P /b %
< f o (1) PD(D)P ( j My, DREIOX) w) o r) ( f s@ID@(GDID) 00 r)

a

b ) b q
< j WK MMM o y) ( j s(DDD(GTDID) o r) .

a

4. Discussion

Integration in time scales helps us to achieve many nonlinear integral equations using different
inequalities and equations. Many authors have obtained many inequalities and integral equations using
various methods [1-32]. The method we use in this article can be applied to other inequalities and
equations provided that they meet the requirements. We focused on the concept of weight in
inequalities and dynamic equations. In addition, we have obtained some results by using Holder type
inequality in time scales inspired by these studies.

The compliance to Research and Publication Ethics: This work was carried out by obeying
research and ethics rules.
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