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examined some important properties of this concept. After 
that, some authors expanded the convergence of the real 
number sequences to the convergence of set sequences and 
examined the summability feature.

The notion of invariant convergence have analyzed some 
authors  (Nuray and Savaş 1994, Pancaroğlu and Nuray 2013, 
2014, 2015, Raimi 1963, Savaş and Nuray 1993, Schafer 1972, 
Ulusu et al. 2018). Nuray et al. (2011) denoted the notions of 
invariant uniform density of subsets E  of N , ideal invariant 
convergence and examined inclusion and necessity relations 
among ideal invariant convergence, invariant convergence and 
p -strongly invariant convergence. Recently, ideal invariant 

convergence for double set sequences introduced by Tortop 
and Dündar (2018) and Wijsman J2vi -convergence for 
double set sequences denoted by Dündar and Pancaroğlu Akın 
(2020). 

The notion of asymptotically equivalence and some important 
properties of this notion investigated by some mathematicians 
(Dündar et al. 2020, Kişi et al. 2015, Savaş 2013, Ulusu and 

1. Introduction

Many mathematicians studied statistical convergence which 
is a generalization of usual convergence and ideal convergence 
which is a generalization of statistical convergence of real 
numbers. Statistical convergence was firstly introduced by Fast 
(1951) and Schoenberg (1959), separately and some authors 
researched these concepts in metric spaces and normed spaces. 
Recent times, statistical convergence was extended to the 
double sequences by Mursaleen and Edely (2003). Kostyrko 
et al. (2000) introduced and examined J -convergence which 
is a generalization of statistical convergence of real numbers. 
Das et al. (2008) denoted the notion of ideal convergence 
of double sequence and examined some properties of this 
concept. The notion of statistical convergence of sequences of 
set was  defined by Nuray and Rhoades (2012). Also, they 
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Gülle 2019). Recently, the notion of asymptotically ideal 
invariant equivalence of set sequences introduced by Ulusu 
and Gülle (2019). Also, the notion of asymptotically J2v

-equivalence of double sequences studied by Dündar et al. 
(2020). 

Some authors applying a modulus function f , denote some 
new notions and give implication theorems (Kişi et al. 2015, 
Maddox 1986, Nakano 1953, Pancaroğlu and Nuray 2015, 
Pehlivan and Fisher 1995). The notion of lacunary f -ideal 
equivalent sequences was denoted by Kumar and Sharma 
(2012). The concept of f -asymptotically lacunary ideal 
equivalence of set sequences was introduced by Kişi et al. 
(2015). The notions of f -asymptotically ideal invariant and 
lacunary ideal invariant statistical equivalence of set sequences 
were given Pancaroğlu Akın and Dündar (2018)  and 
Pancaroğlu Akın et al. (2018). Dündar and Pancaroğlu Akın 
(2019) studied f -asymptotically J2v -equivalence for double 
sequences of sets.

We now note some of the basic definitions and concepts we 
use throughout the article (see, Baronti and Papini 1986, Beer 
1985, 1994, Das et al. 2008, Kişi et al. 2015, Kostyrko et 
al. 2000, Kumar and Sharma 2012, Maddox 1993, Marouf 
1993, Nuray et al. 2011, Pancaroğlu Akın et al. 2018, Raimi 
1963, Schaefer 1972, Tortop and Dündar 2018, Ulusu and 
Nuray 2016).

Let u uk= ^ h  and v vk= ^ h  be non-negative sequences. If 
lim v

u
1

k k

k =
"3

, then u uk= ^ h  and v vk= ^ h  are told to be 
asymptotically equivalent (showed by u v+ ). 

Let ,Y t^ h  be a metric space, y Y!  and any non-empty 
subset C  of Y , then we define the way from y  to C  by 
, , .infd y C y c

c C
t=

!
^ ^h h

Later, we let ,Y t^ h  be a metric space and , ,C D Ck  and 
, , ...D k 1 2k =^ h  be non-empty closed subsets of .Y

A sequence Ck" ,  is Wijsman convergent to C  if 
, ,limd y C d y C

k
k =

"3
^ ^h h  for every .y Y!  In this instance, it 

is showed by .limW C C
k

k- =
"3

If ,supd y C
k

k 31^ h  for each ,y Y!  then Ck" ,  is said to 
be bounded. We show the space of all bounded sequences of 
sets by L3 . 

Let ,C D Yk k 3  such that ,d y C 0k 2^ h  and ,d y D 0k 2^ h  for 
all .y Y!  The sequences Ck" ,  and Dk" ,  are asymptotically 

equivalent if for all ,
,
,

limy Y
d y D
d y C

1
k k

k
! =

"3 ^
^ h

h  (denoted by 
C Dk k+ ). 

Let ,C D Yk k 3  such that ,d y C 0k 2^ h  and 
,d y D 0k 2^ h  for each .y Y!  If for all 02f  and all 

, :
,
,

limy Y n k n
d y D
d y C

L1 0
n

k

k
! # $ f- =

"3 ^
^ h

h) 3 , then 

Ck" ,  and Dk" ,  are asymptotically statistical equivalent of 
multiple L  (showed by C Dk

WS

k
L

+ ) and if L 1= , then Ck" ,  
and Dk" ,  are asymptotically statistical equivalent. 

Let :N N"v  be a mapping and z  be a continuous linear 
functional on the space of real bounded sequences ,3 . z  is 
an invariant mean or a v -mean, if the belowing terms hold:  

1. u 0$z^ h , when the sequence u un= ^ h  has u 0n $ , for 
all ,n  

2. e 1z =^ h , where , , ... ,e 1 1 1= ^ h
3. u unz z=v^ ^^ h hh , for all .u ,! 3

Suppose that the mappings v  are injective and such that 
j jm !v ^ h , for all , ,j m N!  where jmv ^ h  is the mth iterate 

of v  at .j  Therefore, for all u c u! z^ h  equals to limu  
which is the extension of the limit functional on ,c  where 

: limc x x x existsk
k

k= = ^ h$ . . 

If the equality j j 1v = +^ h  exists, then v -mean is named a 
Banach limit, generally. 

Now, we give the definition of ideal. 2J N3  is named an 
ideal, if the bellowings provide:

(i) ,J!z  (ii) For all ,E F J!  we have ,E F J, !  (iii) 
For every E J!  and all F E3  we have .F J!

Let 2J N3  be an ideal. 2J N3  is named non-trivial 
provided that .N Jg  For a non-trivial ideal J  and for each 
n N!  provided that ,n J!" ,  then J  is admissible ideal. 
Later, we think about that J  is an admissible ideal. 

For a nontrivial ideal J2  of N N#  if i N#" ,  and 
iN # " ,  pertain to J2  for each ,i N!  then J2  is strongly 

admissible ideal. Later, we take J2  as a strongly admissible 
ideal.

If we take an ideal as a strongly admissible ideal, then it is 
obvious that the ideal we receive is a admissible ideal.

Let C N N#3  and 

, ,, ) ( ( ) , ..., ( ( ), ( ))mins C i ij j i j
,

mk
i j

m k2 2+ v v v v v v= ^ ^ ^ ^h h h h" ,
and

, ), ( , ( ) , ..., ( ( ), ( ))max C i j i j i jS
,

mk
i j

m k2 2+ v v v v v v= ^ ^ ^ ^h h h h" ,
If the limits ( ): limV C mk

s
,m k

mk
2 =

"3
 and : limV C mk

S
,m k

mk
2 =

"3
^ h  

exists then V C2 ^ h  is named a lower and ( )V C2  is named 
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an upper v -uniform density of the set ,C  in order of. If 
( ),V C V C2 2=^ h  then ( ) ( ) ( )V C V C V C2 2 2= =  is named 

the v -uniform density of .C  Show by J2v  the taxon of all 
C N N#3  with ( ) .V C 02 =

Later, we let , , ,C D C Dij ij  be any nonempty closed subsets of 
.Y

If for every ,y Y!

( , ) ( , ),lim mk d y C d y C
1

,
( ), ( )

, ,

,

m k
s t

i j

m k

1 1

i j =
"3

v v

=

/

uniformly in  then,  is told to be invariant convergent to  in. 

If for each ,0>{  

( , ) , : | ( , ) ( , ) |A y i j d y C d y Cij ${ {= -^ h" ,
belongs to J2v  that is, ( , )V A y 02 { =^ h  then, Cij" ,  is told 
to be Wijsman J2v -convergent or JW2

v -convergent to C. In 
the present case, we write C C Jij W2" v^ h  and by JW2

v  we 
show the set of all Wijsman J2v -convergence of double set 
sequences. 

For ,C Dij ij  are be non-empty closed subsets of Y  define  as 
;d y C Dij ij,^ h  follows: 

; , ( , )
,
,

, .
d y C D d y D

d y C

L

y C D

y C D
ij ij ij

ij
ij ij

ij ij

,

,

g

!
=^

^
h

h
*

If for each 02{  and every y Y!  

, : : ( ; , )m k mk d y C D L
1

N N
, ,

,

ij ij

i j

m k

1 1

#! $ {-
=

^ h' 1/
belongs to J2v  then, double sequences Cij" ,  and Dij" ,  are 
told to be strongly asymptotically J2v -equivalent of multiple 

L  (showed by C Dji

W

ij

L
J2

+
v8 B

) and if L 1= , then Cij" ,  and 
Dij" ,  are said to be strongly asymptotically J2v -equivalent. 

Let : [ , ) [ , )f 0 0"3 3  be a function. If bellowing terms hold 
for f  then, it is named a modulus function:  

1. ( ) ,f t t0 0+= =

2. ( ) ( ) ( ),f t s f t f s#+ +

3. f  is increasing,

4. f  is continuous from the right at 0. 

Later, we take f  as a modulus function. 

f  may be unbounded (for instance ( ) ,f t t q0 1q 1 1= ) or 
bounded (for instance ( )f t t

t
1= + ).

If for each 02{  and for each 

,{( , ) : (| ( ; , ) |) }y Y i j f d y C D LN N Jij ij 2#! ! $ !{- v ,  

then the double sequences Cij" ,  and Dij" ,  are told to be 
f -asymptotically J2v -equivalent of multiple L  (showed by 

C D
( )

ij

W f

ij

L
J2

+
v

) and if L 1= , then Cij" ,  and Dij" ,  are told to 
be f -asymptotically J2v -equivalent. 

If for every 02{  and for every ,y Y!

, : | ( ; , |)m k mk f d y C D L
1

N N J
, ,

,

ij ij

i j

m k

1 1

2#! $ !{- v

=

^ ^h h' 1/
then, Cij" ,  and Dij" ,  are told to be strongly f -asymptotically 

J2
v -equivalent of multiple L  (showed by C D

( )

ij

W f

ji

L
J2

+
v8 B

) and 
if L 1= , then Cij" ,  and Dij" ,  are told to be strongly                                       
f -asymptotically J2v -equivalent. 

If for every ,0 02 2{ d  and all ,x X!

, : { , : | ( ; , )

,

m k mk i m j k d y C D L1
N N

J

ij ij

2

#! # # $

!

d-
v

^ h% /

then Cij" ,  and Dij" ,  are told to be asymptotically J2v

-statistical equivalent of multiple L  (showed by C D
( )

ij

W S

ij

L
J2

+
v

) 
and if ,L 1=  then asymptotically J2v -statistical equivalent. 

A double sequence ( , )k jr u2i = " ,  is named double lacunary 
sequence if there exist two increasing sequence of integers such 
that 

,k h k k0 r r r0 1 " 3= = - -  and , ,j h j j0 u u u0 1 " 3= = - -r  
as ,r u " 3 .

We use the following notations afterwards: 

, ,
, :

.k k j h h h I
k j k k k

and j j j
ru r u ru r u ru

r r

u u

1

1

1 1

1 1
= = =

-

-

r
^ h* 4

After this, we take ( , )k jr u2i = " ,  as a double lacunary 
sequence. 

Let ( , )k jr u2i = " ,  be a double lacunary sequence, 
C N N#3  and 

( ), ( ) :( , )mins C m n k j I
,ru m n

k j
ru+ !v v= ^ h" ,

and

( ), ( ) :( , )maxS C m n k j I
,

ru
m n

k j
ru+ !v v= ^ h" , .

If the limits ( ): limV C h
s

,r u ru

ru
2 =

"3

i  and ( ): limV C h
S

,r u ru

ru
2 =

"3

i  
consist, then those are nameded a lower lacunary v -uniform 
density and an upper lacunary v -uniform density of the 
set ,C  in order of. Provided that ( ) ( ),V C V C2 2=i i  then 

( ) ( )V C V C V C2 2 2= =i i i^ h  is named the lacunary v -uniform 
density of .C  Show by J2vi  the class of all C N N#3  with 
( )V C 02 =i . 
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| ( ; , ) |

(
( )
) | ( ; , ) | .

h f d y C D L

f
h d y C D L

1

2 1 1
( , )

( , )

ru
kj

k j I

ru k j I

kj

kj kj

ru

ru

1 c
d

-

+ -

!

!

^ h/

/

Thus, for every any 02f  and every y Y!  

, : (| ( ; , ) |)

( , ) : (| ( ; , ) | .

r u h f d y C D L

r u h f d y C D L
f

1

1
2 1

N N

N N

( , )

( , )

ru
kj

k j I

ru k j I

kj

kj kj

ru

ru

#

#

! $

3 ! $

f

f c d

-

-
-

!

!

^
^
^

h

h
h

'

*

1

4

/

/

Since C Dkj

W

kj

L

J2

+
vi9 C

 then, it is clear that the latter set pertains to 

J2
vi  and thus, the first set pertains to J2vi . This proves that 

C D
( )

kj

W f

jk

L

J2

+
vi9 C

. 

Theorem 2.2. If 
( )

,lim z
f z

0
z

2a=
"3

 then 

C D C D
( )

kj

W

kj kj

W

kj

f
L L

J J2 2

++ +
vi vi9 9C C

.

Proof. If 
( )

lim z
f z

0
z

2a=
"3

, then we get ( )f z z$ a  for every 
z 0$ . Assume that C D

( )

kj

W f

kj

L

J2

+
vi9 C

. Since for each y Y!  

(| ( ; , ) |)

(| ( ; , ) |)

| ( ; , ) | ,

h f d y C D L

h d y C D L

h d y C D L

1

1

1

( , )

( , )

( , )

ru
kj

k j I

ru k j I

ru k j I

kj

kj kj

kj kj

ru

ru

ru

$ a

a

-

-

= -

!

!

!

c m

/

/

/

then, for every 02f , we get 

, : | ( ; , ) |

( , ) : (| ( ; , ) |) ,

r u h d y C D L

r u h f d y C D L

1

1

N N

N N

( , )

( , )

ru
kj

k j I

ru k j I

kj

kj kj

ru

ru

#

#

! $

3 ! $

f

af

-

-

!

!

^ h'

'

1

1

/

/

for each .y Y!  Since C D
( )

kj

W f

kj

L

J2

+
vi9 C

, it is clear that the latter 
set pertains to J2vi  and thus, the first set pertains to .J2

vi  
This proves that 

.C D C D
( )

kj

W

kj kj

W f

kj

L L

J J2 2

++ +
vi vi9 9C C

Definition 2.4. If for each 02f , each 02{  and every 
,y Y!

{( , ) : | {( , ) : | ( ; , )

| } | } ,

r u h k j I d y C D

L

1
N N

J
ru

ru kj kj

2

#! !

$ $ !f {- vi

then the sequences Ckj" ,  and Dkj" ,  are told to be 
asymptotically J2vi -statistical equivalent of multiple L  
(showed by C D

( )

kj

W

kj

S
L
J2

+
v

) and if L 1= , then Ckj" ,  and 
Dkj" ,  are told to be asymptotically J2vi -statistical equivalent. 

Theorem 2.3. For each ,y Y!  we have 

C D C D
( ) ( )

kj

W f

kj kj

W

kj

S
L L

J J2 2

&+ +
vi vi9 9C C

Later, we take J2vi  as a strongly admissible ideal in .N N#

Lemma 1 (Pehlivan and Fisher 1995). Let f  be a 
modulus and 0 11 1d . Then, for each u $ {  we have 
( ) .f t f t2 1 1# {-^ h

2. f -Asymptotically J2vi -Equivalence of Double 
Sequences of Sets 

Definition 2.1. If for each 02{  and every ,y Y!

, : | ( ; , ) | ,r u h d y C D L
1

NN J
( , )ru

kj kj

k j I

2

ru

#! $ !{-
!

vi^ h' 1/
then the double sequences Ckj" ,  and Dkj" ,  are told to 
be strongly asymptotically J2vi -equivalent of multiple L  

(showed by C Dkj

W

kj

L

J2

+
vi9 C

) and if L 1= , then Ckj" ,  and 
Dkj" ,  are said to be strongly asymptotically J2vi -equivalent. 

Definition 2.2. If for each 02{  and every ,y Y!

, : | ( ; , |) ,k j I f d y C D L Jru kj kj 2! $ !{- vi^ ^h h" ,
then the double sequences Ckj" ,  and Dkj" ,  are told to be 
f -asymptotically J2vi -equivalent of multiple L  (showed by 
C D

( )

kj

W f

kj

L

J2

+
vi

) and if L 1= , then Ckj" ,  and are told to be         
f -asymptotically J2vi -equivalent. 

Definition 2.3. If for each 02{  and every ,y Y!

, : | ( ; , ) | ,r u h f d y C D L
1

N N J
,ru

kj kj

k j I

2

ru

#! $ !{-
!

vi^ ^
^

h h
h

' 1/
then the double sequences Ckj" ,  and D jk" ,  are told to be 
strongly f -asymptotically J2vi -equivalent of multiple L  
showed by C D

( )

kj

W f

kj

L

J2

+
vi9 C

) and if L 1= , then Ckj" ,  and Dkj" ,  
are told to be strongly f -asymptotically J2vi -equivalent. 

Theorem 2.1. For each ,y Y!  we have 

.C D C D
( )

kj
W

kj kj

W f

kj

L L

J J2 2

&+ +
vi vi9 9C C

Proof. Let C Dkj

W

kj

L

J2

+
vi9 C

 and 02{ . Select 0 11 1d  such 
that f z 1 {^ h  for z0 # # d . Then, for each ,y Y!  we can 
write 

(| ( ; , ) |)

(| ( ; , ) |)

(| ( ; , ) |)

h f d y C D L

h f d y C D L

h f d y C D L

1

1

1

( , )

( , )

( ; ,

( , )

( ; , )

)

ru
kj

k j I

ru k j I

d y C D L

ru k j I

d y C D L

kj

kj kj

kj kj

ru

ru

ru

kj kj

kj kj

-

= -

+ -

2

!

!

#

!

d

d

-

-

/

/

/

and so by Lemma 1
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