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NONEXISTENCE OF POSITIVE SOLUTIONS FOR A SYSTEMS OF
COUPLED FRACTIONAL BVPS WITH p-LAPLACIAN

S. N. RAO', M. Z. MEETETI', §

ABSTRACT. We investigate the nonexistence of positive solutions for a system of nonlin-
ear Riemann-Liouville fractional differential equations with p-Laplacian two-point bound-
ary value problem.
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1. INTRODUCTION

In this paper, we consider the system of nonlinear Riemann-Liouville fractional order
differential equations with p-Laplacian

DL (gp(D21u(t))) = dp(N) F(t,u(t), v(t)), T € (a,b),

D% (¢p(D2 (1)) = dp(u)g(t, ult), v(t)), t € (a,b),
satisfying the two-point boundary conditions,

Eu(a) —nu/(a) = 0, yu(b) 4 du'(b) = 0, Ditu(

Ev(a) —n'(a) = 0, yo(b) 4 0v'(b) = 0, D52u(

(1)

) =
)

where ¢,(s) =| s [P72 s,p > 1,@%);1 = qﬁq,% + % =1, &, n,7,0 are positive real numbers,
1< <2, 0<B <1, f,g:[a,b] x][0,00) x [0,00) = [0,00) are continuous functions,
and D:i, Df * for i = 1,2 are the standard Riemann-Liouville fractional derivatives.
Differential equations with fractional order are a generalization of the ordinary differ-
ential equations to non-integer order. This generalization is not a mere mathematical
curiosity but rather has interesting applications in many areas of science and engineer-
ing such as electrochemistry, control, porous media, electromagnetism, etc. There has
been a significant development in the study of fractional differential equations in recent
years. In this theory, the most applicable operator is the classical p-Laplacian, given by

a 0
D=0 (2)
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¢p(u) =| u [P~ p > 1. Furthermore, several kinds of the high-order boundary value prob-
lems of fractional equations have been studied. The nonexistence of positive solutions of
boundary value problems associated with ordinary differential equations were studied by
many authors [11, 15]. Recently, researchers are concentrating on the theory of fractional
order boundary value problems [8]. In this paper we extend the work on fractional order
BVP with p-Laplacian.

We shall give sufficient conditions on A, i, f and g such that the FBVP (1)-(2) has no
positive solutions. By a positive solution of the FBVP (1)-(2), we mean a pair (u,v) €
[a, b] X [a, b] satisfying (1) and (2) with u(t) > 0,v(t) > 0 for all t € [a, b] and (u,v) # (0,0).

Throughout this paper we assume that following conditions hold:

(A1) The functions f,g : [a,b] X [0,00) X [0,00) — [0, 00) are continuous,

(A2) each of

fo= lim su M 5= lim su M
P wresor ’ ¢p(u+v)’ 0= u+v—0+ P bp(u+v)’
) ; . .
fo= [lim  inf M, go=lim inf M7
ut+v—0+ gbp(u + v) w0+ ¢p(u T v)
i ACLIL) - g(t.u,v)
S = 1 SN S — 1 9, u,v)
fOO u+11}1300 sup ¢p(u + 'U) ) goo u+})1300 sup ¢p(u + /U) ,
i t . +
féo = lim inf M 2 lim inf g( y U,y U)

u+v—00 qbp(u + ’U) 1T ufu—hoo m’
exists as positive real numbers.

This paper is organized as follows, In Section 2, we present the necessary definitions
and properties from the fractional calculus and construct the Green’s function bounds
for the homogeneous FBVP. In Section 3, we prove some nonexistence results for the
positive solutions with respect to a cone for our FBVP (1)-(2). Finally, In Section 4, as
an application, we demonstrate our results with an example.

2. Preliminaries and Green’s function

In this section, we present here the definitions, some lemmas from the theory of frac-
tional calculus and established Green’s function and bounds of a homogeneous boundary
value problem that will be used to prove our main theorems.

Definition 2.1. The (left-sided) fractional integral of order o > 0 of a function f :
(0,00) — R is given by
1 t
I8 () = — [ (t—s5)* "1 f(s)ds, t
T30 = g [ =97 (5)ds, 10,
provided the right-hand side is pointwise defined on (0, 00), where I'(a) is the Euler gamma
function defined by I'(a) = [7°t* te~tdt, a > 0.
Definition 2.2. The Riemann-Liouville fractional derivative of order o > 0 for a function
f:(0,00) — R is given by
d\n, . 1 d\n [? f(s)
DY t)=1(—) (I""*NHt) = =—(— ———ds, t >0
(Do )(2) <dt> (T ")) I'n—a) <dt) /0 (t — s)a—n+l 5 >0

where n = [a] 4+ 1, provided that the right-hand side is pointwise defined on (0, 00).
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The notation [«] stands for the largest integer not greater than o. We also denote the
Riemann-Liouville fractional derivative of f by Dg, f(t). If a = m € N then D[} f(t) =

f(t) fort >0, and if o« = 0 then DY, f(t) = f(t) for t > 0.

Lemma 2.1 ([10]). a) If a >0, 8 >0 and f € LP(0,1),(1 < p < o0), then the relation
(I(‘)ﬂfoﬂf)(t) = (Igjﬁf)(t) is satisfied at almost every point t € (0,1). If a + 5 > 1, then
the above relation holds at any point of [0, 1].

b) If a >0 and f € LP(0,1),(1 < p < o0), then the relation (DG, I, f)(t) = f(t) holds
almost everywhere on (0,1).

c)Ifa>p>0andf e LP(0,1),(1 <p < o0), then the relation (Df;[g;f)(t) = (Igfﬁf)(t)
holds almost everywhere on (0,1).

Lemma 2.2 ([10]). Let o« > 0 and n = [a] + 1 for « ¢ N and n = « for o € N that is,
n is the smallest integer greater than or equal to o. Then, the solutions of the fractional
differential equation D8‘+u(t) =0, 0<t<1, are

u(t) = crt* P et ot 0< < 1,

where c1,ca, ....., ¢y are arbitrary real constants.

Lemma 2.3 ([10]). Let a > 0, n be the smallest integer greater than or equal to o (n—1 <
o <n) andy € L*(0,1). The solutions of the fractional equation DS u(t) +y(t) =0, 0 <
t <1, are

-1 t
u(t) = / (t —8)* ty(s)ds + crt* ™t 4 ... +ept™ " 0<t <1,
I'(a) Jo

where c1, Co, ....., Cy are arbitrary real constants.
Proof. By Lemma 2.1 b), the equation D, u(t) + y(t) = 0 can be written as
Dgsu(t) + Dgr (Ig+y)(t) = 0 or Dgs (u + Igiy)(t) = 0.
By using Lemma 2.2, the solutions for the above equation are
u(t) + IS y(t) =t et &
u(t) = —I&y(t) + et P+ et

-1 t
= F(oz)/ (t — s)* ty(s)ds + c1t®7 L + ... +ept® M 0<t <1,
0
where ¢y, ca, ....., ¢, are arbitrary real constants. ]

Let G1(t, s) be the Green’s function of a homogeneous boundary value problem
—DXu(t) =0, t € (a,b) (3)
€u(a) —nu'(a) = 0, yu(b) + du'(b) =0 (4)

Lemma 2.4. Let d = {y(b—a) + &0 +yn > 0. If y € Cla,b], then the fractional order
BVP

Du(t) +y(t) =0, a <t <b, (5)

with (4), has a unique solution,

b
u(t) = / Gt $)y(s)ds
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where Gx(t, s) is the Green’s function for the BVP (3)-(4) and is given by

t—a)*1=24¢(t—a)*1 7! b—s)1—1  §(b—s)*1—2
[n( )12 46(t—a) ] [w( =D G-s) ] <
GA(t, 8) - 2 1 1 F) 2 1 (6)
t—a)¥1— t—a)®1— b—s)¥1— b—s)¥1~ t—s)1~
[77( 172 +6(t=a) ] [v( DL (= ] N E4

Proof. Assume that u € Cl“+1[q, b] is a solution of fractional order BVP (5),(4) and is
uniquely expressed as I} D u(t) = —I71y(t), so that

t — s a1—1
u(t) = /a 7(75 F(ozl) y(s)ds + c1(t —a)® ™t + eyt — a)™ 72,

Using the boundary condition (4), we can determine ¢; and ¢y as

¢ = fl[r(’jm / (b= 5)™ Ty (s)ds + F(af_l) / (b= )y (5)ds]

and

2=~ [F(Zl) /ab(b —5)M "y (s)ds + 1“(0415—1) /ab(b - 5)(11_23/(3)07'3]

Hence, the unique solution of (3)-(4) is

I R I
ut) = o / (1= syt + L[ / (b— )2y (s)ds
b _aa172 b
+r<a15—1)/ (b= y(a)is] + L= [r(ll)/ (b~ )" y(s)ds

+ F(af— 0 /ab(b — S)al_Qy(S)ds}

[P (S

[ (st

b
:/ Ga(t, s)y(s)ds, where G(t, s) is given in (6).

O

Lemma 2.5. Let 1 < a1 < 2,0 < 5y < 1. Then the boundary value problem of the
fractional differential equation

fold (gsz(DfL‘iu(t))) Yy(t)=0, a<t<b, (7)

with (2) has a unique solution,

b s (g— r)P—1
u(t) :/ Gi(t, 8)¢q</ (F(B)l)y(’f)dT) ds
where G(t,s) is defined as (6).

Proof. An equivalent integral equation for (7) is given by

bp (D;’iU(t)) = - /: (t}(;)lﬂ)l_ly(ﬂdT +ei(t— a)Bl_l.
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By Dtu(a) = 0, we have ¢; = 0. So, D" u(t) + gbq(f(: (t}%il)ily(T)dT) = 0. Thus, the

boundary value problem (7) is equivalent to the following problem:
t (t— 7)51_1
D u(t) + / 7dr) =0, a<t<b,
shult) + 60| Sy vndn)
Eu(a) — nu'(a) = 0, yu(b) + du'(b) = 0.
Lemma 2.4 implies that boundary value problem (7) has a unique solution,
b s (s—7)P11
= [, Ga(t, 8)¢q<fa %y(ﬂcﬁ) ds. O
Lemma 2.6. The Green’s function Gy(t,s) defined by (6) is continuous on [a,b] X [a,b].
Assume that n > (0‘1 1)(b —a)&, then Gx(t,s) also has the following properties:
(i) Ga(t,s) >0, for all (t,s) € [a,b] x [a,b]
(11) G/\(t7 S) < G)\(S,S), fOT all (t7 S) € [aab] X [(l, b]a
(iii) Ga(t,s) > mi1Gx(s,s), for all (t,s) € [a,b] X [a,b], where m; = min{A1, A\a}.
Proof. The Green’s function G(t, s) is given (6).
Fora <t <s<b,
_ a1 —2 _ a1—1 _ a1—1 _ a1—2
Gt = [HE= @ 6= [0 = 9 50— )
d F(oq) F(Oq — 1)

>0

Fora<s<t<b

n(t — a)al_g £t — a)al—l (b — S)oq—l 5(b— S)a1—2 (t— 5)@1—1
Gk(tv‘s) = |: d } [ F(al) F(al - 1) } - F(al)

(t—a)*(n+§) g (b —bs)~! oyt -1
> et — 1—s)~1>0.
= [( d )(F(al) T T - 1) ) Ty |9 2
Hence, the inequality (i) is proved.

Fora<t<s<b

0G\ (t,s a1 —2)n(t—a)®1 34 (a1 —1)€(t—a)*1 2 b—s)@1—1 5(b—s)*1—2
g(t ) _ | (ea—2)n(t—a) d( 1—1)é(t—a) HW( F(0)11) + (F(al)—l) ] > 0.

Therefore G (t, s) is increasing in t, which implies G (¢, s) < Ga(s, ).
Fora<s<t<bd

6a(.5) _ flon =2t =" & (o = DS =) olb— ) ab—
I

ot d a1) Flon =1)
(g =Dt =)™ §
(o)
< ey L((1 =200~ 0772 4 a1 = D@ - 0)12) (306~ 5) + (en ~ 1)
—d(o1 = D)|(b - 9" <0,

Therefore G(t, s) is decreasing in ¢, for s € [a, b] which implies that Gy (t,s) < Ga(s, s).
Hence the inequality (i7) is proved. Now we establish the inequality (4i).
Fora<t<s<b

n(t—a)*1?4£(t—a)*1 | [y(b=s)*17" | §(b—s)*1 2
Ga(t, ) _ { d H T(a1) INCTES)) ]

$—a)21 24 ¢(s—a)1 -1 b—s)@1—1 §(b—s)*172
e~ (B [ g

N 1678[(01 = 2)(b = ) + (a1 = 11
" (a1 = 1)E8 + Ey(a+b) — ] + A€y [(n — a&) (v + 8(cn — 1))]
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Fora<s<t<b

[nwa)al—?;s(t*a)al—l} [was)al—l a(bfswﬂ _ (t=s)m1-?

Ga(t,s) o) T Tai—D T(ar)
Gi(s,s) (s—a)*1724¢(s—a)1 1] [y(b=s)1 =1 | §(b—s)*1 2
)\(S 8) |:77 d } |:'Y T'(a1) I'(a1—1) ]
- A€nyd[(an — 2)(b — a)é + (ar — 1)n] .
.

T (a1 = DES + Ex(a+b) —n)* + 48y [(n — a&)(vb + 6(ar — 1))]
]

We can also formulate the same results as Lemma 2.4-2.6 above for the following FBVP
with p-laplacian

—D32v(t) =0, t € (a,b) (8)

€v(a) —nv'(a) =0, yv(b) + 6v'(b) =0 (9)

the results of the Green’s function G (t,s) and constant my for the homogeneous BVPs
corresponding to the fractional differential equation (8)-(9) and define in a similar manner
as Gi(t, s).
Remark: Consider the following
Gi(t,s) > mGy(s,s) and G,(t,s) > mG,(s,s) for all (t,s) € [a,b] x [a,b], where m =
min{my, ma}.

Let the Banach space B = £ x &, where £ = {u : u € CJa,b]} be endowed with the norm
[ (w, v)[| = [Ju|| 4 ||Jv]|, for (u,v) € B and [Ju| = max,c(qy | u(t) | . Define a cone P C B by

P = {(u,v) € B: u(t) >0, v(t) >0Vt € [a,b] and trertiz{ll)}{UG) +o(t)} > mH(u,v)H},

where m = min{m;, ma}.
It is well known that the system of fractional order boundary value problem (1)-(2) is
equivalent to

u(t) = )\/ab G(t, 3)¢q</: Wf(T,u(T),U(T))dT>ds

v(t) —M/abG#(t, s)qﬁq(/: (S;(Zg_lg(mu(ﬂ,u(ﬂ)m)d;

We define the operators T, T}, : P — £ as
(s — 7)1

L(61)

Ty (u,v)(t) = ,u/ab Gult, S)%(/: WQ(T,U(T),U(T))dT)dS

and an operator 7' : P — B as

T(u,v) = (Ta(u,v), Tu(u,v)), for (u,v) € B. (10)

Ty (u,0)(t) :)\/abGA(t, s)¢q</: f(r,u(f),v(T))dT)ds

It is clear that the existence of a positive solution to the system (1)-(2) is equivalent to
the existence of fixed points of the operator T.

Lemma 2.7. T : P — P s completely continuous
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Proof. By using standard arguments, we can easily show that, the operator T is completely
continuous and we need only to prove T'(P) C P, we have

s _ \41—1
t&%] T\ (u,v)(t) = trenllzn])\/ GA(t, s)dq /a %f(T,u(T),v(T))dT)ds

> m/\/a GA(S,S)%(/: Wf(f,m),v(n)m)ds > m| Ty (u, ).

Similarly, minye(q 4 Ty (u, v)(t) > m||T,(u,v)|. Therefore,

in {3 0)(0) + Ty, 0)(1) 2 mll Ty )] + 0] T, 0)]

= m(|Ta(u, v)[| + [T, 0)[l) = ml|(Ta(u, ), Tu(u, v)) | = ml|T(u, ).

Hence, T'(P) C P. Let (u,v) € P and € > 0 be given. By the continuity of f and g, there
exists d > 0 such that | f(t,u,v) — f(t,u/,0") |< €] g(t,u,v) — g(t,u,v") |< €, whenever
|u—u' |<6, |v—2"|<d forall t € [a,b].

b
| Ta(u, v)(t) = Ta(u', ) (t) | = A/ Gat,s) | f(s,u,0) = f(s,u/,0) | ds

b
< 6)\/ Gi(t,s)ds

Thus, || T (u,v)(t) — Tx(u',v")(t) |[|< €A f; G(t,s)ds. In a similar manner || T),(u,v)(t) —

T, (u,0")(t) ||< ep fab Gu(t,s)ds and T is continuous. Now, let {(u,,v,)} be a bounded
sequence in P. Since f and g are continuous, there exists N > 0 such that | f(t, up, vn) |<
N, | g(t, upn,vy) |< N for all up, v, € [0,00). Then, for each t € [a,b] and for each n,

b
| Tt o) (£) | =] A / G(t, )£ (5, tny o) |
ab
< /\/ | GA(b,s) || f(s,un,vy) | ds

b
< NA / G (b, s)ds.

In a similar manner | T}, (un,vy)(t) |< Np ff Gu(b,s)ds. By choosing successive sub-
sequences, there exists a subsequence {7'(uy,,vn;)} which converges uniformly on [a, b].
Hence T is completely continuous. O

3. MAIN RESULT

In this, we shall give sufficient conditions on A, i, f and g such that positive solutions
with respect to a cone for our problem (1)-(2) exist.
For convenience of the reader, we denote

b s (g_ )bl b S (g 7)B2-1
A:/a GA(575)¢q</a (F(ﬁ)l)dT)ds;B:/a Gu(s,s)qbq(/ (1_‘(ﬂ)2)d7>ds,

a

C =m? /ab Gk(s,s)qbq(/: (S;(;)f;ldT)ds;D = m? /ab Gu(s,s)gbq(/as (S;(Tﬁ)j;ldT)ds.

Theorem 3.1. Assume that (A1) and (A2) hold. If f3, [, 96, 95 < 0o then there exist
positive constants Ao, po such that for every A € (0, \o) and p € (0, po), the boundary value
problem (1)-(2) has no positive solution.
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Proof. Since f§, f5, < oo, which are finite, we deduce that there exist M{, M{, ri,r] >
0,71 <} such that

f(t,u,v) S (bp(M ) (u
f(tu,v) < 6p (M) gp(u

+v),Vu,v > 0,u+v € [0, r]
+v),Yu,v > 0,u+v € [r], 00).
f(tu,w)

(utv)

We consider M; = {M{, My, max,, <y y<r - } > 0, then we obtain

ftu,v) < ¢P(M1)¢p(u + ), Yu,v > 0.

Since ¢§, g5, < 0o, which are finite, we deduce that there exist M5, MY, ry, 4 > 0,79 < 14
such that
g(t,u,v) < ¢p(M3)dp(u + v),Yu,v > 0,u+v € [0, 7]

gt u,v) < ¢p(My)pp(u +v),Vu,v > 0,u+ v € [rh, 00].

We consider M = {Mé, My, MAX;) <yt p<r, (gﬁ;ﬁ))} > 0, then we obtain

9(t, u,v) < ¢p(M2)gp(u + v),Vu,v > 0.

We define \g = m, Ho = ﬁ. We shall show that for every A € (0, \g) and p € (0, uo),
FBVP (1)-(2) has a no positive solution.

Let A € (0,A\0) and p € (0,10p). We suppose that (1)-(2) has a positive solution
(u(t),v(t)),t € [a,b]. Then by using lemma 2.6, we obtain

b S (g— r)h-1
u(t) = (Ta(u,v))(t) = )\/ Ga(t, S)%(/ (I,(ﬁ)l)f(T,u(T),’U(T))dT)ds

< )\/ab G)\(S,S)¢q</as Wf(T,u(T),U(T))dT>d3

< AM, /CLbGA(S,S)(ﬁq(/:(S;(Tﬂ)lﬁ)l_l¢p(u(7')+’l}(7'))d7')ds

b S (g _ /-1

S$—T

<ty [ Gasan( [ EFOs—an)as(lul+ Do)
=AM A || (u,v) ||, Vt € [a,b].

Therefore, we conclude

1
[ < AMIA | (u,v) < AodrA || (u, 0) [|= 5 ] (u, ) | (11)

In a similar manner, we obtain

v(t):(T /G tsgbq /(S_(;)ﬁ;lg(ﬂu(ﬂ,v(ﬂ)dT)ds

S,u/a Gu(575)¢q(/a (8;(7_6)26)21.9(7',u(7'),1)(7'))d7')d8

< uMp /ab Gu(svS)ﬁbq(/as (!S;g—ﬁ)gﬂﬁﬁp(“(ﬂ + U(T))dT)dS

b s (g — 7)B2—1
<ty [ Gutsopo( [ OO ar)as(lul 4ol
= uMsB || (u,v) ||, Vt € [a,b].
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Therefore, we conclude
1
lv < pMB || (u,v) |< podaB | (u, ) [|= 5 I (w,0) || (12)
Hence, by (11) and (12), we conclude

1 1
I w o) 1=l w [+ o< 5 I (o) [T 45 1 (ws0) 1= (us0) ]
which is a contradiction, so the FBVP (1)-(2) has no positive solution. O

Theorem 3.2. Assume that (A1) and (A2) hold. If f¢, fio > 0 and f(t,u,v) > 0 for all
t € la,bl,u > 0,v > 0,u+ v > 0, then there exists a positive constant Ao such that for
every A > X\g and p > 0, the boundary value problem (1)-(2) has no positive solution.

Proof. Since f§, fio > 0, we deduce that there exist M}, MY, rs,r4 > 0,73 < r} such that
ft u,v) > ¢p(M5)dp(u + v),Yu,v > 0,u+v € [0, 73]
ftu,v) > ¢p(Mg)dp(u+v),Yu,v > 0,u + v € [rf, 00).

r3<utv<ry bp(utv)
f(ta u, U) Z ¢p(M3)¢p(u + ’U),VU, v Z 0.
We define Ao = ﬁ We shall show that, A > Ao and g > 0 for every FBVP (1)-(2) has
a no positive solution.

Let A > Ag and p > 0. We suppose that (1)-(2) has a positive solution (u(t),v(t)),t €
[a,b]. Then by using lemma 2.6, we obtain

We consider M3 = {Mg,Mé’,max GED } > 0, then we obtain

s — 7)1

u(t) = (Tx(u,v))(t) = )\/abG)\(t, s)sbq(/;( ['(51)

> )\/ab mG,\(S,S)Cf’q(/as ((S;Z—B)lﬁ;_lf(T,u(T),v(T))dT>ds

> AmMs /ab G)\(s,s)gbq(/as (SF(Tﬂ)lﬁ)l_l(ﬁp(U(T) + U(T))dT)dS

b s (g— r)P—1
ZAmQMg/ GA(s,s)géq(/ (F(ﬂ)l)d7'>ds( lull+ o)
= A\MC || (u,v) ||, Vt € [a,b].

f(ru(r), v(7‘))d7‘) ds

Then, we conclude || u ||[> AMsC || (u,v) ||> XMsC || (u,v) ||=]| (u,v) | and so,
| (w,v) =] w | + 1 v |>=] wl|>]] (w,v) ||, which is a contradiction. Therefore the
boundary value problem (1)-(2) has no positive solution. O

Theorem 3.3. Assume that (A1) and (A2) hold. If gi, gt > 0 and g(t,u,v) > 0 for all
t € [a,b],u > 0,v > 0,u+v > 0, then there exists a positive constant py such that for
every > fig and A > 0, the boundary value problem (1)-(2) has no positive solution.

Proof. Since gi, g, > 0, we deduce that there exist M}, M}, r4,7) > 0,74 < 7 such that
g(t7 u, U) 2 Qsp(Mzi)(bp(u + U)7vu7 v Z 07 uU+v e [07 T4]
g(t,u,v) > dp(My)dp(u+ v),Yu,v > 0,u+ v € [r], 00).

We consider M, = {Mi, MY, MAaXy, <y tv<r) g(ZJJF?)} > 0, then we obtain
- - P

g(t, u’v) > ¢p(M4)¢p(u + U),VUJJ > 0.
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We define fip = ﬁ. We shall show that, for every p > jip and A > 0 the FBVP (1)-(2)
has a no positive solution.

Let u > 1o and A > 0. We suppose that (1)-(2) has a positive solution (u(t),v(t)),t €
[a,b]. Then by using lemma 2.6, we obtain

v(t) = (Tp(u / Gu(t, s)pq /a (F(7—ﬁ)2/6;2_1_g(7',u(7'),v(7'))d7'>d8
>M/ mG,(s s)%(/a Wg(T,u(T),U(T))dT)dS
> MM4/a Gu(s,s)d)q(/: (S;(ij_l@)(u(ﬂ "‘U(T))dT)dS

B2—1

b S(s—1
> s [ G551, [T UT S ar)as(lul o))
=MD || (u,0) [, € [a, ]

Then, we conclude || v ||> uMyD || (u,v) ||> poMaD || (u,v) ||=| (u,v) || and so,
| (w,v) ||=]] w | + || v I=] v [>| (w,v) |, which is a contradiction. Therefore the
boundary value problem (1)-(2) has no positive solution. O

Theorem 3.4. Assume that (A1) and (A2) hold. If f§, fi, g8, 9% > 0 and f(t,u,v) >
0,9(t,u,v) > 0 for all t € [a,b],u > 0,v > 0,u +v > 0, then there exists a positive
constants Xo and po such that, for every A > Xo and > pg, the boundary value problem
(1)-(2) has no positive solution.

Proof. From the assumptions of the theorem, we deduced that there exist Mg, My > 0
such that

f(tv u, U) 2 ¢p(M3)¢p(u + U)v g(ta u, ’U) 2 ¢P(M4)¢P(u + U)
for all ¢t € [a,b] and u,v > 0. We define o = ﬁ,ﬁo 2M 5. Then, for every A > o

and p > fip, problem (1)-(2) has a positive solution (u(t),v(t)),t € [a,b]. In a similar
manner to that used in the proofs of theorem 3.2 and 3.3, we obtain

[ [[Z AMC | (u,0) ||, | v |2 pMaD || (u, ) ||

and so

I (o) [ =l wll + [ v 2 AMC | (u,v) || +pMaD || (u, ) ||

> NoM3C || (u,0) || +4ioMaD || (u,v) ||

1 1
= 5 o) 45 1l G 0) 1= (0 |

which is a contradiction. Therefore, the boundary value problem (1)-(2) has no positive
solution. ]
4. EXAMPLE

In this section, we demonstrate our result with an example.
Let a=0,b= 1,'a1 = %,aQ = %,51 = Bo = %35 =q= 6= %,77 = 1,p = 2. We consider
the system of fractional order differential equations with p-Laplacian operator

DY? (ép(DyPult)) ) = dp(Nf(t ult), (1)), t € (0,1)

(13)
D7 (6p(DEB0()) ) = p()g(t,u(t), (1)), ¢ € (0,1)
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with the boundary conditions

1 1 1
—u(0) —u/(0) = 0, ~u(1) + ~u'(1) = 0, D} Pu(1) = 0,
12 2 2 " (14)

1 1
—0(0) — ' (0) =0, 7o) + 51;’(1) =0, D v(1) =0,
where the functions f and g are given by

Vt(u +v)[800(u + v) + 1](9 + sinv)

t =
(t,u.0) ) ,
V1 —t(u+ v)[400(u + v) + 1](18 + cos u)
g(tau7v): :
ut+v+1

By a simple calculation, we obtain m = 0.32, f§ = fi =9, f3 = 8000, fi, = 6400, g5 =
gy = 19,g5, = 7600,g°, = 6800,A4 = 0.1645, B = 0.05546, C = 0.0168448, D =
0.0009343. We obtain f§ = 9,95 = 19, f5, = 8000, g5, = 7600, we can apply theorem
3.1 then we conclude that there exist Ag, o > 0 such that, for every A € (0,)\g) and
w € (0, uo), the boundary value problem (13)-(14) has no positive solution.

We obtain f§ =9, fi, = 6400, we can apply theorem 3.2 then there exists g > 0 such
that, for every A > Xg and g > 0, the boundary value problem (13)-(14) has no positive
solution. We obtain gé = 19,g', = 6800, we can apply theorem 3.3 then there exists
o > 0 such that, for every u > fip and A > 0, the boundary value problem (13)-(14) has
no positive solution.
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