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EXISTENCE OF THREE SOLUTIONS FOR IMPULSIVE FRACTIONAL
DIFFERENTIAL SYSTEMS THROUGH VARIATIONAL METHODS

S. HEIDARKHANT', A. SALARI2, §

ABSTRACT. This paper is devoted to the study of the multiplicity results of existence
of solutions for a class of impulsive fractional differential systems. Indeed, we will use
variational methods for smooth functionals, defined on the reflexive Banach spaces in
order to achieve the existence of at least three solutions for these systems. In particular,
in the scalar case, we will prove that the impulsive fractional differential problem has
three non-negative solutions. Finally, by presenting two examples, we will ensure the
applicability of our results.

Keywords: Three solutions, Fractional differential equation, Impulsive effect, Variational
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1. INTRODUCTION

In this paper we study the following perturbed impulsive fractional differential system

¢DF (ai(t)o Dy ui(t)) = AFy, (t,u) + pGy, (t,u) + hi(u;), te€ (0,T), t#tj, e
A(DF D)) (t) = Tij(uilty)), i=1,2,....m, (P
’U,Z(O) = uZ(T) =0

fori = 1,...,n, where n > 1, u = (uy,...,up), 0 < oy < 1fori=1,....,n, A > 0,
p=>0,T>0,a; € L*(0,T]), a; = ess infycgai(t) > 0 for i = 1,...,n, oD; and (D5,
denote the left and right Riemann-Liouville fractional derivatives of order ¢, respectively,
F,G : [0,T] x R" — R are measurable with respect to t, for all u € R", continuously
differentiable in w, for almost every ¢ € [0, T] such that F'(¢,0,...,0) = G(¢,0,...,0) =0
for every t € [0,T] and satisfy in the following standard summability condition:

sup (max{|F(.,€)|, |G( )], [Fe (O |Ge, (Ll i=1,....n}) e LY([0,T]) (1)

[€1<o1

for any g1 > 0 with & = (&,...,&,) and [¢] = />0 &%, h; : R — R is a Lips-

chitz continuous function with the Lipschitz constant L; > 0, i.e.|h;(&1) — hi(§2)] <
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Lil& — & for every &,& € R, satisfying h;(0) = 0 for i = 1,...,n, I;; € C(R,R) for
t=1,....n, 7=1,...m m>1,0=1% <t <ty <...<ty <tpny1 =T, the op-
erator A is defined as AGDS N (§D ) () = 1 DF (DM u)(t) — DY (EDF u)(t5)

i—1 i — 1 i—1 i i—1 i -\ —
where ,Dg (gD u)(t]) = hmt—nfj‘ D7 (§D u)(t) and so on (D3 (D u)(t;) =
lim, ,,- tDal_l( Di¥u)(t) and §D;" is the left Caputo fractional derivatives of order «;.

Here F and G, denote respectively the partial derivatives of ' and G with respect to
U; forz—l,...,n.

Fractional differential equations (FDEs) are generalization of ordinary differential equa-
tions and integration to arbitrary non-integer orders. FDEs both ordinary and partial ones
form a very important and significant part of mathematical analysis and its applications
to real-world problems, see for details [5, 6, 11, 14, 13] and references therein.

From [18, 19, 20|, we know that the coupled system of differential equations of fractional
order is also important and several authors have done a lot of work in this topic. We also
refer to the paper [10] in which based on variational methods for smooth functionals defined
on reflexive Banach spaces the existence of one weak solution for a class of fractional
differential systems was investigated.

On the other hand, impulsive effects are common phenomena due to short-term pertur-
bations whose duration is negligible in comparison with the total duration of the original
process. Such perturbations can be reasonably well approximated as being instantaneous
changes of state, or in the form of impulses. The governing equations of such phenomena
may be modeled as impulsive differential equations (see [1, 3]). Due to the great devel-
opment in the theory of fractional calculus and impulsive differential equations as well as
having wide applications in several fields. See [2, 7, 9, 17] and the references therein for
detailed discussions.

Motivated by the above works, in this paper we look for the existence of at least three
weak solutions for the system (P)\F MG) for appropriate values of the parameters A and pu
belonging to real intervals. Our approach is variational methods and a three critical points
theorem due to Ricceri [15]. As an application of our result, we study the scaler case of
the system and we establish the existence of at least three weak solutions for the problem,
and assuming that the nonlinear terms are non-negative we show that the solutions are
non-negative. Some examples are presented to illustrate our main results.

2. PRELIMINARIES

In this section, we will introduce some basic definitions, notations, lemmas and
propositions which are used throughout this paper.

Definition 2.1. Let 0 < o < 1 for i = 1,...,n. The fractional derivative space Ey’

is defined by the closure C3°([0,T],R), that is Eg" = CF([0,T],R) with respect to the
1

weighted norm |u,|]a1 = (fo ai(t)|o Dy iu;(t)|?dt + fo lui(t)|?dt) 2 for every u; € Eg' and

fori=1,....n

Remark 2.1. It is obvious that Eq' is the space of functions u; € L*([0,T],R) having
an aj-order Riemann-Loiuville fractional derivative ¢Dj'u; € L2([0,T],R) and u;(0) =
wi(T) =0 fori=1,...,n. From [12, Propostion 3.1], we know for 0 < o < 1, the space
EQ' is a reflexive and separable Banach space fori=1,...,n.

Lemma 2.1 ([19]). Let 0 < a; <1 fori=1,...,n. We can consider E§* with respect to
1
the norm ||u; ||, = (fo a;(t)[o Dy ui(t)|?dt) * for everyu; € By and fori=1,...,n, which
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is equivalent to the norm of definition 2.1. Then we have Y 7" [Jugl[f. < S0 uill2,
and if c; > %,

Yoy lluillZe < M3 a3, (2)
. 200; . 2a; —1
thhS:maX{m,Z: n} and M = max{m 1= 1,...,71}.

Now, we let E be the Cartesian product of n Sobolev spaces Eg*, Ej?,..., and Eg", i.e.,

E = Ej*' X Eg? x - - - x Ej™, which is uniformly convex and reflexive Banach space endowed

with the norm |[(u1,...,un)| = > 1oy |tilla;- Obviously, E is compactly embedded in

(CO([O T])) Corresponding to the function hl, we introduce the function H; : R — R
= [y hi(£)dE for all z € R and i = 1,.

Definition 2.2. We mean by a (weak) solution of the system (P)\FMG), any function u =
(uiy...,upn) € E such that

S ( I ai(t)opfiui(t)opg%(t)dt) =S ST s (£) i () dt
+ 200 Do ai(t) i (uitg))vilty) — AT 1f0 s (tur (b)), .o un (8))v (t)dt
-y 1f0 w (Gur(t), .. un(t))vi(t)dt =0
for every v = (vy,...,v,) € E.
We assume throughout and without further mention, that the following conditions hold:

(H1) % <o <lfori=1,...,n;
(H2) I;;(0) = 0 and there exists a constant L;; > 0 such that

ij(81) — 14;5(82)| < L;j|S1 — S2| Ior any Si, S92 € t=1,...,Nn, S ]S m;
I;j I;j < Lj; fi Ri=1 1<5<
20 ~
(H3) > 1% + MCmllall < 1 where C' = max;e(i,.. n},jef1,..,m} Lij and @ =
max{a;(t),t € [0,T],i=1,...,n}.
. . QQ,L' . . 2041' .
Putazmm{l—%,z:l, ..n} andp:max{l—i—%,z:l,...n}.

Our main tool is Theorem 2.1 which has been obtained by Ricceri([15, Theorem 2]). It
is as follows:

If X is a real Banach space, denoted by Wx the class of all functionals ® : X — R
possessing the following property: If {u,} is a sequence in X converging weakly to u € X
and liminf, o ®(u,) < ®(u), then {u,} has a subsequence converging strongly to w.
For example, if X is uniformly convex and g : [0, +00) — R is a continuous and strictly
increasing function, then, by a classical result, the functional u — g(||u||) belongs to the
class Wx.

Theorem 2.1. Let X be a separable and reflexive real Banach space; let @ : X — R
be a coercive, sequentially weakly lower semicontinuous C' functional, belonging to Wy,
bounded on each bounded subset of X and whose derivative admits a continuous inverse
on X*; J: X = R a C' functional with compact derivative. Assume that ® has a strict
local minimum uy with ®(ug) = J(ug) = 0. Finally, setting

: J(u) J(u)
p=max < 0, limsup ——=,limsup —= ;,
{ fuf—to0 P(W) " u—ug P(u)

0 = SUPyuecdp—1(]0,4-o0) %“)), assume that ,0 < 0. Then for each compact interval [c,d] C

(L 7) (with the conventions % = 400, 7= = 0), there exists R > 0 with the following

e 7—|—<><>

property: for every X € [c,d] and every C' functional ¥ : X — R with compact derivative,
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there exists v > 0 such that, for each p € [0,7], ®'(u) = AJ'(u) + p¥’' (u) has at least three
solutions in X whose norms are less than R.

We refer the reader to the papers [4, 8, 16] in which Theorem 2.1 was successfully
employed to ensure the existence of at least three solutions for BVPs.
Now for every u € E, we define

®(u) = § S0y llusll2, = S50 Jy Hilus(t))dt (3)
i (t
+ T a(t) Wuj(s)ds.
Moreover, for every u € E, we set

fo (t,uq(t un(t))dt and ¥(u fo (t,ur(t) ..., un(t))dt. (4)

Standard arguments show that & — W — \J is a Gateaux differentiable functional whose
Géateaux derivative at the point u € E given by

(@ — pW' — AT (w)(v) = S, ( I as(t)o Do (¢ )ODf"vi(t)dt)
z 1 fo Jui(t)dt + Zz 1 Z] 1 a%(tJ)IZJ <u2(ty))vz(tj)
Ay (Ei:l Fui(t,m(f),--wun( )))vi(t)dt
—p( 27y Guy(tur (), - un(t)))vi(t)dt
for all u,v € X. Hence, a critical point of the functional & — u¥ — \J, gives us a weak

solution of (P FG).
We need the following proposition in the proof of our main result.

Proposition 2.1 ([9, Proposition 2.6]). Let J : X — X* be the operator for every u =
(U1, .., up),v=(v1,...,v,) € X, defined by

J)@) = Sy (fy atoDf ul<>opgiui<t>dt)
+Zz 123 paiti) g (ui(ty))vi(ty) — > 1f0 Jvi(t)dt.

Then, J admits a continuous inverse on X*.

3. MAIN RESULTS

In this section, we formulate our main results.
Let us denote by F the class of all functions F' : [0,7] x R™ — R measurable with
respect to ¢, for all £ € R™, continuously differentiable in &, for almost every ¢t € [0,7],
satisfying the standard summability condition (1). For each 0 < k < % set

Filai, k) = ﬁ(foT a; (200D dt + [ 7 a;(t)(t — kT)207)dt
+ f g @) — (1= R)T)PO=0)dE = 2 [ a;(£) (1 — kT) 1~ dt
+2 f(:f—n)T a;()(t? — (1 — k)Tt)—idt
+2 fg_,{)T a;(t)(t? — kTt + k(1 — K)T?)1~ O‘Zdt)
fori=1,...,n. Let

[T il 2 () | T
A= mf{ T € B o Fltu(t)dr > o}
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with
n T n m wi(t;
J(w) = S0y f HiCwi(£)dt — 0y S aa(ty) f3) Iy(s)ds (5)
and )\2 = m, where
o [T F(t,u(t))dt
Ao = lim sup 0
lul—0 (Eizl IIUZII?M - 2J(U))

and

2 [ F ))dt
Ao = limsup 0
lul|—-+o0 (Zizl Hquai 2J(u))

with J(u) given by (5) and u = (u1,. .., un).
Theorem 3.1. Suppose that F' € F. Assume that
(A1) there exists a constant € > 0 such that
max {lim SUP¢_(0,....0) maX%f;ﬂt’g),lirn SUP|¢| o0 %@FM} <€
where § = (&1,...,&n) with |§] = /35 &
(Ag) there exists a function w € E such that

S0 lwill2, = 200 f Hi(wi(8)dt+ 2370 S ailty) [0 Lij(s)ds # 0
(f—CmHaIIw fo (t,w(t))dt

Yoy ”wl”a -2y 1f0 (t))dt+2377 123 1 ai(t fo
Then, for each compact interval |c, d] ()\1,)\2), there exists R > 0 with the following
property: for every \ € [c,d] and every G € F there exists v > 0 such that, for each
p € 10,7], the system (P){TG) has at least three weak solutions whose norms in E are less
than R.

and € < wilty)
R s)ds

Proof. Take X = E. Clearly, X is a separable and uniformly convex Banach space. Let
the functionals ®, J and ¥ be as given in (3) and (4), respectively. The functional ® is C*,
and due to Proposition 2.1 its derivative admits a continuous inverse on X*. Moreover, by
the sequentially weakly lower semicontinuity of 7 [u;[|2. and the continuity of H;, i =
1,...,nand I;;,i=1,...,n,j =1,...,m, ® is sequentially weakly lower semicontinuous
in X. Since h;(0) = 0 one has |h;(x;)| < Lj|x;| for i =1,...,n, from (3) and the condition
(H2) we see that

o MCmljalee 301y |12, < B(u) < LEMCmale S0 12 (6)

and bearing the condition (#3) in mind, it follows limy, |4 ®(u) = +00, namely ®
is coercive. Moreover, let A be a bounded subset of X. That is, there exist constants
¢i >0,i=1,...,n such that ||u;||o, < ¢; for each u € A. Then, by (6) we have |®(u)| <

~ n 2
pEMCmalloe 301 ¢ Hepce & is bounded on each bounded subset of X. Furthermore,

2
® € Wx. Indeed, let {ur}p2; = {(Ur1,-- - ukn) ooy C X, u = (ur,...,u,) C X, up =
uw and liminfy_ o ®(ux) < ®(u). Since the functions H; and I;; are continuous, one

2 12
has liminf, o0 D iy |uk;””‘i <3h ”u;”‘”. Thus, {ux}72, has a subsequence converging
strongly to u. Therefore, ® € Wy. The functionals J and ¥ are two C' functionals with
compact derivatives. Moreover, ® has a strict local minimum 0 with ®(0) = J(0) = 0.
In view of (A;), there exist 71,75 with 0 < 71 < 72 such that F(t,u) < e> ", |u;|? for

every t € [0,T] and every u = (uy,...,u,) with |u| € [0,71) U (12, 4+00). By (1), F(t,u)
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is bounded on ¢ € [0,7] and |u| € [r1,72]. Thus we can choose n > 0 and v > 2 such
that F(t,u) <ed " |Jui|> + 0> lug]¥ for all (t,u) € [0,T] x R™. So, by (2), we have
J(u) < Me Y7 flul2, + nMv/2y |uills, for all uw € X. Hence, we have

. J(u

lim supyy, 0 ﬁ < 70_]\/[20%'&“00. (7)
Moreover, by using the inequality F(¢,u) <e> 1, |u;]?, for each u € X \ {0}, we obtain

d(u) D(u) D(u)
28UPe (0,77, [ulefo,r2) £ (¢t w) N 2Me
B > i lluill3, o — MCml|a]s

So, we get

J(u ) 2Me
hmsup”u”_wo @(u) = o—MCm|a|l " (8)

In view of (7) and (8), we have

. J . J
p = max {0, Lim Sup)j - 400 %’ limsup,, ,(q,... 0) qf%i%} < SN (9)

Assumption (Az) in conjunction with (9) yields

0 = SUPyued-1(0,400) % = Supx\{o} % > f th I(U()t)))dt > U_Mzcj\fnj‘a”m Z p-
Thus, all the hypotheses of Theorem 2.1 are satisfied. Clearly, A\; = % and Ao = %. Then,
using Theorem 2.1, for each compact interval [c,d] C (A1, A2), there exists R > 0 with the
following property: for every A € [c,d] and every G € F there exists v > 0 such that, for
each p € [0,7], the system (PAF f) has at least three weak solutions whose norms in X are
less than R. g

V

The another announced application of Theorem 2.1 reads as follows:

Theorem 3.2. Suppose that F' € F. Assume that

maxye(o,T] F(t

max {lim SUP¢_,(0,...,0) T’g), lim supj¢| o0 %@F(t’g)} <0 (10)

where & = (&1,...,&,) with [¢] = /> 11 &2, and

2f0 (t,u(t))dt
e e a7 )i S o) o s D
Then for each compact interval [c,d] C ()\1,—1—00) there exists R > 0 with the following
property: for every A € [c,d] and every G € F there exists v > 0 such that for each
p € 10,7], the system (Pff)
than R.

has at least three weak solutions whose norms in E are less

Proof. In view of (10), there exist an arbitrary € > 0 and 71, 75 with 0 < 71 < 73 such that
F(t,u) < ed L |uil? for every t € [0,T] and every u = (uq,...,u,) with |u| € [0,71) U
(12,+00). By (1), F(t,u) is bounded on t € [0, T] and |u| € [r1, 72]. Thus we can choose n >
0 and v > 2 in a manner that F(t,u) <eY " Ju;|*+n Y 1 ||’ for all (t,u) € [0, T]xR™.
So, by the same process in proof of Theorem 3.1 we have Relations (7) and (8). Since ¢ is
arbitrary, (7) and (8) gives max {0 1im SUpj |y, 400 é% )) lim sup,,_,(o,....0) q>(( ))} < 0. Then,

with the notation of Theorem 2.1, we have p = 0. By (11), we also have ¢ > 0. In this
case clearly A\; = % and A2 = 400. Thus, by using Theorem 2.1 result is achieved. O
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Remark 3.1. In Assumption (As2) if we choose w(t) = (wi(t),...,wny(t)) with

Fe—0uloy te0,kT],
wi(t) =49 I'(2— )0, t e [kT,(1—r)T], (12)
I'(2—a;)d
FEFT ), el - mT.T),
where 0 < Kk < %, fori=1,...,n, then it becomes to the following form:
(Ay) there exists a positive constant r with 0 < k < % such that min{P;(a;, k)i =
1,...,n} # 0 and there exists a positive constant 6 such that
))dt
» i

2Mn(52m1n{P(az, ) i=1,...,n}

Clearly w;(0) = w;(1) = 0 and w; € L2[0,T] fori = 1,...,n. A direct calculation shows
that
oD;wi(t) =
24l [0, kT,
A ) 5T (1~ R)T),
é(tl G — (t—KT) — (t—(1— n)T)H”), t €)(1 — k)T, T]

for 1 <i=1,...,n. Furthermore, |lw;|3, = fo (t)|o D wi(t)|?dt = 2P (ay, k)02, Thus,
w € E and ®(w) > nd? (60 — MCm)|al|oo) mln{P (viyk),i=1,...,n}.

te
te

Now, we point out some results in which the function F' has separated variables. To be
precise, consider the following system

tD?f(ai(t)thaiui(t)) = )\9( ) u; (’U,l, Ce un)
+MGui (ta Uy, ... :un) + hz(uz) te (07 T)a t 7£ tj: (PF,G,G)
A(DF T (§D i) (ty) = Lig(uity)), i=12,...,m, A
UZ(O) = ul(T) =0
where 6 : [0,7] — R is a non-zero function such that § € L([0,7]) and F : R — R is a C*
function and G : [0,7] x R® — R is as introduced for the system (P)lf7 MG) in Introduction.
Set F(t,x1,...,xy) = 0(t)F(x1,...,2z,) for every (t,z1,...,2,) € [0,T7] x R™. The
following existence results are consequences of Theorem 3.1.
Theorem 3.3. Assume that
(A!) there exists a constant € > 0 such that

SUPye(o,7] G(t).max{hmsupg_%ow’o) | fz),hmsup‘ﬂ_)oo GE } <€

where § = (&1,...,&,) with |[§] = />0 Z~2;

(A3) there exist two positive constants § and k with0 < r < 3 such that min{P;(c;, k), i =

L F(tw(t))dt
. 7”} 7& 0 and e < 2Mnd? mln{P (a4,K),i=1,...,n

i=1,...,n are given by (12).

7 where w = (w1,...,wy,) and w;,

Then, for each compact interval [c,d] C (A3, A1) where A3 and Ay are the same as \1 and
Ao, but fOT F(t,u(t))dt replaced by f(;f O(t)F (u(t))dt, respectively, there exists R > 0 with
the following property: for every A € [c,d] and every G € F there exists v > 0 such that
for each p € [0,7], the system (Pff’g) has at least three weak solutions whose norms in

E are less than R.
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Theorem 3.4. Assume that there exist two positive constants § and k with 0 < kK < %
such that

min{P;(a;,k),i =1,...,n} >0 and fo VE(w(t))dt >0 (13)
where w = (w1, ...,wy,) and w;, i =1,...,n are given by ( 2). Moreover, suppose that
. F F(¢
limsupe_,o,....0) \§(|§2) = lim supje| 00 | |) (14)

where & = (&,...,&,) with [&] = /> " &2 Then, for each compact interval [c,d] C

(A3, +00) where A3 is the same as A1 but fOT F(t,u(t))dt replaced by fOT O(t)F (u(t))dt,
there exists R > 0 with the following property: for every \ € [c,d] and every G € F there
exists v > 0 such that for each p € [0,7], the system (Pff’e) has at least three weak

solutions whose norms in E are less than R.

Proof. We easily observe that from (14) the assumption (A}) is satisfied for every & > 0.
Moreover, using (13), by choosing € > 0 small enough one can drive the assumption (A7).
Hence, the conclusion follows from Theorem 3.3. ]

Now, we exhibit an example in which the hypotheses of Theorem 3.4 are satisfied.

Example 3.1. Let oy = 0.75, ag = 0.8, T =1, m =n =2, 0(t) = €' for all t € [0,1],
a;i(t) =1 for allt € [0,1] and i =1,2,

7T$%+7Tx%
—5)

Fla1, ) _{ (2F + 23) sin( , ifat+ad <1,

1, if 2 + 23 > 1,
hl(xl) = 15 ln(m) and ha(ze) = 1(1)0 arctanxg for all 1,29 € R. Thus L; = %0,
Ly = 5. Now by choosing § =1 and k = §, we have w(t) = (w1 (t), wa(t)) with
3T(1.25)t, te o, %[, 3T(1.2)t, t €0, %[,
wi (t) = { T'(1.25), teld, 3],  wa(t)=< I(12), tels, 3],
30(1.25)(1 —t), te€l3,1], 30(1.2)(1—t), te)z,1],

then we have Py(a1,k) > 0, Py(ag, k) > 0, fol O(t)F(w(t))dt > 0,

limg, ¢,)-5(0,0) 11(%5%2) =0 and limyg_e 5(2j_’§§) =0
where £ = ({1,52) with |£] = \/&F + &3. It is clear that by choosing m = 2, t; = %, to = %,
Li(s) = 158, Ti2(s) = qegsins, Ioi(s) = sarctans and Isa(s) = 551n(1 + s?) for all
s € R, (Hz2) and (Hs) are satisfied with L1y = Lig = % and Ly; = Loy = 1—(1)0. Hence,
by applying Theorem 3.4 for each compact interval [c,d] C (0,400), there exists R > 0
with the following property: for every A € [c,d]| and every G € F there exists v > 0 such

that, for each p € [0,7], the system (Pf’f’@), in this case, has at least three weak solutions

whose norms in the space E8'75 X E8'8 are less than R.

Remark 3.2. It is obvious that impulsive problems are more general than non-impulsive
ones. Moreover, impulsive effects are common phenomena due to the short-term perturba-
tions the duration of which is negligible in comparison with the total duration of the original
process. On the other hand, by putting I;; = 0 for alli =1,...,n andj =1,...,m all over

of this article, we can have similar results in this regard for the system (P)fU f) without

impulsive terms. Readers can see another multiplicity result for the system (Pf f) without

impulsive terms in [19] in the case n = 2.
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4. SCALAR CASE

As an application of the results from Section 3, we consider the problem
tD%(a(t)OD?u(t)) = )‘f(ta U) + Ng(t7u) + h(“’)? te (OvT)a t# tj
A(tD%il(E)Dgu))(t]’) :Ij(u(tj))v J=12...,m, (P){ﬂ)
u(0) =u(T) =0

where 3 < a < 1, A > 0, > 0, T > 0, ag = ess infycpoja(t) > 0, ¢Dff and (DF
denote the left and right Riemann-Liouville fractional derivatives of order «, respectively,
f,9:10,T] xR — R are two L!-Carathéodory functions, h : R — [0, 4+00) is a Lipschitz
continuous function with the Lipschitz constant L > 0, i.e., |h(&1) — h(§2)] < L& — &
for every &1, & € R, satisfying h(0) = 0, I; € C(R, R) for j = 1,2,...,m, such that
I;(0) = 0 and there exists a constant L; > 0 such that |I;(s1) — I;(s2)| < Lj|s1 — s2f for
any s1,s2 € Rforj=1,... . m m>1,0=t1<t1 <ty <...<tp <tme1=T.

From now, by = we mean a real number.

Putth = [y f@t.9dE G(t,x) = [ g(t,&)dE  for every (t,2) € [0,T] x R and

LT3 LT3
= fo £)d¢ forevery x € R. Set 6 = 1 — PlatDay P = 1+ oty M =
T2a71

a0 Ga—TT2(e) and

P(a, k) = 572 (fo ()2t + f pa(t)(t — kT)20=)dt
+ g et = (1= R)T)?A-dt - 2 fHT a(t)( — KTty dt
~2 f(f_n pa(t)( = (1= k)Tt)dt

+2 [ _pyr @) (2 — KTt + (1 — )T2)1—adt)

where 0 < kK < 5. We assume in the rest of the paper and without further mention, that
the following conditions hold:

(Ha) % <a<l;

— 2a —  — —

(H5) K = mi{m + MCmHaHOO < 1 Where C = maxj€{17.”7m} L]
The following results are consequences of Theorems 3.1 and 3.2, respectively.
Theorem 4.1. Assume that

(B1) there exists a constant € > 0 such that

max {lim SUP¢_,0 Imx%‘Tg]p(t’@,lina SUP|¢| o0 %@F(t@} <g;

(Bg) there exists a function w € ES such that
ol =2 " HiCuwn(8)dt + 257 alty) 5 Ii(s)ds # 0

(& —Cmllallo) Jy F(taw(t))dt

and € < Tw]Z =275 (@) where
w) = H(w(t))dt = X7 alty) f;) [(s)ds. (15)
Then, for each compact interval [c,d] C (A1, 5\2) where
SV ]| 2.~ 2J1(
A = inf {1l e 2w € B [ F(tu(v)dt > 0}

and

S Ftu(t)dt S F(tu(t)d }

A9 = max {O, lim SUP|y|—0 =7 () ,lim SUD||yf| 400 TToT3 =7 (o) TP = (@)
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where Jq(u) is given by (15), there exists R > 0 with the following property: for every
A € [e,d] and every L'-Carathéodory function g : [0,T] x R — R, there exists v > 0 such

that for each p € [0,7], the problem (P)Jj’g) has at least three weak solutions whose norms
in Ef are less than R.

Theorem 4.2. Assume that

. F F
max {lim SUpP¢ 0 W, lim supe) 100 W} <0

T
and Sup,cga % > 0 where J1(u) is given by (15). Then for each compact

interval [c,d] C (A1, 400) there exists R > 0 with the following property: for every A € [c,d]
and every L'-Carathéodory function g : [0,T] x R — R, there exists v > 0 such that for
each p € [0,7], the problem (P{’i) has at least three weak solutions whose norms in Eg

are less than R.

Remark 4.1. If f,g : [0,T] x R — R are non-negative functions, the weak solutions
ensured by Theorems 4.1 and 4.2 are non-negative. Indeed, suppose that ug € Eg is a non-
trivial weak solution of the problem (P/\f’g), then ug is positive. Arguing by a contradiction,

assume that the set N' = {t €]0,T] : uo(t) < 0} is non-empty and of positive measure.
Put v(t) = min{O, ug(t)} for allt € [0,T]. Clearly, v € E§ and one has

Jo a(t)oD§u (t >0Da- tydt — [ h(u >>-< )t + 327 a(t;) I (uo(t5))o(t5)
—)\fo (t, up(t ,ufo (t,up(t))v(t)dt = 0.

Thus, from our szgn assumptwns on the data we have
fA YoDfug(t)|2dt < fA VoD ug(t)|2dt — fA h(ug(t))uo(t)dt
+Zj p alt)(uo(t;))uo(ts) < 0.
Hence, by (Hg), uo = 0 in N and this contradicts with this fact that ug is a non-trivial weak

solution. Hence, the set N is empty, and ug is positive. In addition, if either f(t,0) # 0
for allt € [0,T] or g(t,0) # 0 for allt € [0,T] or both are true, the solutions are positive.

Now we consider the following problem
1Dg(a(t)oDiu(t)) = AO(t) f(u) + pg(t,u) + h(u), t € (0,T),t#1;,

A(:DFH(GDfw)) () = i (u(ty), j=12...,m, (16)
uw(0) =u(T) =0
for i = 1,...,n, where 6 : [0,7] — R is a non-negative and non-zero function such that

6 € L*([0,7)), f : R — R is a non-negative continuous function and g : [0,7] x R — R is
a non- negative L!- Carathéodory function.

Put F(x fo €)d¢ for all x € R. Taking Remark 4.1 in to account, the following
theorems are immediate consequences of Theorems 3.3 and 3.4, respectively.

Theorem 4.3. Assume that there exists a constant € > 0 such that

supsefo,r] 0(t)- {lim SUP¢_0 %,lim SUP|¢|s00 %‘52)} <e

and there exist two positive constants § and x with 0 < Kk < % such that § such that

P(a, k) #0 and 2Mné?P(a, k)e < fOT O(t)F(w(t))dt where

%t, t € [0, kT,
Bt)={ TC—a),  telxT,(1—rT], (17)

%(T - t)7 t E](l - ’%)T7T]
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Then, for each compact interval [c,d] C (X3, A1) where A3 and Ay are the same as A\
and Xy, but fOT F(t,u(t))dt replaced by fOT O(t)F (u(t))dt, respectively, there exists R > 0
with the following property: for every X € [c,d] and every non-negative L'-Carathéodory
function g : [0,T] x R — R, there exists v > 0 such that for each p € [0,7], the problem
(16) has at least three non-negative weak solutions whose norms in E§ are less than R.

Theorem 4.4. Assume that there exist two positive constants 6 and k with 0 < k < 3 L such

that P(a, k) > 0 and fo w(t))dt > 0 where w is given by (17). Moreover, suppose that
lim supg_, I(T\) = lim supMHOO |(T£|) = 0. Then, for each compact interval [c,d] C (A3, +00)
where A3 is the same as A1, but fo F(t,u(t))dt replaced by fO u(t))dt, there exists
R > 0 with the following property: for every X € [¢,d] and every non- negatwe continuous
function g : R — R, there exists v > 0 such that for each u € [0,], the problem

(D (@t Dfu(t) = AF(w) + ug(w) + h(w), ¢ € (0.7), ¢ £,

AGDS (6 D)) (t) = I (u(ty)), i=12,...,m, (18)

u(0) =u(T) =0
has at least three non-negative weak solutions whose norms in B are less than R.
Finally, we present the following example to illustrate Theorem 4.4.
Example 4.1. Let a = 0.75, T =1, a(t) = 1 + 12z for all t € [0, 1],

z?sin®z, ifz <0,
sin? z, ifxe >0

fz) =

and h(x) = 200 arctan(e®) for allz € R. Thus ag = 1 and L = 155. By choosing § = ﬁ
and Kk = %, we have w(t) > 0 for all t € [0,1], P(a, k) > 0,

fol F(w(t))dt = fol F(w(t))d fo O in? 2 dedt = L(4—sin2+cos2) >0
and limg_,q |(5|) limgﬂm% = 0. It is clear that by choosing m = 1, t; = 5 and

L(s) = 15 SIn(t—) for all s € R, the assumptions (Hs) and (Hg) are satisfied with
Ly = %0' Hence, by applying Theorem 4.4 for each compact interval [c,d] C (0,+0o0),
there exists R > 0 with the following property: for every A € [¢,d] and every non-negative
continuous function g : R — R, there exists v > 0 such that, for each p € [0,7], the
problem (18) in this case has at least three non-negative weak solutions in EJ™.
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