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SOME RESULTS ON LEFT (0,7)—-JORDAN IDEALS AND ONE SIDED
GENERALIZED DERIVATIONS

EVRIM GUVEN!, §

ABSTRACT. Let R be a prime ring with characteristic not 2 and o, 7, «, 8, A\, u,y au-
tomorphisms of R. Let h : R — R be a nonzero left (resp. right)- general-
ized («, 8)— derivation associated with («, 3)— derivation d; (resp. d). Let W,V be
nonzero left (o, 7)—Jordan ideals of R and I a nonzero ideal of R. In this paper we also
study the situations. (1) ah(R)b C Cx .(R) (2) bh(I,a)e,r = 0 or h(I,a)s-b = 0, (3)
bh(I) C Cxu(W) or h(I)b C O, (W), (4) h(I) C Cxu(J), (5) (A(R),a)a,s C Ca,p(R),
(6) (h(D)b,a)x,u =0, (7) by(W) C Cx (V) or y(W)b C Cx,u (V).
(
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1. INTRODUCTION

Let R be a ring and o,7 two mappings of R. For each r,s € R we set [r,s],r =
ro(s) — 7(s)r and (r,s)sr = r0(s) + 7(s)r. Let U be an additive subgroup of R. If
(U,R) C U then U is called a Jordan ideal of R. The definition of (o, 7)—Jordan ideal
of R is introduced in [8] as follows: (i) U is called a right (o, 7)—Jordan ideal of R if
(U,R)sr C U, (ii) U is called a left (o, 7)—Jordan ideal if (R,U),> C U. (iii) U is called
a (o, 7)—Jordan ideal if U is both right and left (o, 7)—Jordan ideal of R. Every Jordan
ideal of R is a (1,1)—Jordan ideal of R, where 1 : R — R is a identity map. The following
example is given in [8]. If R ={ (3 §) |  and y are integers}, U = { () | x is integer},
ogd) = E3) and 7(54) = (5o ") then U is (o, 7)—right Jordan ideal but not a Jordan
ideal of R.

A derivation d is an additive mapping on R which satisfies d(rs) = d(r)s+rd(s),Vr,s €
R. The notion of generalized derivation was introduced by Bresar [3] as follows. An
additive mapping h : R — R will be called a generalized derivation if there exists a
derivation d of R such that h(xy) = h(z)y + zd(y) for all z,y € R.

An additive mapping d : R — R is said to be a (o, 7)—derivation if d(rs) = d(r)o(s) +
7(r)d(s) for all r,s € R. Every derivation d : R — R is a (1,1)—derivation. Chang
[4] gave the following definition. Let R be a ring, ¢ and 7 automorphisms of R and
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d: R — R a (0,7)—derivation. An additive mapping h : R — R is said to be a right
generalized (o, 7)—derivation of R associated with d if h(zy) = h(x)o(y)+7(z)d(y), for all
x,y € R and h is said to be a left generalized (o, 7)—derivation of R associated with d if
h(zy) = d(x)o(y)+7(x)h(y) for all z,y € R. h is said to be a generalized (o, 7)—derivation
of R associated with d if it is both a left and right generalized (o, 7)—derivation of R
associated with d.

According to Chang’s definition, every (o, 7)—derivation d : R — R is a generalized
(0, 7)—derivation associated with d and every derivation d : R — R is a generalized
(1,1)—derivation associated with d. A generalized (1,1)—derivation is simply called a
generalized derivation. The definition of generalized derivation which is given in [3] is a
right generalized derivation associated with derivation d according to Chang’s definition.

The mapping h(r) = (a,7)s, for all r € R is a left-generalized (o, 7)—derivation
associated with (o, 7)—derivation di(r) = [a,7]s- for all r € R and right-generalized
(0, 7)—derivation associated with (o, 7)—derivation d(r) = —[a, 7], for all r € R.

Throughout the paper, R will be a prime ring with centre Z, characteristic not 2 and
o,T,, B, A, i,y automorphisms of R. We set C,-(R) = {c € R | co(r) = 7(r)c,Vr € R},
and shall use the following relations frequently:

[rs,tlgr = 1r[s,tlor + [r,7(t)]s = 7r[s,0(t)] + [r, t]o,rs

[, stlo,r = T(8)[r, t]or + [, 8]or0(t)

(r8$,t)or =7(8,t)0r — [, 7(t)]s = r[s,0(t)] + (r,t)srs

(r,8)0r = T(8)(1, ) 0r + [1, S]or0(t) = =T ()1, t]o,r + (7, 8)0r0(2)

2. RESULTS

Lemma 2.1. [2, Lemma 1] Let d : R — R be a nonzero (o, 7)—derivation of R and U a
nonzero right ideal of R. If a € R such that d(U) = 0 then d = 0.

Lemma 2.2. [5, Theorem 2. 12] Let W be a left (o, 7)—Jordan ideal of R and b € R.
(i) If [W,blxp = 0 then b € Z or o(v) — 7(v) € Z,Yv € W. (i) If [b, W]y, = 0 then
be Cyu(R) oro(v) —7(v) € Z,Yv e W.

Lemma 2.3. [6, Theorem 2.7] Let h : R — R be a nonzero right-generalized (o, T)—derivation
associated with (o,T)—derivation d and I,J nonzero ideals of R. If a € R such that
ah(l) C C\,(J) thena € Z or d = 0.

Lemma 2.4. [5, Lemma 2.2] Let I be a nonzero ideal of R and a,b € R. Ifby(I,a)qz =0
or y(I,a)a,sb =0 thenb=0 orac Z.

Theorem 2.1. Let h: R — R be a nonzero left-generalized («, 5)—derivation associated
with a nonzero («, B)—derivation d. Let I be a nonzero ideal of R and a,b € R.

(i) If AA(1)b = 0 then b = 0.
(i) If hA(I,a)pr = 0 then a € Z or dA7(a) = 0.
(iii) If ah(I)b = 0 then b = 0 or adB3~*(a) = 0.

Proof. (i) If hA(I)b = 0 then we have, for all r € R, x €
0 = hA(ra)b = dA\(r)aX(z)b + SA(r)hA(x)b =dA(r)a(x)b

and so dA\(R)aA(I)b = 0. Since A(I) is a nonzero ideal of R and d # 0 then the last
relation gives that b = 0.
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(ii) If AA(I, a)sr = 0 then we get, for all z € 1
0= hX(7(a)z,a)sr = hA{T(a)(x,a)sr — [T(a), T(a)]x}
= h{AT(a)A(2, a)o,r } = dAT(a)aA (2, @), r + BAT(a)RA(X,a),
= dM1(a)a(z,a)qr.
That is dAT(a)aX(I,a)sr = 0. Using 2.4 we obtain that a € Z or dA7(a) = 0 by the
last relation.
(iii) If ah(I)b = 0 then we have, for all x € I
0 = ah(B ' (a)x)b = adB ' (a)a(z)b + aah(x)b = adB ' (a)a(z)b.
That is, adB~(a)a(I)b = 0. Since a(I) is a nonzero ideal of R then we obtain that
b= 0 or ad3~1(a) = 0 in prime rings. O

Corollary 2.1. Let I be a nonzero ideal of R and a,b,c € R. If a(I,¢)s70 =0 thenb=0
or ala,7(c)] =0 (and a =0 or [b,o(c)]b=0).

Proof. The mapping defined by h(r) = (r,¢)sr,Vr € R is a left-generalized derivation
associated with derivation di(r) = —[r,7(c)],Vr € R and right-generalized derivation
associated with derivation d(r) = [r,o(c)],Vr € R. If h=0then d =0=d; and so c € Z
is obtained. Let h # 0.

If a(l,¢)s b = 0 then we have ah(l)b = 0. Since h is a left-generalized derivation
associated with d; then we have b = 0 or adi(a) = 0 by 2.1(iii). That is b = 0 or
ala,7(c)] = 0. If ¢ € Z then afa, 7(c)] = 0. Finally we obtain that b = 0 or afa, 7(c)] =0
for any cases.

On the other hand, since h is a right-generalized derivation associated with d then
ah(R)b = 0 gives that a = 0 or d(b)b = 0 by [6, Lemma 2.19 (i)]. That is a = 0 or
[b,o(c)]b=0. If ¢ € Z then [b,0(c)]b = 0. Finally we obtain that a = 0 or [b,o(c)]b =0
for any cases. O

Theorem 2.2. Let h: R — R be a nonzero left-generalized (o, f)— derivation associated
with a nonzero («, B)—derivation d. Let I be a nonzero ideal of R and a,b € R.

(i) If h(I,a)e,b =0 then dr(a) = or [b,0(a)]b = 0.
(ii) If bhA(I) = 0 then bdB~1(b) = 0.
Proof. (i) If h(I,a)s b = 0 then we get, for all x € I
0= h(r(a)x,a)s b= h{T(a)(z,a)sr — [T(a), T(a)]x}b
= h{7(a)(x,a)s,}b = dr(a)a(x,a)s b+ BT(a)h(z,a)s b
=dr(a)a(x,a)s b
which gives that
a~tdr(a)(I,a),a"(b) = 0. (1)
Then 1 gives that dr(a) =0 or [b, o (a)]b = 0 by 2.1.
(ii) If bhA(I) = 0 then we have, for all z € T
0= bhAAB7H(b)z) = bh(B™H (b)A(x))
= bdB7 1 (b)aX(z) + bbhA(x) =bdB L (b)a(x)
and so bdB~1(b)aA(I) = 0. Since a\(I) is a nonzero ideal of R then we obtain that
bdB3~1(b) = 0. O

Remark 2.1. [5, Corollary 2.11] Let d : R — R be a nonzero («, 8)— derivation and W
a nonzero left (o, 7)—Jordan ideal of R. If dy(W) =0 then o(v) —7(v) € Z for allv e W.
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Theorem 2.3. Let h : R — R be a nonzero right-generalized («, 8)— derivation associ-
ated with a nonzero (o, B)—derivation d. Let I be a nonzero ideal of R and a,b € R.

(i) If hA(I,a)s,r =0 then a € Z or dA\o(a) = 0.
(ii) If bhA(I) = 0 then b = 0.
(iii) If bh(1,a)sr = 0 then b[b, 7(a)] = 0 or do(a) = 0.

Proof. (i) If hA(I,a)s, = 0 then we get, for all x € I
0 = hX(zo(a),a)sr = hMz[o(a),c(a)] + (z,a)s,0(a)}
= Az, a)srA0(a)} = hA\(z,a)sralo(a) + BA(z,a)qrdNo(a)
= BA(z,a)srdNo(a)
That is SA(1,a)srdAo(a) = 0. Using 2.4 we obtain that a € Z or d\o(a) = 0 by the
last relation.
(ii) If bhA(I) = 0 then we have, for allr € R,z € I
0 = bhA(xr) = bhA(x)aA(r) + bBA(x)dA(r)=bBA(x)d\(r)
and so bBA(I)dA(R) = 0. Since A\(I) is a nonzero ideal of R and d # 0 then the last
relation gives that b = 0.
(iii) If bh(1,a)sr = O then we get, for all z €
0 =bh(zo(a),a)sr = bh{(z,a)s,0(a)}
= bh(x,a)sr00(a) + bB(x,a)sdo(a)
=bB(z,a)qdo(a).
That is
B7Hb) (I, a)e B8 do(a) = 0. (2)
Using 2.1 and 2 we obtain b[b, f7(a)] = 0 or do(a) = 0. O
Corollary 2.2. Let h : R — R be a nonzero right-generalized («, 3)—derivation associ-

ated with a nonzero («, B)—derivation d and W be a nonzero left (o,7)—Jordan ideal of
R. If RKA(W) =0 then o(v) —7(v) € Z,Vv € W.

Proof. If hA(W) = 0 then we have hA(R,v)s, = 0,Vv € W. This means that, for any
ve W
veZordir(v)=0

by 2.3(i). This means that W is the union of its additive subgroups K = {v € W |
veZyand L = {ve W |d\r(v) = 0}. Since a group can not be the union of two of its
proper subgroups, we have W = K or W = L. We obtain that

W C Z or dAr(W) = 0.

If dA\T(W) = 0 then we obtain o(v) — 7(v) € Z,Vv € W by 2.1. On the other hand
W C Z gives that o(v) — 7(v) € Z for all v € W. O

Lemma 2.5. [5, Lemma 2.2] Let I be a nonzero ideals of R and a,b € R. Ifb,ba € C ,(I)
or (byab e Cy (1)) thenb=0 orac Z.

Lemma 2.6. Let W be a nonzero left (o,7)—Jordan ideal of R and a,b € R. If b,ba €
Cru(W) orb,ab e Cy (W) thenb=0 orac Z oro(v) —7(v) € Z for allve W.
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Proof. b,ba € C) (W) then we have [b, W]\, = 0 and [ba, W], ,, = 0. Using this relations
and 2.2(ii) we get, for all v € W
{o(v) =1(v) € Zorbe C),(R)} and {o(v) —7(v) € Z or ba € C) ,(R)} .
This means that
o(v)—T1(v) € Zor {be C),(R) and ba € C) ,(R)}

If {b € Cy,(R) and ba € Cy ,(R)} then we have b = 0 or @ € Z by 2.5 . Finally we
obtain that b=0or a € Z or o(v) — 7(v) € Z for all v € W.
If b,ab € C) (W) then, considering as above we get the required result. ]

Theorem 2.4. Let W be a nonzero left (o, 7)—Jordan ideal of R and a,b € R. Let I be
a nonzero ideal of R.

(i) If (I,a)aps C Crpu(W) thena € Z or o(v) — 7(v) € Z,Vv € W.
(i) If by(I,a)ag C Crpuy(W) or ¥(I,a)a b C Cy (W) then b =0or a € Z or o(v) —
T(v) € Z,Yv e W.

Proof. (i) If (I,a)a,s C Cx (W) then we have, for all x € 1
(W) 3 (B()2,0)ars = B(a) @, @)as — [B(a), A@)]z = Bla)(z,0)as
and so B(a)(1,a)q,s C Cxpu(W). Using 2.6 we obtain
(I,a)aqp=0o0raec Zoro(w)—7(v)e Z forall veW.

If (I,a)ag = 0 then 0 = (r2,a)ap = 7(x,0)as — [, B(a)]lr = —[r, B(a)]x for all r €
R,z € I. That is [R, B(a)]I = 0.This gives that a € Z in prime rings.

(ii) If by(I,a)a,s C Cy (W) then we get, for all z € I

Cru(W) 2 by(za(a), a)a,p = by(z)v[e(a),a(a)] + by(z, a)a,gye(a) = by(z, a)asya(a)

and so

by(1,a)a,pya(a) C Cy ,(W). (3)
If we use hypothesis and 2.6 in 3 then we get
by(I,a)ag=0o0rac Zoro(v) —7(v) € Z for all v e W.

If by(1,a)q,g = 0 then we obtain that b= 0 or a € Z by 2.4.
If y(I,a)a,8b C Cy (W) then we have, for all z € I

Cxu(W) 2 7(B(a)z, a)a,sb = vB(a)y(x, a)a,sb — 7[B(a), Bla)ly(2)b = vB(a)y(2, a)a,sb
That is
B(a)y(I, a)a,pb C Cx u(W). (4)
If we use 2.6 and hypothesis then 4 gives that
Y(I,a)agb=0o0rac Zoro(v)—7(v) € Z for all ve W.

If v(I,a)q,3b = 0 then we obtain that b = 0 or @ € Z by 2.4. Finally we obtain that
b=0orac Zorow)—7(v)eZforallveW. O

Corollary 2.3. Let W,V be nonzero left (o,7)—Jordan ideals of R and b € R.

i)V cC\,(W)thenV C Z or o(w) — 7(w) € Z,Yw € W.
(i) If by(V) € Cx (W) or v(V)b C Cy (W) then b=0o0r V C Z or o(w) — 7(w) €
ZNw e W.
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Proof. (i) If V. C C) (W) then (R,V)s, C C\,(W) and so V C Z or o(w) — 7(w) €
ZNw € W by 2.4(i).

(i) If by(V) € Crpu(W) or v(V)b C Cy (W) then we have by(R,V)sr C Cy (W) or
Y(R,V)orb C Cypu(W). This gives that b=0o0r V C Z or o(w) — 7(w) € Z,Yw € W by
2.4(i). 0

Lemma 2.7. Let h : R — R be a nonzero right-generalized (o, 5)— derivtaion associated
with a nonzero (o, B)—derivation d and I, J nonzero ideals of R. If h(I) C Cy u(J) then
R s commutative.

Proof. 1f h(I) C C) ,(J) then we have, forallz € I, t € J,r € R

0= [h( r)s = [h(x)alr) + B(x)d(r),
h(@)[e(r), A(®)] + [h(x), t] ,a(r) + B(z)[d(r), t]x . + [B(2), u(t)]d(r)
h(@)e(r), ()] + B()[d(r), txu + [B(z), p()]d(r).

That is
B@)[a(r) A(E)] + B@)d(r), Hp + [B(@), w(B)d(r) = 0 for all z € It € Jyr € R (5)
Replacing r by a~'A(t) in 5 we get

B(x)[k(t), tlau + [B(x), u(t)]k(t) =0 forallz € I,t € J (6)
where k(t) = da~t\(t). Replacing z by rx in 6 we obtain, forallz € I, t€ J,r € R

0= B(rz)[k(t), t]x.+ [B(rz), u(t)]k(1)
= B(r)B@) k), thxu + Br)[B(2), u(B)]k(E) + [B(r), pD]B(2)k(t) = [B(r), p(t)]B(2)k(?)

which gives [R, u(t)]3(I)da~tA(t) = 0. Since B(I) is a nonzero ideal then we have, for
any t € J

t€ Zor da'A(t) = 0.

Considering as in the proof of 2.2 we get J C Z or da~'A(J) = 0. Since d is nonzero
then da='A(J) # 0 by 2.1 and so J C Z is obtained. This means that R is commutative
by [9, Lemma 3]. O

Theorem 2.5. Let W be a left (o,7)—Jordan ideal of R and I a nonzero ideal of R.
Let h : R — R be a nonzero right-generalized (o, 5)—derivation associated with nonzero
(v, B)— derivation d : R — R and b € R.

(i) If h(I) € Cyu(W) then o(v) — 7(v) € Z,Yv € W.
(ii) If bh(I) C Cy (W) then b€ Z or o(v) — 7(v) € Z,Yv € W.

Proof. (i) If h(I) C Cy (W) then we have [h(I), W]y, = 0. This means that, h(I) C
Chu(R) or o(v) —7(v) € Z,Yv € W by 2.2 (ii).

If h(I) C Cy u(R) then we get R is commutative by 2.7 and so o(v) —7(v) € Z,Vv € W.

(i) If bh(I) C Cx (W) then [bh(1), W]y, = 0. Using 2.2 (ii) we have bh(I) C C) 4(R)
or o(v) —7(v) € Z,YveW.

If bh(I) C Cyu(R) then b € Z by 2.3. Finally we obtain that b € Z or o(v) — 7(v) €
ZNveW. O

Theorem 2.6. Let W be a left (o,7)—Jordan ideal of R and I # 0 an ideal of R and
I a nonzero ideal of R.. Let h : R — R be a nonzero left-generalized (o, 5)—derivation
associated with nonzero («, )— derivation d and a,b € R.
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(i) If h(1) C Cy (W) then o(v) —7(v) € Z,Vv € W.
(i) If A(I)b C Cy (W) then b€ Z or o(v) — 7(v) € Z,Yv € W.
(iii) If (R(R),a)a,p C Cap(R) then a? € Z or d(a?) = 0.

Proof. (i) If h(I) C Cy (W) then [h(I), W]y, = 0. This means that, h(I) C Cy ,(R) or
o(w) —7(v) € Z,Yv € W by 2.2 (ii).

If h(I) C Cy,(R) then we get R is commutative by [7, Theorem 2.12] and so o(v) —
T(v) € Z,Yv e W.

(i) If ()b C Cy (W) then [h(1)b, W]y, = 0. This gives h(I)b C Cy ,(R) or o(v) —
T(v) € Z,Yv € W by 2.2 (ii).

If h(I)b C Cyu(R) then b € Z by 2.3. Finally we obtain that b € Z or o(v) — 7(v) €
ZNveW.

(iii) Using the hypothesis (h(R),a)q3 C Co pg(R) we get, for all r € R

0= [h(r)a(a) + B(a)h(r), dla,s
= h(r)a(a)a(a) + B(a)h(r)a(a) — B(a)h(r)a(a) — B(a)B(a)h(r) = [h(r), az]aﬂ.
That is [h(R), a?]a,s = 0. This means that a? € Z or d(a?) = 0 by [7, Lemma 8]. O

Corollary 2.4. Let W be nonzero left (o, 7)—Jordan ideal of R and b € R. If (W,b)q 3 C
Cop(R) then b? € Z or o(w) — 7(w) € Z for allw € W.

Proof. For any w € W let us define the mapping h(r) = (r,w)s,Vr € R. Then h is a

left-generalized derivation associated with derivation d(r) = —[r, 7(w)],Vr € R.
If (W,b)a,s C Cap(R) then we have ((R,w)s,r,b)a,3 C Cog(R) and so (h(R),b)q s C
Cap(R).

If h # 0 then we have b? € Z or dB3(b*) = 0 by 2.6 (iii) and so
v’ € Z or [B(b?), 7(w)] = 0.

If h = 0 then d = 0 is obtained. This gives that w € Z and so [3(b?),7(w)] = 0. If we
consider this argument for all w € W then we get

v’ € Z or [t a(b?), W] = 0.
If [T~ ta(b?), W] = 0 then b € Z or o(w) — 7(w) € Z for all w € W by 2.2 (ii). O
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