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ON SOME NEW INEQUALITIES FOR s— CONVEX FUNCTIONS

MEHMET EYUP KIRIS', HASAN KARA? §

ABSTRACT. In this paper, we establish a few new generalization of Hermite-Hadamard
inequality using s—convex functions in the 2nd sense. For this purpose we used some
special inequalities like Holder’s.
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1. INTRODUCTIONS

Definition 1.1. A function f: I C RT — Rt where R = [0,00) is said to be s-convezx
on I if the inequality,

flz+ (1 —t)y) <t°f (z) + (1 -1)°f (y) (1)

holds for all x,y € I and t € [0,1] with t+ (1 —t) =1 and for some fized s € (0,1]. This
class of s- convex functions is usually denoted by K2 (see:[17]).

It can be easilly that for s = 1, s-convexity reduces to ordinary convexity of funtions

defined on [0, 00).
One of the most famous inequality for the class of convex functions is known as Hermite-

Hadamard inequality which is,
f: I CR — R be convex mapping defined on the interval I of real numbers and a,b € I,

with a < b. Then |
f<a+b>§bia/f(x)dx§f(a);rf(b)‘ )

2

Within the past thirty years, different variants of this kind of inequalities have been
obtained. A few of them can be found in the papers ([5]-[28]).
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Theorem 1.1. Suppose that f : [0,00) — [0,00) is an s-convex function in the second
sense, where s € (0,1] and let a,b € [0,00),a < b, f € L'[0,1], then the following inequal-

ities hold
b
2s—lf<a+b)gbia/f(l,)dm§f(a)+f(b). (3)

2 s+1
In [8], Dragomir and Fitzpatrick proved a variant of Hermite-Hadamard inequality which
holds for the s- convex functions.

Theorem 1.2. Let f be a s- convex in the second sense on I = [a,b] and let w : [a,b] — R
be nonnegative, integrable and symmetric about “T‘H’. Then

b b

257(“;é>/wumm Sl/ﬂ@wmﬂx

a a

see:(]18]).

Theorem 1.3. Let f, w: [a,b] = R, a,b € [0,00), a < b, be functions such that w and f
are in L'([a,b]). If f is s-convex in the second sense and nonnegative on [a,b] for some
fized s € (0,1), Then for all t € [0,1], we have,

b
20 (5w () <o [ (@w(@)de )
+ (S+1)1(s+2) M(a,b) + (sj—2) N(a,b)
where
M(a> b) = f(a)w(a) + f(b)w(b) (6)
N(a,b) = f(a)w(b) + f(b)w(a)
see:([19]).

2. HERMITE- HADAMARD TYPE INEQUALITY FOR s -CONVEX FUNCTIONS

Theorem 2.1. Let f,w: I CR — R be a s-convex in the second sense and nonnegative
function on I = [a,b]. If w is symmetric about “—H’ then for all t € ]0,1], we have

/f B M(a,b) + ——N(a,b) (7)

b—a (23+1) 25 +1

where M (a,b) and N(a,b) are given by (6).

Proof. Since w is symmetric about “TH’ and f, w be s-convex functions in the second sense
and then a + b — x = x we have

b

b
bia/f(a:)w(x)dx: bia/f(x)w(a—i—b—x)dx

a
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So x =ta+ (1 —t)b and dx = (a — b)dt <= dt = 5. By integrating limit values ¢ — 1
and t — 0. Therefore, we obtain
1
/f w(a+b—z)dr = /fta+ (I=t)b)w(a+b— (ta+ (1 —1t)b))dt
—a
0

_ /f (ta+ (1 — )b)w((1 — t)a + th)dt
Since f and w are s-convex functions in the second sense, we have
Flta+ (1= (1 - ha+ W)t < (@) + (1 — 0 SO [(1 - )°wla) + Cw(b)] de
*fawla) + 2 f(a)w(d)
—c0 <>+ﬁu—wvwmwmﬁ
Flaw(a) + FO)u(®)] di
& flauhdt + (1~ 0 O)u(o)at |

C—r

t5(1

|
=t

o%}_.,_/_\ogﬂ_.,_/_\o

O —

+

C—
~
CA
_
|
=~

_l’_

1
By using the fact that [¢°(1 —t)%dt = (s +1,s+ 1) and therefore,
0

1 1
/ts(l — 1) [f(@)w(a) + f(b)w(b)] dt+/t25f( Jw(b)dt + (1 — t)* f(b)w(a)dt
0 0

2s+1 (1 2841 (1
= Bls+Ls+1)[f(a)w(a)+ f(O)w(b)] + 2t T, fla)w(b) + _(12321 ) f(b)w(a)
Using Beta function, (s + 1,5+ 1) = F(SJF(;)SII;;FD = (2§!j!1)!

C T(s+1)T(s+1) 1 1
= T(2s 1 2) [f(@)w(a) + FO)wd)] + 5= Fla)w(b) + 5= f(b)w(a)
= oy @u(a) + 1B + 5 @) + 1(Eu(a)
sls!
= Gy M@h) g Nad)
which completes the proof. O

Remark 2.1. If we take s = 1 and for all © € [a,b] in Theorem 1.4, the inequality (7)
reduce to inequality

which is proved by Pachpatte in [20].
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Lemma 2.1. Let f : I € R — R be differentiable function on I°(the interior 1) If
f € Ly|a,b] fora,bel

b 1
1
b/f(:c)dm—f<a+b> b—a/p (ta+ (1 — t)b) dt (8)
—a
a 0
where
[t ey
p(t)_{ t—1, te[i1]
Proof. Proved by Kirmaci [3]. O

Theorem 2.2. Let f : I C R — R be differentiable function on I°(I interval) and
'€ Lila,b] for a,b € I. If |f'| is the s- convex in the second sense on [a,b], then
following inequality holds:

L[ i@ar—r (50| <o {1r@l+ 170 [ e g} ©

Proof. From Lemma 2.1 and s-convexity in the second sense of |f’| function , we obtained

‘bia/abf(x)d(m)_fc;b)‘

IN

1
w—a{/m@ﬂwwm+w1—wwmt
0
= (b—a) tf (ta+ (1 —t)b)| dt
/

1
+/t—1|\f’ta+(1—t)bydt

1
2

(b—a) {ftftw (=0 |0 e

_l’_

SIS

A=) [t* [f' (@) + (1 =) [/ (D)]] dt}

<ba>{jﬁﬁf%w+a1w8f%w}dt

I\D\)—‘%}_‘

{A =)t () + (1 =)A= )*|f'(b )}dt}
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If we change the variable with (1 —¢) = u then right hand side of the last inequality.

1

~ (b-a) \f’(@\/tsﬂdt—\f’(b)\/u—u)usczu
0

1

2

+|f'(a |/1—tt5+\f \/ t)*Hdt

1
ts+2 , uS‘H us+2 b

pu— —_ — b —
(b a{ “(5—1—2)0 }f()‘Ks 1 s—|—2>1

+
p5+2 s+l 1— )52\ !
o (£ ) (057 )

2 —s—1+s+2 1
= (- {‘f ’(2s+2<s+2> TG (+2) 2s+1<s+1>)

, 2 s+2—-s5-1 1
0l (grers * 65D F67D) )
= - {[[F@[+][r®)]
92— (s+1)2s+1(8+1) 28+1 —5—9
G022 T Gr DL (54 D)(s+ 22

ol

= (b—a) {[If )|+ [£0)]] {(SJF?;:J:;)T“”

So the theroem is proved. O

Remark 2.2. If we take s = 1 and for all € [a,b] in Theorem 2.2., the inequality (9)
reduce to inequality.(see: [3])

[ rwa-s (45| = S il o

Theorem 2.3. Let f: I C R — R be a differentiable function on I°(the interior I) and
[ € Lyla,b] for a,b € L.If | f'|? is s- convex in the second sense on [a,b], g > 1 then the
folloving inequalities hold:

b_la/bf(x)dm—f<“;b> (10)

< - (3)" ()" Wr @0+ 1o

1,1 _
whereﬁ—i-g—l.
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Proof. From Lemma 2.1, using Holder’s inequality and s-convex in the second sense of | f’|

functions , we obtained
b
bia/a Foyde 1 (5
1
_ /p (ta+ (1— O)b) dt
0
1/2
o
1/2
< ba{/
0

and then using Hoélder’s inequality,

L[ o(5)

)

IN

IN

1
tf' (ta+ ( 1—t)b)dt+/(t—l)f’(ta+(1—t)b)dt
/2

1

|tf' (ta+ (1 —t)b \dt+/\ (t—1) f' (ta+ (1 —t)b)| dt

1/2

1/2

|(b—a)| / tf (ta+ (1—t)b)|dt
0

1

+/\ (t=1) f' (ta+ (1 —t)b)| dt

1/2

(b—a) / 2t
0
1/2 la

/ | (ta+ (1 —t)b)|" dt
0

1
1 /p

+ /\t—1|”dt

1/2
1/q

1
/ (ta+ (1 —t)b)|" dt
1/2
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furthermore,

1/2 1/a

I, = /\f’(ta+(1—t)b)\th
0
1/q

1
I = /\f’(ta+(1—t)b)}th

1/2

If we take it as, Using to s-convex in the second sense of |f’| functions and
Dk (ak +be)" < gy an” + g b

1/2 14 1/2 Ha
L o= ( / f’<ta+<1t>b>}th) < ( / [tSIf’<a>+<1t>S|f’<b>qut>
0

0
1/2 1/2 1/q
< (/ [tsf’(a)uth%—/[(lt)s}f'(b)]th)
0 0
1/2 1/2 1/q
= (f’(aﬂq/[tsq] dt+\f’(b)\q/[(1—t)sq] dt)
0 0
, q tsq+1 1/2 , q (1_t)sq+1 1/2 1/q
- (Wa)‘ sari), THOF 0T, )
1/q
= () @ - o)
and
1 1/q 1 1/q
L = /f’(ta+(1t)b)}th) < (/ [t8|f'(a)+(1t)8|f'(b)}]th>
/2 1/2
1 1 1/q
< /[ts‘f’(a)|]th+/ [(lt)s}f’(b)]th)
/2 /2

1 1

107
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1/q
— ( \/tsqclt+|f / [(1—t)%] t)

1/2
1
1 —t)satt
+ /b q _(
1/2> ‘f()‘< sqg+1

— 1[4 goatt ' e
o (22 )

) (Sqi 1>1/q ([(1 B 278(1,1) ‘f’(a)}q} + [(2fsq71) ‘f/(b)’qbl/q

and

1/q 1/q
L+ 1) = <8q — 1) (271 | /(@) "] + [(1 =272 |7/ 0)]])
1/q 1/q
(o) a- r@+ fe) ror)

= (o)l @+ [ 2 by o)
+([(1 =27 [P @] + [ £ )]

< (5% 1)1” {27 @) 4 (1 - 277 |7 )] )
+ ([t =27 ) [F @] + [ ) [F o))}

and then

1/p
1/2 2_ 1p
/tpdt = >
0
; v ; —p—1\1/p
/|t—1|pdt _ /1—75% :(2 >
1 / (p+1)

/2 1/2

2 1/p
tPdt I + \t — 1P dt I
1/2

B
sl e

as it can be calculated as

M’B
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(b-a) ((iﬂ))/ (557) :

{(Errtr@r + [0 -2 (o))
+ ([(1 - 2*8:171) }f/(a)‘q] 1/q T [(2—sq—1) |f/(b)‘q]1/q>}

= oo (20)" (k) @i+ o

IN

This proof is completed. ]

Remark 2.3. If we take s = 1 and for all x € [a,b] in Theorem 5, the inequality (10)
reduce to inequality.(see: [3])

Lemma 2.2. Let f : I C R — R be a differentiable function on I°(the interior I).If
I € Li[a,b] for a,b € 1, then the following equality holds:

2 (b—a)
(11)
1
b—a ,
- = (2t —1) [f (tb+ (1 —t)a)] dt.
0
Proof. Proved by Dragomir and Agarwal in [4]. O

Theorem 2.4. Let f : I C R — R be differentiable function on I°(the interior I)
and |f'| € Ly [a,b] for a,b € I, then |f’| is the s-convex in the second sense on |a,b],
thenthe following inequality holds;

b
f(a) + f(b) 1
5 —b_a/f(a:)dac

(12)

<

b—a 275+ s
2 §24+3s+2

) sl @]+l
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Proof. From Lemma 2.2 and by using s-convexity function of |f’| ,we have

b
fla+re) 1
—b_a/f(:rz)da:

2

1

/W%—Jﬁf%w+(l—ﬂaﬂﬁ

0

b—a

IN

1
b;a/W%—wjﬁﬂﬂ@ﬂ+«1—wsuxwudt
0

IN

- e /—(2t —) [ £ )] + (1= ()] dt

0

1

—+/@r-nﬁﬂf@ﬂ+(r—oﬂfmmdt

1

2

h— 9—(s+1) 9—(s+1)
_ f[—(\f’(b)\ \f’(a>|+s>

$2+3s+2 s2+3s5+2

9—(s+1) +s 9—(s+1)
! - = ! -
+ <‘f(b)’32+3s+2+‘f(a>}82+3s+2

h— 27(84’*1) 2*(84’1)
= 2 rol( 5 P
2 s4+3s+2 s4+4+3s+2
9—(s+1) +s 9—(s+1)
!
+ ‘f(a)} <52+3s+2+s2—|—3s+2

b—a( 27+ s >kuwﬂ+ﬂfwm

2 s2+3s+2
which completes the proof. ]

Remark 2.4. If we take s = 1 and for all x € [a,b], then inequality (12) coincide with
the right sides of Hermite-Hadamard inequality proved by Dragomir and Agarwal in ([4])

Theorem 2.5. Let f: 1 C R — R be a differentiable function on I°(the interior 1) and
|f'|? is the s-convex in the second sense on [a,b]. q > 1, the following inequality holds:

(13)

- b—a( 1 >é<|f'<b>q+|f'<a>q>3
- 2 \p+1 s+1

1,1 _
where;g—i—g—l
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Proof. From Lemma 2.2 by using Holder’s inetgral inequality and s-convex in the second
sense of |f’| functions , we heve

b
f(a) + f(b) 1
2 _b—a/f(x)dm
1 P
< an /|2t—1|pdt
0

1
! “Ha q
X O/\f (tb+ (1—t)a)|"dt

obtained. And then since |f’| is s-convex in the second sense function,

b
f@+fB) 1
s [ @

2
1
b 1 s !
—a P s q s q
< S0 GH) [ Frorsa-lr@r
0
I e 1 11 7
= () | Al rer - S v
2 p+1 s+ 1], s+1 |
_b—a( 1\ IO+ @]
2 \p+1 s+1
which completes the proof. ]

Remark 2.5. If we take s = 1 and for all © € [a,b], then inequality (13) coincide with
the right sides of Hermite-Hadamard inequality proved by Dragomir and Agarwal in [4].

(1]
2]
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