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ON NEW CONFORMABLE FRACTIONAL INTEGRAL INEQUALITIES
FOR PRODUCT OF DIFFERENT KINDS OF CONVEXITY

AHMET OCAK AKDEMIR', ERHAN SET? AND ALPER EKINCI?, §

ABSTRACT. Certain Hermite-Hadamard type inequalities involving various fractional in-
tegral operators for products of two functions have, recently, been presented. We aim
to establish several Hermite-Hadamard type inequalities for products of two convex and
s— convex functions via new conformable fractional integral operators.
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1. INTRODUCTION
Definition 1.1. A function f: I CR — R is said to be convex if the inequality
Ptz + (1= t)y) < tF(@) + (1 - DF(y)
holds for all x,y € I and t € [0, 1].

The following inequality is well known in the literature as the Hermite-Hadamard integ-

ral inequality:
S a+b < 1 b i <f(a)+f(b)
[ (E50) < 2 [ im0

where f: I C R — R is a convex function on the interval I of real numbers and a,b € I
with a < b.

An s-convex function was introduced in Breckners paper [3] and a number of properties
and connections with s-convexity in the first sense are discussed in paper [6]. For more
study, see ([2, 5]).
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Definition 1.2. A function f : [0,00) — R is said to be s-convex in the second sense if
fOz+ 1= Ny) <N f(x)+(1-X)°f(y)
for all z,y € [0,00), X € [0,1] and for some fized s € (0,1].

Let f € L[a,b]. The Riemann-Liouville integrals J&, f and J f of order o € RT with
ac Rg are defined, respectively, by

o f(x) = F(la) /x (z—t)* ' f(t)dt (x> a) (1)
and
b
ﬁjuﬁqéwé(txflﬂwﬁ (x <) (2)

where I' is the familiar Gamma function (see, e.g., [15, Section 1.1]). It is noted that
JY f(z) and J! f(x) become the usual Riemann integrals. In the case of o = 1, the
fractional integral reduces to classical integral.

The Euler beta function B(a, 3) is defined by (see, e.g., [15, Section 1.1][10, p18])

/1 M1 =)t (R(a) > 0; R(B) > 0)
0

I'(a) L(B)
I(a+B)

Some Hermite-Hadamard type inequalities for products of two different functions are
proposed by Chen and Wu in [4] as follows:

B(Oé, ﬁ):
(a,BGC\Za).

Theorem 1.1. Let f,g : [a,b] = R a,b € [0,00), a < b be functions such that and
g, fg € Lla,b]. If f is convex and nonnegative and g is s-convex on [a,b] for some fized
s € [0,1], then the following inequality for fractional integrals holds:

(<;wﬁﬂ>u+ﬁwmmm
(a—}—s—l—l (a,s+2)>M(a,b)

1
+(Ba+1 s+1)+ (a+8)(a+5+1)>N(a,b),

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).

Theorem 1.2. Let f,g: [a,b] = R, a,b € [0,00), a < b be functions such that f,g, fg €
Lla,b]. If f is si-convex and g is sy-convex function on [a,b] for some fized s1,s2 € [0, 1],
then the following inequality for fractional integrals holds:

I(a) o a
b—ap [Jar F(0)g(b) + Jp- f(a)g(a)]
< <O¢+811—|—82 + B(ay,s1 + s2 + 1)) M(a,b)
+ (B(a+ s1,82+ 1) + B(a+ s2,51 + 1)) N(a,b),
where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).
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Theorem 1.3. Let f,g: [a,b] = R, a,b € [0,00), a < b be functions such that fg € L[a,b].
If f is conver and nonnegative on [a,blg is sa-convex function on [a,b] for some fized

s € [0,1], then
a+b a+b
25
1(437)0(*3)

< Gk U f0) + 5 fla)gla)]

. 1
+3M(a,b) <B(a+1?8+1)(a+8)(04+3+1))

2 a+s+1
where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).
Definition 1.3. [1] Let a € (n,n+ 1], n = 0,1,2,... and set § = a — n. Then the left
conformable fractional integral of any order o > 0 is defined by

(N = / (t — 2)"(@ — ) f(x)da.

Analogously, the right conformable fractional integral of any order o > 0 is defined by

b
(L f)(t) = ~ / (z— )b — )P f(2)d.

n!

Notice that if a = n+1 then 8 = a—n =n+1-n = 1 and hence (1§ f)(t) = (J, 1 f)(t).
Some recent result and properties concerning the fractional integral operators can be found
([1, 11, 12, 13)).

In [14], authors have proved the following inequalities for different kinds of convexity
via conformable fractional integrals:

Theorem 1.4. Let f, g : [a,b] = R, be functions with 0 < a < b and f,q, fg € Li[a,b]. If
f is convex and nonnegative and g is s-convex on |a,b] for some fized s € [0,1], then one
has the following inequality for conformable fractional integrals:

+ AN (e (B(a, s+2) + 1) :

G —1a)a 12£(0)g(b) +* L f(a)g(a)
< M(;rb) [B(n+s+2,a—n)+Bn+1l,a—n+s+1)]
+N(Tc;!,b) [B(n+2,a—n+s)+B(s+n+1,a—n+1)]

with a € (n,n+1]. (M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a))
Theorem 1.5. Suppose that f,g : [a,b] — R be functions with 0 < a < b and f,g, fg €
Lia,b]. If f is si-convex and g is sp-convex function on [a,b] for some fized s1,s92 € [0,1],
then one has the following inequality for conformable fractional integrals:

1 a
o) I f(b)g(b) +° 1o f(a)g(a)
1

EM(a,b)[B(51+sz+n+1,a—n)+B(n+1731+52+a—n)]

IN

1
—i—ﬁN(a,b) [B(n+s1+1l,a—n+s3)+Bn+sa+1,a—n+s1).
where a € (n,n + 1] with M(a,b) and N(a,b) as in Theorem 1.4.
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Theorem 1.6. Let f,g: [a,b] = R, be functions with 0 < a < b and f,g, fg € L1]a,b]. If
f is convex and g is s-convez on [a,b] for some fized s € [0, 1], then one has the following
mequality for conformable fractional integrals:

2SB(n+1,Oé—n)f (a—;—b)g<a+b>

2
I'(n+1)
— 2(b—a)>

12 ®)g() +" Lo fla)g(0)]

1
—|—§M(a,b)[B(n+2,a—n+s)+B(s—i—n+1,a—n+1)}

1
+§N(a,b) [B(n+1l,a—n+s+1)+B(n+s+2,a—n)]
where a € (n,n + 1] and M(a,b) and N(a,b) as in Theorem 1.4.

Jarad et. al. [7] has defined a new fractional integral operator. Also, they gave some
properties and relations between the some other fractional integral operators, as Riemann-
Liouville fractional integral, Hadamard fractional integrals, generalized fractional integral
operators..., with this operator.

Let 8 € C, Re() > 0, then the left and right sided fractional conformable integral
operators has defined respectively, as follows;

(@) = [((““)a‘“‘“)a)ﬁl( A R— 3)

@) a i~ o)
b — ) _ pay B-1
I e M = (@

The fractional integral in (3) coincides with the Riemann-Liouville fractional integral
(1) when a = 0 and a = 1. It also coincides with the Hadamard fractional integral [9] once
a = 0 and a — 0 with the Katugampola fractional integral [8], when ¢ = 0. Similarly,
Notice that, (Qf)(t) = f(a +b— t) then we have 53%f(z) = Q( Ji) f(x). Moreover (4)
coincides with the Riemann-Liouville fractional integral (2), when b = 0 and o = 1. It
also coincides with the Hadamard fractional integral [9] once b = 0 and a — 0 with the
Katugampola fractional integral [8], when b = 0.

In this paper, some new fractional Hermite-Hadamard type inequalities for products two
different kinds of convex functions are obtained but now for new conformable fractional
integral operators.

2. MAIN RESULTS

Theorem 2.1. Let f, g : [a,b] = R, be functions with 0 < a < b and f,qg, fg € Li[a,b]. If
f is convex and nonnegative and g is s-convex on |a,b] for some fized s € [0,1], then one
has the following inequality for new conformable fractional integrals:

1\
2 (1) 1O [ a0+ 33 0(w) )
< |Blrra - mGsras) o

+[61(2,a+s) = B1(2,aB +5) + Bi(s + La+1) — Bi(s + 1,aB + 1) N(a,b)
where o, B > 0 and B is Fuler Beta function.

(M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a))

| ar(a
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Proof. By using the definitions of f and g, we can write
flta+ (1 —t)b) <tf(a)+ (1 —1)f(b) (6)
and
g(ta+ (1 —1)b) < t°g(a) + (1 —t)°g(b). (7)
By multiplying (6) and (7), we have
flta+ (1 —t)b)g(ta+ (1 —t)b)
< 1 f(a)g(a) + (1 — )" f(b)g(b) (8)
+t(1 —1)°f(a)g(b) +¢*(1 — ) f(b)g(a).
By a similar argument, we get
f(1—=t)a+tb)g((1 —t)a + tb)
< (=0 fla)gla) + 1 f(b)g(b) (9)
+t°(1 —1)f(a)g(b) + (1 —1)° f(b)g(a).
By adding (8) and (9), we obtain
flta+ (1 —t)b)g(ta+ (1 —1)b) + f((1 —t)a+ tb)g((1 — t)a + tb)
< (T 1= [f(a)g(a) + f(b)g(b)]
+ (1 =1)° +¢°(1 = 1)) [f(a)g(b) + f(b)g(a)]. (10)

: . 1- (1> A1 1 . . .
If we multiply both sides of (10) by (T) (1—¢)*~, then integrating with respect

to t over [0, 1], we obtain

a\ B—
/1 <1—(1—’f)> ' (1= )L [fglta+ (1 —£)b) + fg((1 — t)a+ b)) dt
0

«

1 _ _ pay\ B-1
< /0 (Hlt)) (L=t [ 4+ (1 — )"t M(a,b)dt

e
1 1—(1=1¢) B-1
+/ ((t)) (1=t [t —t)* +t5(1 — )] N(a, b)dt.
0 (6
By calculating the above integrals and simplifying, we get
1 1\
(1) T [ e+ 33 o)

< [,6’1(5+2,a)—ﬁ1(s+2,aﬂ)+a+i+1 _a5+18+1] M (a,b)

+[612,a+35) = B1(2,aB8+ )+ Pi(s+1,a+1) = Bi(s+1,a8 + 1)] N(a,b)
which completes the proof. O

Corollary 2.1. If we choose s =1 in the inequality (5), then Theorem 2.1 reduces to the
following inequality:

Pl <b 1 >0‘/3 r'(B) [gﬁafg(b) +7 Jp fg(a)}

—a

< |:,81(37a) = £1(3,08) + OHl_Q B aﬁ1+2

+ 812, a0+ 1) = f1(2,aB + 1)+ f1(2,a+ 1) — B1(2, 08 + 1)] N(a, b).

} M(a,b)
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Corollary 2.2. If we choose f(x) =1, we obtain

o () 10 [ o)+ 3 0]

b—a
< |8 - mBan) + g - | 00+ a0
FA2 011~ A2 08+ 1) + A2 0+ 1)~ (2,08 +1)] (o(a) + 1))

Theorem 2.2. Suppose that f,g : [a,b] — R be functions with 0 < a < b and f,g, fg €
Li[a,b]. If f is s1-convex and g is sp-convex function on [a,b] for some fized s1,s2 € [0, 1],
then one has the following inequality for new conformable fractional integrals:

o (bfa)aﬁrm 53 F9(0) +7 3 f9(a)| (11)

1 1
a+s1+82 aB+si+ s

+[Bi(s1+ 1o+ s2) — Bi(s1+ 1L, af + s2) + Bi(s2 + L+ s1) — Bi(s2 + 1, aB + s1)] N(a, b)
where a, 5 > 0 and By is Euler Beta function with M (a,b) and N(a,b) as in Theorem 2.1.

< [51(51—1—52—1—1,04)—61(81+82+1,a6)+ M (a,b)

Proof. From the definition of sj-convexity, we can write
flta+ (1 =1)b) <t*' f(a) + (1 —1)*' f(b) (12)
and
g(ta+ (1 —1t)b) < t2g(a) + (1 —t)°2g(b). (13)
By multiplying both side of (12) and (13), we get
flta+ (1 —t)b)g(ta+ (1 —t)b)
< 72 f(a)g(a) + (1 =)™ 2 f(b)g (D)
+°H (L =) f(a)g(b) + 2 (1 = 1)*' f(b)g(a). (14)
By a similar way, it is easy to write,
f(1=t)a+tb)g((1 —t)a + tb)
< (L=0)""2 f(a)g(a) + 72 f(b)g(D)
+(1 =1)*2 fa)g(b) + 71 (1 = 1)*2 f(b)g(a). (15)
By adding (14) and (15), we have
flta+ (1 —=t)b)g(ta+ (1 —t)b) + f((1 —t)a+tb)g((1 — t)a + tb)
< (R (1= 0)772) [fa)g(a) + f(b)g(D)]
+ @ (1 =) +172(1 = )*) [f(a)g(b) + f(b)g(a)]. (16)
If we multiply both sides of (16) by ( (1 )a)ﬁ ' (1 — )=, then by integrating with

respect to ¢ over [0, 1], we deduce

an A-1
/01 <1‘(1_’5)) (1— £ [fglta+ (1 — 1)b) + fg((1 — t)a -+ tb)] dt

(67

«

! 1_(1_t)a o a—1 [;s1+s2 _ 1\S1+s2
< /0 <) (L =) [t + (1 — )1 7°2] M(a,b)dt

! 1_(1_t)a et a—1 1481 S2 52 S1
+/0 <) (1— 0™ [ (1 — )% + £2(1 — £)°] N(a, b)dt.

(67
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By calculating the above integrals and simplifying, we get

— 1 o ~Q ~o
o’ (b—a) I'(3) [gd fg(b) +Bdbfg(a)]
1 _ 1
a+ s +s  af+ s+ s
+[Bi(s1+ 1, a+s2) = Bi(s1 + L, af +s2) + Pi(sa + L a+s1) — Bi(s2 + 1,8 + s1)] N(a, b),
where we use the fact that (1—(1—)*)?~1 < 1—(1—t)®~*, This completes the proof. [

Remark 2.1. If we choose s1 = so = 1 in the inequality (11), then Theorem 2.2 reduces
to the Corollary 2.1.

Theorem 2.3. Let f,g: [a,b] = R, be functions with 0 < a <b and f,qg, fg € L1[a,b]. If
f is convex and g is s-convex on [a,b] for some fixed s € [0, 1], then one has the following
equality for new conformable fractional integrals:

PARE a+b
5719 < )
23+1 r Sar 5~
by T [23°790) + 35 Fo (@)
< [Bi12,s+1)—pi(2,a8—a+s+ 1)+ pi(s+1,2) — fi(s+ 1, a8 —a+2)] M(a,b)
+[B1(s+2,5s+2)—pi(s+ 2,08 —a+s+2)] N(a,b)
where o, B > 0 and 1 is Euler Beta function with M (a,b) and N(a,b) as in Theorem 2.1.
Proof. By using the definitions, we have

f(a—;—b>g<a—2{—b>
f(ta+(;_t)b+ (1—t;a+tb>g<ta+(;—t)b+ (1—t;a+tb)

< [61(51+32+1,a)—ﬁ1(31+52+1,a6)+ M (a,b)

IN

IN

25% [f(ta+ (1= t)b)g(ta+ (1 = 1)b) + f((1 = t)a +tb) + g((1 — t)a + tb)]

IN

_l’_

o (= 00 (1= 006%) M{a,5) + (1= 1)) N(a, )] (17)

[ ﬁ_l
By multiplying both sides of (17) by (M> (1 — ¢)*~1, then integrating with

(0%
respect to ¢ over [0, 1], we obtain

. ﬂ B—1 o1 a+b
- 5“”“)“ e
= 2stl 1

1 B- 1
1

25“/0( (1—-#)7 ) L1 =) 4+ t5(1 — t)] M (a, b)dt
(=) o

(1= 1)*"" [fg(ta+ (1= 1)b) + fg((1 — t)a+tb)]

+
1 B— 1
+25+1/0

)t 4 (1 — )5 N(a, b)dt.
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By computing the above integrals, we get

IN

95+l a-+b
Baf 19 (2>

2s+1
b P [ 79(0) +7 35 Fgla)]

< [B1(2,s+ 1) —p1(2,aB8—a+s+ 1)+ [i(s+1,2) — Bi(s+ 1,a8 —a+2)] M(a,b)

+[B1(s+2,5+2) = fi(s+2,a8 —a+s+2)| N(a,b)

where we use the fact that (1—(1—)*)8~1 < 1—(1—1)*~*, we get the desired result. [
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