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SOLUTION TO TIME FRACTIONAL COUETTE FLOW

A. AGHILI, §

ABSTRACT. In this study, the Couette flow of a second grade fluid is discussed in a
porous layer when the bottom plate moves suddenly. The Laplace transform method
is implemented to derive the analytical solution.The main object of this paper is to
demonstrate how we can make significant progress in treating a variety of problems
in the theory of partial fractional differential equations by combining theory of special
functions and operational methods. In this article, it has been shown that the combined
use of integral transforms and exponential operators methods provides a powerful tool
to solve certain system of KdV. Constructive examples are also provided.

Keywords: Fractional partial differential equations, Riemann Liouville fractional deriva-
tive, Time fractional Couette flow, Laplace transforms, Fourier transforms
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1. INTRODUCTION

In this work, we present a general method of operational nature to obtain solutions for
several types of partial fractional differential equations.
Definition 1.1: The Laplace transform of function f(t) is defined as follows

£Uf@) = [ et swar =Pl )

If L{f(t)} = F(s), then L7{F(s)} is given by
Ft) = —— / T SR, (12)
2m c—100
where F'(s) is analytic in the region Re(s) > c.
Definition 1.2: The Fourier transform of function f(t) is defined as follows

FUWY= () [0 e f(dt = Fw).  (1.3)
If F{f(t)} = F(w), then F~Y{F(w)} is given by
FHFW) = (72) [ e ™ F(w)dw = f(1).  (1.4)

Definition 1.3: If the function ®(t) belongs to Cla,b] and a < t < b,
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then the left Riemann-Liouville fractional integral of order 0 < a < 1 is defined as [11]

RL.o _ 1 L)
@) = 5 [ ogrede (19)

The left Riemann-Liouville fractional derivative of order 0 < v < 1 is defined as follows
[11]

DEFCg(t) = iy [ 2Sde. (1.6)

It follows that De™“¢(x) exists for all ®(¢) belongs to Cfa,b] and a < t < b .

Note: A very useful fact about the R - L operators is that they satisfy semi group properties
of fractional integrals.The special case of fractional derivative when a = 0.5 is called semi
- derivative.

Definition 1.4: The left Caputo fractional derivative of order a (0 < o < 1) of ¢(t) is as
follows[9]

DE0(t) = riay Ju g @/ ()dE. (L7)

Lemma 1.1. Let L{f(t)} = F(s) then the following identities hold true.

(1) L4 (e E) = b [ ke g,

(2) e~ws’ = %fooo 6_7’6(“0056”)sin(wrﬁsinﬁw)(fooo e T "Tdr)dr,
(3) L7HF(s) =L [ f( foo —tr—ur®cosam gin (ur® sinar)drdu,
(4) LTNEWS) = 50 Jo ue " f(u)du

5) L™ Frmra) = et Er fe(avt),

(6) ﬁ_l(s(\/‘:;ra)) =1— e ErfelaVi).

Proof. See [1][3].
Lemma 1.2. The following exponential identities hold true.

(1) exp(+ %) () = (t+A),
(2) exp(£AtG)D(t) = D(te™),
(3) exp(Aa(t) ) (1) = ®(QF(t) + \)),

where F(t) is the primitive function of (¢(¢))~! and Q(t) is the inverse function of F(t).
Proof. See[2] [5][6].
Lemma 1.3. The following exponential identity holds true.

(1) exp(Ais = [T, @(t+EVBNAi€)dE.  (1.8)

Proof. It is well known that F{Ai(t)} = ea;p( (w)s), (1.9)
in other words, we have the following relation

FLAiD} = () [12 et Ai(t)dt = eap(i-).  (1.10)
Let us introduce a change of parameter as follows

(V3\)B =dw,  (1.11)
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after substitution of (1.11) in (1.10) and simplifying, we obtain
. o0 3 .
FLAit)} = (A=) [ 73 e V3N Aj(1)dt = F—eap(ABY),  (1.12)

in relation (1.12), if we set § = %, we get the following operational identity,

LNB(t) = [T2(eVIEEB(1) Ai()de.  (1.13)

In view of the first part of the Lemma 1.1, we obtain
cap(AL5)D(t) = [T D(t + £VBN)Ai(€)de.  (1.14)

Note: In the above identity, Al(.) stands for the Airy function (see[12]for details).

The Laplace transform is useful tool in applied mathematics, for instance for solving sin-
gular integral equations, partial differential equations, and in automatic control, where it
defines a transfer function.

exp()\d—B)@

Example 1.1. Let us consider the following nonlinear impulsive differential equation

(VD¢ — a)y(t) = (t — )\)ké(k) (t—N). (1.15)
Solution. Direct use of part 3 of the Lemma 1.1, the above differential equation can be
written as below

y(t) = (g (= VRO (1 - ),

from which we deduce

y(t) = o7 de-mmemtP (¢ = NFeE (- ),

finally, using elementary properties of Dirac delta function leads to the following solution

*aﬁ 1EE! s _(=1)kElemalt=2)

Example 1.2. Show that the following exponential identities hold true.

(1) exp(E 5 g) @(t) = @( R/t £ k™),

(2) exp(—kt* )@ (t) = &(
Solution. (partl).
Let us take £%- = X and q(t ) then we get ( 5 = =tm"!and F(t) = £~ where F(t)

is the primitive function of @. Q(t) the inverse function of F'(t) is Q(t) = V¥/mt. Now,

k:-‘rt)
tm Fm—1>

direct application of part 4 of the Lemma 1.2 leads to the following
exp(£—E1 )P (t) = ©( Y/t + m) = B( R/t £ k™).

Solution. (part2).Let us take —t? = ¢(t) then— G —t% from which we get F(t) = } where
F(t) is the primitive function of ﬁ. Q(t) the inverse function of F(t) , therefore, we get
Qt) = %.In view of part 4 of the Lemma 1.2, we have

exp(—kt24)D(t) = CID(%H)
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Example 1.3. Let us solve the following fractional Volterra integral equation of convo-
lution type. The Laplace transform provides a useful technique for the solution of such
fractional singular integro- differential equations.

A Jy exp(B(t — €))D¢(€)dE = (L)2 Ju(2Vat),  ¢(0) = 0.

Solution. Upon taking the Laplace transform of the given integral equation, yields

D (s) (g = G

solving the above equation, leads to

B(s) = (Ryrarn:

or equivalently
—5_Be s
P(s) = %’
at this stage, taking the inverse Laplace transform term wise, after simplifing we obtain
atp (atp+1)

o) = (52 Jaru(2Vat) = §(E) 7 Jarui(2Vad).

Note: J,(.), stands for the Bessel’s function of the first kind of order 7[12].
Lemmal.4. The following second order exponential operator relation holds true.

1. exp(r(a%)2)<l> = 2rf I e ? (x +iu) + ¢(x — iu))du. (1.16)
Proof. Let us consider the following elementary integral

2

ry/mexp(—r(b? —a?)) = [;° e~ cos(au) cosh(bu)du. (1.17)

By integration by parts, we can easily find the value of the integral and after some algebra,

we obtain
2

exp(—r(b? — a?)) = (21}% I e~ (exp(iau) 4 exp(—iau)) cosh(bu)du. (1.18)

. In the above integral relation, we set a = (%) b = 0 to obtain

2
exp(r(£)7)2(2) = Gy Jo© dule” 5 (exp(iu) () + exp(—iu)(F;)) @ (z), (1.19)
in view of the Lemma 1.1, we get finally

exp(r(a%)Q)CI) = 2rf f e H O(z +iu) + ¢(z — iu))du.

Lemma 1.5. Let us assume that

. (1.20)

o V2 4+ A2) — s
£{ Jﬂ(t)‘t)} :/0 e—st Jﬂ(t)‘t) dt = (( —;;‘“) ),u

then, we have the following integral identities

/OO Ty 1 1o
0

t u?’

/Oo J%()\t)—J 1 )\td _/ fBz (11 )g)dt:9, (1.22)
0 t :
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and

/oon()\t)—i'Jd e / V3Bi'(— (15t)§)dt:3. (1.23)
; t(1.5

t t)
WhereJ,(.) stands for the Bessel’s function of the first kind of order v and Ai(.), Bi(.) are

the Airy functions of first and secon kind (see[11] for details).
Proof. By definition of the Laplace transform, we have

e )\t} / et (VI AZ) — s)m

dt = . (124
By (1.24)

Let us introduce a change of parameter s = Asinh ¢, after simplifying in the above integral,

we obtain
0o by —(Asinh @)t —ou
/ Ju(Ae dt:=S—.  (1.25)
0 t p

In relation (1.25), let us first choose ¢ = 0 after simplifying, we have
® Ju (At 1
[0, L
0 t p
at this point, if we differentiate with respect to order u, we get
JE(A 1
/ i )d =——. (1.27)
0 t p
In relation (1.26), let us first choose u = % , = —l and p = % , U= —% after subtracting
and adding the relations respectively, we obtain

/oo J% ()\t) - Ji%()\tdt _ /oo *\/gBi(*)‘(ll'St)g)dt =9, (1.28)
0 t 0 1.5t)3

and

/oo OO+ Ig /°° \/§Bi’(—A(12~5f)§)dt —3 (1.29)
0 t 0 t(1.5t)§

2. LINEARIZED KORTEWEG. DE - VRIES

Solution to Time Fractional Non- Homogeneous Linearized KdV

The KdV equations are attracting many researchers, and a great deal of works has already

been done in some of these equations. In this section, we will implement the operational

method to construct exact solution for a variant of the KdV equation.

Problem 2.1. Let us consider the following linearized KdV.We implement integral trans-

form method to obtain a formal solution to the above mentioned linearized KdV.
(0)%5u(z,t)  Bu(x,t)

o005 043
where —oo < < 0o, t > 0 and subject to the initial condition

=k, (1)

u(z,0) = ¢(x), —00 < & < 0.

Note: Fractional derivative is in the Caputo sense.The constant k is the source term.Though
much simplified compared with the nonlinear KdV, the above equation itself has many
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applications. As an example, it is used to study the propagation of fairly long waves in the
shallow water. Linearty property makes possible to use many effective analytical methods
such as the Laplace transform.

Solution: Let us define the joint Laplace - Fourier transform as follows

F{L{u(z,t)} = f+°o wr [ e~ sty (x, t)dt)dae = Ul(w, s),

taking the joint Laplace - Fourler transform of PDE term wise and Fourier transform of
boundary condition leads to the following relationship

U(W,S) _ s_o'5<§(w) + ks_légw)

OB 1 (iw)3 T 05+ (iw)3

upon inverting the joint Laplace - Fourier transform leads to

00 _jwxy fetico sT95D(w)est+ks 1 (w)est
FHL Yule, )} = (=) [ e ()2 o ds)dw = u(w, t),

C—100

or, equivalently

U(I, t) = (\/%)(fj—:)o C_iwm(b(W)(fccj_;Oooo ﬁ)dw + ......

+oo i +i estd
......... + kf_;oe Wé(w)(fcc_igo(s(fﬂfw) ))dw)
in view of the Lemma 1.1 and after calculation of the inner integrals we obtain

u(x,t) = ﬁ(fj;o e~ W=t () (Br fe((iw)3vE) dw + ...

........... 120 et 2 (1 — Br fe((iw)? V) )dw

finally,
u(x,t) = ﬁ(ff;o e~ Wt (W) Br e (iw)3vE) dw — k),
obviously, we have
u(z,0) = (=) [T e @ (w)dw = ().

Problem 2.2. Let us consider the following system of linear KdV. We implement the
exponential operator scheme to obtain a formal solution to the system.

ou(z,t) Ou(x,t)

87& - /B'U(.'Il‘,t) + 81'3 = 07 (2>
dv(z, Ou(x,
ABD ey + T02D Q

where —oco < < oo , t > 0 and subject to the boundary conditions and the initial
condition
u(z,0) = ®(z),v(x,0) = ¥(z), —00 < & < 0.

Solution: Let us define the function w(x,t) = u(x,t) + iv(z,t) and the initial condition
w(z,0) = Q(x) we get the following KdV equation

ow(x,t) OPw(z,t)

ot o3

with the initial condition w(z,0) = Q(z). At this point, in order to solve the above linear
KdV, we may rewrite the equation in the following form

ow(x,t) . X
QD) g+ L), o)

+ifw(x,t) + =0, (4)
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In order to obtain a solution for equation (4), first by solving the first order PDE with
respect to t, and applying the initial condition, we get the following

w(z,t) = exp(—ift) exp(— taazg )Q(x),
by virtue of the Lemma 1.2, we have
w(z,t) = exp(—ift) 75 Qz — £7/3t) Ai(€)dE,
finally, we obtain the solution to the system of KdV as below
u(z,t) = cos(Bt) [7, Pz — EV/3t) Ai(€)dE + sin(Bt) [ W(x — EV/3t) Ai(€)de,
and

v(,t) = cos(Bt) [ W (x — £V/3t) Ai(€)dE — sin(Bt) [7 P(z — EV/3t) Ai(€)dE

Note: It is easy to verify that u(z,0) = ®(z) , v(x,0) = U(z).

3. EVALUATION OF CERTAIN INTEGRALS AND SOLUTION TO
SINGULAR INTEGRAL EQUATION

The main purpose of this section is to introduce the use of exponential differential op-
erator technique for evaluation of certain integrals.
where E, g(. : .) stands for the Mittag-Leffler function with parameters «, 3.
Note:The special function of the form defined by the following series representation

n

Ea;ﬂ;y(x) = EZO:O m

is known as a- Mittag - Leffler function with three papameters. It has a wide applica-
tion in the problem of physics, chemistry, engineering, applied mathematical sciences. An
extension of Mittag - Leffler function of two parameters has given by H.M.Srivastava(see
[13] for details).

Lemma 3.1. Considering the integral

Iy = I(l’, Q; 57 fO «; 67 k2+t2)u)dt (3'1)

as a function with parameters « ;3,7, show thatl(z,«; 3, v) satisfies the following rela-
tionship

[e's) 00 k\/T I'(u(n+rv)—0.5
IO = fO Ea%ﬁ,’Y((k2+t2) )dt ano 2F0‘+1\(/7:5+'y) e E —(i;H)-V)) )(k‘ 2”%‘) (32)

Proof. By making a change of variable t = ky and letting = = k**r , we get
Io =k [5 Bapr(aryme) v, (3.3)
The above integral can be written in the followmg operational form
Iy =k fooo Ea;ﬂn((H;z)u fo 1+y )Ea;ﬁ,w(T)v (3.4)

after evaluation and simplifying the right hand side integral, this last result leads to

ky/m I'(prD,—0.5
lo = kfooo Ea;ﬁﬁ((pry Zyu w)dy = I%Ea;ﬁﬂ(ﬂ- (3.5)
By using Taylor expansion of the o - Mittag-Lefller function with parameters «,3,y ,
we have

k rD,—0.5 n
Iy = on 0 Fa+1(nﬁ+7) (?(MTDT) )(T) , (36)

finally,

_k T(u(nt+v)=0.5) /1.—2u \n
fo IE” OF““(lnﬁer) (?Eu(an)) )(k ). (3.7)
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Corollary 3.1. Let us consider the following Fredholm singular integral equation

2
22, e € gl + 26N e = Ko, (3.8)
the above integral equation has the following formal solution
g (ate)?

P(r) = g5 & . (3.9)
Proof. Let us rewrite the right hand side of the above equation as below

e

[ dee e VN (g) = b (3.10)
and treating the derivative operator as a constant, the evaluation of the integral yields
2
®(x) = ﬁe)‘Dr il (3.11)
at this point, using relation (1.23) , leads to
2
_ 1 1 I k k
(I)(Qj) - T (2\/7) fO e 4 (:p+iu+w + a:fiquw)du’ (312)
from which and after some easy calculations, we arrive at
2
_ k(z4w) poo —ix
(I)($) - 27w f—oo u2—i(x+w)2du’ (313)
in order to evaluate the above integral, we may use calculus of residues to obtain
(z+w)?
O(a) = Le i (3.14)

4. TIME FrRACTIONAL COUETTE FLOwW

Fractional calculus has been used to model physical and engineering processes which
are found to be best described by fractional differential equations. It is worth noting that
the standard mathematical models of integer order derivatives, including nonlinear mod-
els do not work adequately in many cases. In this section, the author implemented the
operational method for solving certain time fractional partial differential equations. The
study of non-Newtonian fluids has generated much interest in recent years in view of their
numerous industrial applications [7], especially in polymer and chemical industries. The
examples of such fluids includes various suspensions such as coal-water or coal-oil slur-
ries, molten plastics, polymer solutions, food products, glues, paints, printing inks, soaps,
shampoos, toothpastes, clay coating, grease, cosmetic products, custard, blood, etc. Cou-
ette flow is an important type of flow in the history of fluid mechanics. Researchers have
deep interest in this flow and they study it in many ways. Some important studies about
this flow are as follows: Fang [8] studied Couette flow problem for unsteady incompress-
ible viscous fluid bounded by porous walls. Khaled and Vafai [10] considered Stokes and
Couette flows due to an oscillating wall. Consequently, considerable attention has been
given to the solution of fractional partial differential equations of physical interest. In
fluid dynamics Couette flow is the laminar flow of a viscous fluid in the space between two
parallel plates, one of which is moving relative to the other. The flow is driven by virtue
of viscous drag force acting on the fluid and the applied pressure gradient parallel to the
plates. This type of flow is named in honor of Maurice Marie Alfred Couette. Couette flow
is frequently used in physics and engineering to illustrate shear driven fluid motion|[4].
The simplest conceptual configuration finds two infinite, parallel plates separated by a
distance h. One plate, say the bottom one, translates with a constant velocity ug in its
own plane. This equation reflects the assumption that the flow is uni-directional. That is,
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only one of the three velocity components is non-trivial.

Problem 4.1: Solving the Couette Flow with sudden motion of bottom plate

u+ﬂﬁﬂw(%)f8U+Faﬂ%( t) 4+ B%u,0 < a < 1, (4.1)

w(0.8) = s, u(lt) =0,  u(y0)=00<y<l  (42)

Solution: The Laplace transform applied to (4.1) yields

2 2 1 12 2) ¢
o - (U =0, (43)
the solution of which is

[ B2H(141282)se +y B2+(1+1242)s

U(y,s) = cie LA e bt (4.4)

Taking into account the Laplace transform of the boundary conditions
U0,s) = &,U(1,s) =0,  (4.5)

and therefore, through use of the relation (4.5), we arrive at the result

sinh((1—y)y | SO0 )
Uy, s) = LE S (4.6)

] 24 (1412525
sasmh(\/L (1:;&262 )% )

At this stage, in order to invert (4.6), we use the method of the residues.
Let us define the function G(y, s) as follows

sinh((1—y), | 22H0+282)s )
Gy, s) = P ()

. 24 (141282
ssmh(\/%)

it is easy to verify that G(y, s*) = U(y, s). (4.8)

The function G(y, s) has a simple pole at s = 0 and simple poles at s = —%,
k=1,2,3,..., therefore, we find that
sinh((1—y) /&;252)5)
L71G(y,s) = (Res - 1+2 f cs=0)+
TN e
. B2+(1+1252)s
k=00 sinh((1=y)\/ — 5.2 —) 824 (k)2
+Zk= (Res LS = —ﬁ) (49)
1 ssznh(\/ﬁ2+iitl;’82)s) 1+1 (:8 +( k) )
Let us evaluate the residues at simple poles
— _ B2+ (rk)? —
S—O,Sk——m,k—l,2,3,...,. (410)

The residue at simple pole s = 0 is as follows

} B2+(1+12582)s
smh((l—y)\/g) _ sinh(1-y)6 (4.11)

2 232 - sinh,
Smh(\/ﬁ 4011287 B

bo = lims_~o
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The residue at simple poles s, = —%, k=1,23,..

after simplifying is as follows

(s—ssinh(1-) | ) (1-y)siny (4.12)

ot [P ORI

14512 )

bk = lhns—>slC

from which we deduce

_ sinh(1— kkesktsin km
L 1G(y75) =g(y,t) = h(t)(si(#gy)ﬁ + 27 Zk 1 (/6’2+(172k)2)(k1+12((22i/%7rk) ))

finally, by using part three of the Lemma 1.1, we arrive at the solution to (4.1)-(4.2)
LUy, s) = L7'G(y,s*) = £ L5 gy, w) ([T e irmerteosem gin (wrsinam)dr)dw. (4.13)

Let us consider the spemal case o = 0.5 , using part four of the Lemma 1.1, we get the
following

(1+l252)D°'5u(y, t) = 5% + P2 DPuly,t) + f2u,  (4.14)
u(0,t) = <&, u(l, )_0 T, 0)=0,0<y <1,  .(415)

with formal solution as below

7‘2
LUy, s) = L7'Gy,V/5) = 505 Jo re” gy, r)dr,  (4.16)

equivalently,

r? sinh(1— ek sin
fooore_fth(r)(;(#;)ﬁ—i-%rzk 1 (27 ()kk boin(l y)kn )dr,(4.17)

u(y,t) = 5= k)2 (THEZ (B4 (nk)?)

it is easy to check the boundary conditions;

u(y,0) = 0,u(1,t) = 0,u(0,t) = —=.
Note. In relation (4.17) h(.) stands for the Heaviside unit step function.

5. CONCLUSION

Operational methods provide fast and universal mathematical tool for obtaining solu-
tion of PDEs or even FPDEs. Combination of integral transforms, operational methods
and special functions give more powerful analytical instrument for solving a wide range of
engineering and physical problems. The paper is devoted to study exponential operators
and their applications in solving certain boundary value problems. The main purpose of
this work is to develop methods for solving certain linear time fractional Couette flow.
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REFERENCES

[1] Aghili, A., New results involving Airy polynomials, fractional calculus and solution to generalized
heat equation. New trends in mathematical sciences.Vol. 3,2015.

[2] Ansari, A., Fractional exponential operators and time fractional telegraph equation. Boundary value
problems 2012,125. Springer.

[3] Apelblat, A., Laplace transforms and their applications, Nova science publishers, Inc, New York, 2012.

[4] Apelblat, A., Mass transfer with a chemical reaction of the first order analytical solutions, Chemical
Engineering Journal 19 (1980) 19-37.



[5]

[6]
[7]

8]

9
[10]
1]

[12]

[13]

TWMS J. APP. ENG. MATH. V.8, N.1, 2018 93

Dattoli, G.,Ottaviani,P.L., Torre,A., and Vazquez,L., Evolution operator equations: integration with
algebraic and finitedifference methods. Applications to physical problems in classical and quantum
mechanics and quantum field theory,La Rivista del Nuovo Cimento 20 (1997) 2.pp. 1-132

Dattoli, G., Srivastava,H.M., and Zhukovsky,K.V., Operational methods and differential equations to
initial value problems. Applied Mathematics and computations.184 (2007) pp 979-1001.

Elperin, T., Fominykh, A. and Orenbakh,Z., Lighthill- Levich problem for a non- Newtonian fluid,
International Communications in Heat and Mass Transfer 32 (2005) 620-626.

Fang, T., A Note on the Incompressible Couette Flow with Porous Walls, International Communica-
tions in Heat and Mass Transfer, Vol. 31, No. 1, 2004, pp. 31-41. http://dx.doi.org/10.1016/S0735-
1933(03)00199-4

Kilbas,A.A., Srivastava, H.M. and Trujillo, J.J., Theory and applications of fractional differential equa-
tions, North Holand Mathematics Studies,204,Elsevier Science Publishers,Amesterdam, Heidelberg
and New York ,2006.

Khaled,A.R.A., and Vafai, K., The Effect of the Slip Condition on Stokes and Couette Flows due to
an Oscillating Wall: Exact Solutions, International Journal of Non-Linear Mechanics, Vol. 39, No. 5,
2004, pp. 795-809. http://dx.doi.org/10.1016/S0020-7462(03)00043-X

Podlubny,l., Fractional differential equations, Academic Press, San Diego, CA,1999.

Vallee, O., and Soares,M., Airy Functions and Applications to Physics. London: Imperial College
Press; 2004.

Srivastav,H.M., On an extension of the Mittag - Leffler function, Yukohama math.j. Vol. 16, no. 2,
1968, pp. 77 - 88.

Dr.A.Aghili is an Associate Professor of Applied Mathematics at the university of
Guilan, Rasht -Iran. His investigations are original works devoted to a number of
important scientific problems of applied mathematics, engineering and mathemat-
ical physics. His research work in various aspect of integral transforms has been
widely recognized. He has expertise in operational calculus, mixed boundary value
problems and fractional exponential operators. He has guided many MSc and Ph.D
students. He has served as an editoral member of several academic committies.




