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EXISTENCE AND UNIQUENESS OF TRIPLED FIXED POINTS FOR
MIXED MONOTONE OPERATORS WITH PERTURBATIONS AND
APPLICATION

HOJJAT AFSHARI ', ALIREZA KHEIRYAN 2, §

ABSTRACT. In this article, we get the existence and uniqueness of tripled fixed points
without assuming the operator to be compact or continuous, which extends the existing
corresponding results. As applications, we utilize the results obtained in this paper to
study the existence and uniqueness of positive solutions for a fractional differential equa-
tion boundary value problem.
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1. INTRODUCTION

In recent years, boundary value problems of nonlinear fractional differential equations
with a variety of boundary conditions have been investigated by many researchers. Frac-
tional differential equations appear naturally in various fields of science and engineering
and constitute an important field of research . It should be noted that most papers dealing
with the existence of solutions of nonlinear initial value problems of fractional differential
equations mainly use the techniques of nonlinear analysis such as fixed point results, the
Leary-Schauder theorem, stability, etc. (see for example [3]-[4]).

In 2012, V. Berinde and M. Borcut in [1] introduced the concept of tripled fixed point for
nonlinear mappings in partially ordered complete metric spaces and obtained its existence.
Recently, Y. Sang [6, 7] proved some results on a class of mixed monotone operators with
perturbations. Following the paper of Sang, we will study tripled fixed point theorems for
a class of mixed monotone operators with perturbations on ordered Banach spaces, and
then we will get the existence and uniqueness of tripled fixed points without assuming the
operator to be compact or continuous.

Suppose (E, || . ||) is a Banach space which is partially ordered by a cone P C E, that is,
x <yifand only if y —x € P. If x # y, then we denote x < y or x > y. We denote the
zero element of E by 6. Recall that a non-empty closed convex set P C FE is a cone if it
satisfies (i) z € P, A> 0= X x € P; (i) zx € P, —x € P =z = 0. A cone P is called
normal if there exists a constant N > 0 such that § < x < y implies || z [|[< N || y ||
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Also we define the order interval [x1,x9] = {z € E|x; < x < za} for all z1,29 € E. We
say that and operator A : F — F is increasing whenever x < y implies Az < Ay. For
all x,y € FE, the notation x ~ y means that there exist A > 0 and p > 0, such that
Ar <y < px. Clearly, ~ is an equivalent relation. Given h > 6, we denote by P} the set
P, = {x € Elx ~ h}. It is easy to see that P;, C P is convex and AP, = P, for all A > 0.
If P# ¢ and h € P, it is clear that P, = P. Also recall that an operator A : £ — FE is
sub-linear, if for any z,y € E, A(z +vy) < A(x) + A(y).

Definition 1.1. [1] Let (X, <) be a partially ordered set and F: X x X x X — X. We
say F' has the mized monotone property if for any x,y,z € X,

x1, w2 € X,x1 < mo implies F(x1,y,2) < F(x2,y,2), (1)
y1,y2 € X, y1 < y2 implies F(x,y1,2) > F(z,y2,2), (2)
and z1,z9 € X, z1 < z9 implies F(x,y,z1) < F(z,y, z2). (3)

Definition 1.2. [1] An element (z,y,2) € X x X x X is called a tripled fixed point of a
mapping F: X x X x X - X if F(x,y,2) =z, F(y,z,y) =y and F(z,y,x) = 2.

Theorem 1.1. [6] Let P be a normal cone in E, and A: P x P — P a mized monotone
operator. Let B : E — FE be sublinear. Assume that for all a < t < b, there exist two
positive-valued functions 7(t), p(t,x,y) on interval (a,b) such that

(Hy) 7: (a,b) — (0,1) is surjection;

(Ha) o(t,z,y) > 7(t) for all t € (a,b), z,y € P;

(Hy) A(H(t)2, 759) > olt,2,9) Ala, ) for all t € (a,b), @,y € P; item|(Hy)|

(I - B)™': E — E exists and is an increasing operator.

Furthermore, for any t € (a,b),d(t,x,y) is non-increasing in x for fized y, and nonde-
creasing in y for fized x. In addition, suppose that there exist h € P — {0} and ty € (a,b)
such that

‘p(th %7 T(to)h)

7(to)h < (I — B) "' A(h, ) < .

Then

(i) there are ug,vo € P, and r € (0,1) such that vy < ug < vo, up < (I —B)~ A(ug,vp) <
(I - B)~"Aluo. o) < vo;

(ii) equation (4) has a unique solution x* in [ug, vo);

(iii) for any initial xo,yo € Py, constructing successively the sequences

Tn = (I - B)ilA($n—17yn—1)7 yn = ([ - B)ilA(yn—lvxn—lx n= 1727 R

we have | z, —z* ||— 0 and || y, — 2* || = 0 as n — oo.

2. MAIN RESULTS

Theorem 2.1. Let P be a normal cone in E, and A : P x P x P — P a mized monotone
operator. Let B : E — FE be sublinear. Assume that for all a < t < b, there exist two
positive-valued functions 7(t), o(t,z,y,z) on an interval (a,b) such that

(H1) 7: (a,b) — (0,1) is a surjective;

(H2) (t x,y,2z) > 7(t) for allt € (a,b), x,y,z € P;

(H3) A(r(t)z, 5y, 7(H)2) = @(t, 2.y, 2)A(z,y, 2) for all t € (a,b), z,y,2 € P;

(

H4) (I — B)™': E — E exists and is an increasing operator.
For any t € (a,b), p(t,x,y, z) is nondecreasing in x, z for fired y and non-increasing in y
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for fized x,z. In addition, suppose that there exist h € P\{0} and to € (a,b) such that

1
7(to)

7(to)
QO(t(], h‘a h> h)

h<(I—B)tA(h,h,h) < h. (4)

Then
(i) there are ug,vo,& € Pn and r € (0,1) such that rvy < ug < vy, rvg < & < vg, and

ug < (I — B) ™ A(ug,vo,up) < (I — B) "t A(vg, ug,vo) < vo,

€0 < (I — B) ' A(&,v0,&0) < (I — B) ' A(vo, &0, v0) < vo;

(ii) equation A(z,z,x)+ B(x) = x, © € E has a unique solution x* in [ug,vo] that uy =

max{uo, §o };
(iii) for any initial xo,yo, 20 € Pp, constructing successively the sequences

Tp = (I - B)_lA(xn—layn—lazn—l)a Yn = (I - B)_lA(yn—lvxn—hyn—l),

2n =T —=B) '"Alzn1,yn-1,Tn_1), n=1,2,...,
we have |z, — x*|| = 0 and ||y, — z*|| = 0 and ||z, — z*|| = 0 as n — oo.

Proof. For convenience, we denote C = (I — B)"'A. By the fact that operator B is
sub-linear, we have Bf > 6, which together with (H4) imply, # < (I — B)~'6 < (I —
B)~'z, x € P. Consequently, (I — B)~! is a positive operator. Hence we have that
C:Px PxP— P. According to (H4), we have that C' is mixed monotone.

Since B is sub-linear, we know that for any = € P and § € (0,1), we obtain (I — B)(fx) <
B(I — B)xz. Thus (I — B)(B(I — B)"'z) < B(I — B)(I — B)"'a = Bxji.e.,(I — B)(B(I —
B)~'x) < Bx. Therefore, we have

B(I —B) 'z < (I - B) !(Bx). (5)

For any ¢ € (a,b), it follows from (H1) — (H4) and (5) that

C(r(t)z, 7y, 7(H)2) = (I = B) T A(T(t)z, 7y, 7(¢)2) (6)
> (I - B)_ltp(t, z,y, Z)A(%, Y, Z)
> o(t,z,y,2)(I — B) 1Az, y, 2) = o(t, z,y,2)C(x,y, 2).

Since 7(tg) < ¢(to, h, h, h), we can take a positive integer k such that

@(tﬂuh’hvh) k > 1
7(to) ~ 7(to)

( (7)

Let & = ug = [7(t0)]*h, vo = Wh, and construct successively the sequences wu, =

C(unflyvnflaénfl)’vn = C(Unflyunflyvnfl)vgn = C(gnflvvnflyunfl)vn =1,2,... It is
clear that wug,vg, & € P and ug < vg, {o < vo, u1 = C(ug, vo, &) < C(vo, up,v9) = v1 and
&1 = C(&,vo,up) < C(vo,up,v0) = v1. In general, we obtain u, < vy, & < vp, n=1,2,...
. Note that ¢(t,z,y,2) > 7(t) for all t € (a,b), z,y,z € P. Combining (4) with (11), we
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have

= Clua, v &0) = Clr()}*h. e (e )

[7(to)

h AN St EL h
[T(to)]k_l’[ (to)] h)C([ (tO)] ha [T(to)]k_l’

k-1 k—2 1 1
T (0)]" T R)C (7 (t0)[7(t0)] h’T(to)W

= O(r(to)[r (to))*
> (o, [r(to)) ', [r(to)]*~'h)
elto, [ (1)),
(to) r(to)]*2h)

> o(to, [T(to)]*'h,

h
[ (o))"~

b I (to)]F2h)

h
= [T (00)]* T h)e(to, [ (0)]*2h, )2

[7(t0)]
1 1

) o=
> p(to, [r (o) I, [(tﬁ]k (7 (1) F~ h)epto, [ (t0) <=2,
(o,h h h)C(h, h, h)

[( 0)]* " @(to, b, by R)C (b, h) > [7(to)]*h = ug

x C(r(to)[7(to)]"*n, h, 7 (to)[r (0)]*~2h)

h

2 [7(t0))"h)

and, similarly is proved that & > &.
From (11), we have

z 1

X
C(—,7(t)y, < z Z

7(t) 7(t))

Note that ¢(t,x,y, z) is non-decreasing in z, z and non-increasing in y, it follows from (4),
(12) and (2.1) that

C(z,y,z2),Vt € (a,b),x,y,z € P. (8)

v = C(vg, ug, vo) = C([T(Z))]k, [7(to)]*h, [T(Z))]k)
= Ol e e )
< o T o = e o
" eltor G [T(towc(réo) s T s )
= olto i o TR e )
Ol b )
R " . ) oo, ke e ——
% L Clh,h,h) < L ho o1 .

@(t(b %7 T(tO)ha 7—(};0)) [Sa(t()’ h‘7 h7 h)]k T<t0) o [T(to)]k
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Thus, we obtain
up <up <wvp <wg, §o < &1 < vy < . 9)
By induction, it is easy to obtain that
up <up < ... <up <<y << v <,

< <. <G < <o << L.

Take any r € (0, [r(t9)]?¥), then r € (0,1) and ug > rvg, & > rvg. So we can know that
Up > ug > TV9 > TR, En > &0 > TV > T, n = 1,2,.... Let r, = sup{r >0 | u, >
TUn, &n 2 Tvn}-

Thus, we have u,, > rpv,, & = Thvn, n = 1,2, ..., and then

Uptl = Up > TpUn 2> TpUng1,n = 1,2, Epp1 > €p > Thn > TpUne,n = 1,2,
Therefore, rp11 > rp;ie, 0<rp<r <..<r, <...<1.

Set r* = limy,—yo0 7, we will show that r* = 1. In fact, if 0 < r* < 1, by (H1), there exists
t1 € (a,b) such that 7(¢;) = r*. Consider the following two cases:

Case i: There exists an integer N such that rny = r*. In this case, we have r, = r* and
Uy, > r*v, for all n > N hold. Hence

1
Unt1 = CUp, vn,&n) > C(r* vy, r—*un, T 0p)

= C(7(t1)vn, 7_(11)157“ 7(t1)vn)

Z @(tlavThu'na UH)C(UTUUTH Un)
> (1, v0, ug, vo)C(vo, uo, vo) = @(t1,vo, Uo, V0)Vnt1, 1 > N.

By the definition of r,, we have, r,41 = r* > @(t1, vo, up, vo) > 7(t1) = r*,n > N, which
is a contradiction.

Case ii: For all integers n, r, < r*. Then we obtain 0 < ™ < 1. By (H1), there exists
Zp € (a,b) such that 7(z,) = =. Hence

1
Unp+1 = C(una Un, gn) > C(Tnvny 7una Tnvn)
n

Tn . 1 Tn . . 1 N
= C’(—ZT‘ Uns Uy, T—Zr vn) = C(7(2n)7"vp, ﬁunﬁ(zn)r Un)

r I px T(zn)r

r*

1 1

Z @(Zn, T*Un, Fu’rb T*vn)c(r*vna ;unv r*vn)

* * 1
> p(zn, r* v, —ug, 7)) C(T(t1)Vn, ——Un, T(t1)vy)

r* T(tl)

Z QO(ZTM T*U07 TTUO’ T*UO)QO(th Un, Un, ’Un)C(’Un, Un, ’Un)

1
* *
> @(zn,r Uo,rjuo,r v0) ¢ (t1, 1o, Vo, Uo)Unt1-

By the definition of r,,, we have,

Tn+1 > gD(Zn, ’I”*UO, %Uo, T*UO)Qp(tl, up, Vo, UO) > T(zn)go(tl, up, Vo, UO) = :—I:go(tl, Uup, Vo, U()).
Let n — oo, we have, r* > o(t1,up, vo,up) > 7(t1) = r*, which is also a contradiction.
Thus, lim,, o0 1y = 1.

Furthermore, as in the proof of [[2], Theorem 2.1], there exists z* € [, vp] such that
up = max{ug, &} and lim,, 0 Uy, = limy, 00 v, = 2, and x* is the fixed point of operator
C. Let

1
cp=sup{0 <c<1]cre <" < -—x,}
c
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Clearly, 0 < ¢1 <1 and c1z, < 2* < %x* If 0 < ¢; < 1, according to (H1), there exists
ta € (a,b) such that 7(t2) = ¢;. Then

¥ =C(x",x",2%) > Clerxy, C—x*,clx*)
1

= C(7(t2) Ty, — x4, T(t2)x4)

7(t2)

> O(to, Tuy T, Ty ) C (X, Ty Ti) = P(t2, Ty Ty T ) T,

and
¥ =Cx", 2", 2") < C(—xy, 124, —Ty)
C1 c1
1 1
=C T, T(12) Ty — T
™ T ™
- Ly Lxy Tx ) = Ty
(10(752a T:(C;;)7T(t2)x*7 %) (,0(7527 %,T(t2)$*, %)
Since
(to, Tu, Tuy s) < @(to e 7(ty)x L)
PR B B B = P ) T 2(ty)
we have

1

(P(t27 Ly Ty IL'*)
Hence, ¢1 > @(ta, Ts, Ty, x4) > T(t2) = 1, which is a contradiction. Thus we have ¢; = 1;
i.e., z* = z,. Therefore, C' has a unique fixed point z* in P,. Note that [ug,vo] C Pp, so
we know that x* is the unique fixed point of C' in [ug,vo]. For any initial xg, yo, z0 € P,
we can choose a small number € € (0,1) such that

O(ta, Ty Ty Ty )Tx < ¥ < T

1 1
éh S xo S iha éh S Yo S :ha éh’ S 20 S h
(& (&

|

From (H1), there is t3 € (a,b) such that 7(t3) = €, thus

1 1 1
t3)h <29 < ——h t3)h <yo < ——h t3)h < zp < h.
T( 3) ST > T(tg) 3 T( 3) =Y > T(tg) ) 7-( 3) =~ 20 > T(tg)
We can choose a sufficiently large positive integer ¢ such that, (%)q > 7(13)' Take

£o = tig = [7(t3)]%h, Do = - We can find that
tp <z < 0o, U < Yo < Vo, Up < 20 < Do
Constructing successively the sequences

Tp = C(xn—lvyn—la Zn—1)7 Yn = C(yn—lvxn—lyyn—l)a Zn = C(zn—layn—hxn—l)7

n=12,...
an - C(ﬂn—laﬁn—lagn—l)y @n = C(@n—l’an—la ﬁn—l)v gn = C(fn—la ﬁn—laf&n—l)a
n=12,...

By using the mixed monotone properties of operator C, 7, < x, < O, Mn < Yn < Op, Nn <
Zn < Op, mn=1,2,.... which 1, = max{ﬂn,fn}.

Similarly to the above proof, we can know that there exists y* € Py, such that, C(y*, y*, y*) =
y*, limy o0 1, = limy, 00 U, = y*. By the uniqueness of fixed points of operator C' in Py,
we have y* = z*. Taking into account that P is normal, we deduce that lim, .o x, =
limy, o0 Y = limy, 00 2, = . This completes the proof. O
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Theorem 2.2. Let P be a normal cone in E, and A : P x P x P — P a mized monotone
operator. Let B : E — FE be sublinear. Assume that for all a < t < b, there exist
two positive-valued functions 7(t), ¢(t,x,y,z) on interval (a,b) such that the properties
(H1) — (H4) in Theorem (2.1) are satisfied. Furthermore, for any t € (a,b), o(t,z,y, z)
1§ non-increasing in xr and z for fired y, and non-decreasing in y for fired x or z. In
addition, suppose that there exist h € P\ {0} and to € (a,b) such that

@(to’ %7 T(to)h, T(ftlo))

T(to)
Then the conclusions (i), (i), (iii) in Theorem (2.1) hold.

7(to)h < (I — B)"LA(h,h,h) < h. (10)

Proof. As in the proof of Theorem (2.1), it suffices to verify that (2.3) holds. For any
t € (a,b), note that ¢(t,x,y, z) is non-increasing in z, z and non-decreasing in y, it follows
from (14), (11) and (12) that

ur = C(up, w0, €0) = C([r(to)]* P [(Z))]k [7(to)]*h)
> (to, [ (o)1, [(t;;]k o)~ Rt [t~ i [r(t)] 2.

©(to, hy by, R)C(h, b, h) > [p(to, h, h, h)]ET(to)h > [7(to)]Fh = uo.

Similarly, is proved that & > &.
Note that ¢(t,z,y,2) > 7(t) for all t € (a,b), z,y,z € P. Combining (14) with (2.1), we
obtain

h

v1 = C(vg, ug, vg) = C(———, [ (to)]F,
1 ( 0, %0 0) ([T(to)]k [T( 0)] [T(t())]k)
< 1 1
~ o(to, W7 [ (to)]*, m) ¢(to, Wv [T (to)]F~1, W)
1 1 1
X C(h,h,h) < — C(h,h,h)
o(to, %7 7(to), -,—(}ZO)) [T(to)]k ! ¢(to, %7 7(to), T(}ZO))
< 1 h
———h = .
).

Thus, we know that (2.3) holds. The rest proof is similar to that of Theorem (2.1). O

2.1. Application. We study the existence and uniqueness of a positive solution for the
fractional differential equation
DOé
Ftu(t) = f(t,u(t)) t €[0,1], 3<a <4, (11)

Subject to conditions;
u(0) = u'(0) = u(1) = u'(1) =0, (12)

where D% is the Riemann-Liouville fractional derivative of order «., consider the Ba-
nach space of continuous functions on [0, 1] with sup norm and set P = {y € C|0,1] :
minye(o1)¥(¢) > 0}. Then P is normal cone. From [5], we have the following lemma.
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Lemma 2.1. Given y € C[0,1] and 3 < a < 4, the unique solution of the fractional
differential equation
DOC
Eu(t) = f(t,u(t)) t€0,1], 3<a<4 (13)
u(0) = u'(0) = u(1) = /(1) = 0,

s given by
u(t) = fol G(t,s)f(s,y(s))ds where

(1" (1= 22 (s D+ -] <4< p <
G(t,s) = {

I'(a)
(1=8)*22[(s—t) + (a=2) (1—1)s]
I'(a) =7 ="=

If f(t,u(t)) =1 the unique solution of (2.1)is given by

1
wo(t) = /0 Glt, 5)ds = F(ail)ta—% 2.

Lemma 2.2. [5] The Green’s function G(t,s) has the following properties:
(1) G(t,s) > 0 and G(t,s) is continuous for t,s € [0,1];

(2) % < G(t,s) < ]\/IIP(I;()S), where

Mo = max{a — 1, (a — 2)2}, h(t) = t972(1 — )2, k(s) = s*(1 — 5)* 2.

Theorem 2.3. Let f(t,u(t),v(t),w(t)) € C([0,1] x [0,00) x [0,00)) is increasing in u,w
and decreasing in v. Assume that for all a <t < b, there exist two positive-valued func-
tions T(t), o(t,u,v,w) on an interval (a,b) such that

(H1) 7:(a,b) = (0,1) is surjection;

(Hs) @(t,u,v,w) > 7(t) for all t € (a,b), u,v,w € P;

(Hs)

Jo G(t,8)F (5, 7(B)u(s), {yv(s), T(t)w(s)) 2 @t u,0,w) [y Gt 8) (s, uls), v(s), w(s))ds
Furthermore, for any t € (a,b), ¢(t,u,v,w) is non-increasing in u for fired v, w, nonde-
creasing in v for fired u,w and non-increasing in w for fived u,v. In addition, suppose
that there exist h € P\ {0} and ty € (a,b) such that

Qp(tﬂv %’ T(to)h, T(}tlo))

7(to)

1
H(to)h < /0 G(t, 3) (s, h(s), h(s), h(s))ds < heo(14)

Then
(i) there are ug,vo,& € Pp and r € (0,1) such that rvy < ug < v, rv9 < & < 00,

1
uog/o G(t,s)f(s,uo(s),vo(s),uo(s))ds
1
S/o G(t,s)f(s,v9(s),up(s),vo(s))ds < vp,
1
&< [ Gt (5. 60(s). (o). o)) ds

1
< / G(t, 5)f (5, v0(s), €o(s), vo(s))ds < vo;
0
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(i) equation (4) has a unique solution x* in [ug,vo] that uy = max{uo,&o};
(iii) for any initial ug,vo,&o € Pr, constructing successively the sequences

1

o = /0 G(t, 5) (5, tn1(5), U1 (5), En_1(5))ds,
1

vn:/ G(t,s)f(s,vn-1(5), un—1(s), vn—1(s))ds,

0

1
&n :/0 G(t, ) f(s,€n—1(8),vn-1(8),un—1(s))ds, n=1,2,...,

we have || up —u* || =0, || v, —v* [[= 0 and || & — & ||—= 0as n — oo.

Proof. By using Lemma (12), the problem is equivalent to the integral equation u(t) =
fol G(t,s)f(s,y(s))ds where

(=) (1-9)" 22 (=0 +@=D(1Ds] (< 4 < f <]
G(t, s) = { ==

I'a)
(1_8)0472?50472[(1:‘9(_15))-}—(@—2)(1—t)5] 0 < t < S < 1

Define the operator A : P x P x P — E by the following,

1
A(u(t), v(t),£(1)) :/0 G(t,5)f(s,u(s),v(s),E(s))ds.

Then wu is solution for the problem if and only if u = A(u,u,u). It is easy to see to check
that the operator A is increasing in u, £ and decreasing in v on P. By assumptions of
theorem we have;

A(T(t)ua — Y, T(t)g) > So(ta u,v, f)A(U, v, g) vt € ((l, b)7 u, Uaf € Pa

So(t07 %7 T(t0>h7 %)

(o) h.

7(to)h < A(h, b, h) <

Therefore A satisfies conditions of Theorem (5), now, by using Theorem (5), the operator
A has a unique positive solution (u*,u*,u*) such that A(u*, u*,u*) = u*, u* € [0y, vo]
that 1wy = max{ug, &y }. This completes the proof. d

Example 2.1. Consider the periodic boundary value problem

D ult) = F(t,u(t),v(t), w(t)) = 3(1+ut) + i(t)—i-\/u(t)), Le[0,1]

ﬁ
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where, u(t) = (1 + u(t)) and v(t) = 4\/7 w(t) = 1/ u(t).
For every A € (0,1), u,v,w € P, we have

1 1
1 /0 G(t,s)[1 + Au(s) + ———— + V \u(s)]ds

su(s)
1 u\s
_2/0 G(t,s)[i—l—u(s)—&—\/l;—i—\/ ()\)]ds

3 uls) + )\1 u(s) 1 1
Z>\1+u(s) 1 /Gts +4\/@+Z\/u(s)]ds

5 tuls)+ /T(s /5
we note that, X < o\, u,v,w) = A et (9 +\/7 < 1. For any A € (0,1), by

means of some calculations, we can obtain that p is monincreasing in u for fived v,w
nonincreasing in w for fired u,v and nondecreasing in v for fived u,w.

In the following, it suffices to verify that the condition (14) of Theorem (2.3) is satisfied.
Putu=v=w=h=1, 7(ty) = to =A=10"% From M, = minge(g g fol G(t,s)ds =
0.00001 and Mz = maxco 1] fol ,8)ds = 0.004 we can easily get

— 1 u(s
104§0.00001§f0Gt,s[1+ (4) 4F+ L\ /u(s))ds
104+1044+10%+10% _ -4 104 104 104
This implzes that (14) of Theorem (2.3) holds. The proof is complete.
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