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ON COINCIDENCE AND COMMON FIXED POINT OF SIX MAPS
SATISFYING F-CONTRACTIONS
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ABSTRACT. Coincidence and common fixed point of six self maps satisfying F-contractions
are established via common limit in the range property without exploiting the no-

tion of continuity or containment of range space of involved maps or completeness of

space/subspace. Our results generalize, extend and improve the analogous recent results

in literature.
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1. INTRODUCTION

Fixed point theory is a useful mechanism in mathematical economics, game theory,
dynamic optimization and stochastic games, functional analysis, variational calculus, de-
fence, statistics, medicine etc. However, for many real-world situations, the conditions in
the fixed point theorems are very strong and there is no assurance that a fixed point exists.
Over the past few decades, a number of researchers have taken interest in generalizing,
extending, and improving fixed point theorems (for instance [3], [4], [9], [11], [12] and
reference therein). Recently Wardowski [14] gave a nice generalization for single valued
map on complete metric space, introducing a new approach of contractive map, called
F-contraction.

The aim of this paper is to establish the existence and uniqueness of coincidence and
common fixed point of six self maps in non complete metric space satisfying F-contraction
without exploiting the notion of continuity or containment requirement of range space of
involved maps or completeness of space/subspace. In the process, we emphasize on the
role of common limit range property for the existence of common fixed point under Ciri¢
type F-contraction and Hardy-Roger type F-contraction for six self maps, which are more
general than the contraction condition introduced by Wardowski [14].
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2. PRELIMINARIES

We denote the set of all real numbers by R, the set of all positive real numbers by R™,
the set of all natural numbers by N and a metric space by (X, d). A pair of self map A and
S have a coincidence point at x € X if Ax = Sx = w. w is called a point of coincidence of
A and S. Further, a point z € X is a common fixed point of A and S if Ax = Sx = x.

Definition 2.1. [4] A self map A on X is a Ciri¢ type contraction for all x,y € X if
d(Az, Ay) < cmaz{d(z,y),d(v, Ar), d(y, Ay), d(z, Ay), d(y, Az)}.

Definition 2.2. [7]A self map A on X is a Hardy-Rogers type contraction for all z,y € X
if
d(Az, Ay) < ad(Az, x) + fd(Ay,y) + vd(z, y) + 0d(Az, y) + Ld(Ay, z),
a+B8+vy+0+L<1anda,B,vy,6,L>0.
Definition 2.3. [14] A self map A on X is an F-contraction if there exist T > 0 such that
T+ F(d(Az, Ay)) < F(d(z,y)) (1)
for all x,y € X with Az # Ay where F : RT — R is a function satisfying:
(F1) F is strictly increasing, i.e., for all o, B € R such that o < 3, F(a) < F(B).
(F2) For each sequence {c,} n € N of positive numbers, the following holds:

limp ooty = 0 if and only if limy, oo F(a,) = —00.
(F3) There exist k € (0,1) such that lim,_,o+ (*F(a)) = 0.

From (F1) and (1) it is easy to conclude that every F-contraction A is a contractive
map and hence necessarily continuous. We denote by F, the family of all I : Rt — R
satisfying the conditions (F1)-(F3). Taking different functions F, we obtain a variety of
F-contractions, some of them being already known in the literature. Some examples of
the functions belonging to F are:

() F(a) =na, (2)F(a) =lna+ a,a >0,

-1
(3)F(a) = Noilate 0, (4)F(a) = In(a? + ), a > 0.
Every F-contraction A is a contractive map ,i.e., d(Az, Ay) < d(z,y) for all z,y € X,
Az # Ay. The Banach contraction[l] is a particular case of F-contraction. Meanwhile
there exist F-contractions, which are not Banach contractions (Wardowski [14]).

Following Wardowski, Minak et al. [10] and Wardowski and Dung[15] independently
introduced the concept of Ciri¢ type F-contraction. Minak et al. called it Ciri¢ type
generalized F-contraction and Wardowski and Dung called it F-weak contraction. Later
Cosentino and Vetro [6] introduced Hardy-Rogers type F-contraction. If there exists F' € F
and 7 > 0 such that, for all z,y € X,

d(Az, Ay) > 0 = 1 + F(d(Az, Ay)) < F(m(z,y)),

where m(z,y) = maz{d(x,y),d(z, Ax),d(y, Ay), [d(z, Ay) +d(y, Ax)]/2}, is the Ciri¢ type
F-contraction[10, 15] and if

m(z,y) = ad(z,y) + Bd(z, Az) + vd(y, Ay) + éd(z, Ay) + Ld(y, Az),
where a+ 3 +v+25=1,v# 1 and L > 0, is the Hardy-Rogers type F-contraction[6].

On the other hand, Batra et al.[2] introduced a F-g-contraction. If there exists F' € F
and 7 > 0 such that 7 + F(d(Az, Ay)) < F(d(gz,gy)) for all z,y € X with gz # gy and
Ax # Ay.
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Note that every F-contraction A is an Ciri¢ type F-contraction [10, 15], Hardy-Rogers
type F-contraction [6] but the reverse implication does not hold. On substituting g = I in
F-g-contraction we get F-contraction [15].

Definition 2.4. [8] A pair of self-maps (A,S) is weakly compatible if the pair commute
on the set of their coincidence points ji.e., for x € X, Ax = St implies ASx = SAz.

Definition 2.5. [13] A pair of self-maps (A, S) on X satisfies the common limit range
property with respect to S denoted by CLRg if there exist a sequence {xy,} in X such that
Uiy —oo Ay = limy, oo STy =t where t € SX.

Definition 2.6. [5] Two pairs of self maps (A, S) and (B, T) on X satisfy the com-
mon limit range property with respect to S and T denoted by CLRgr if there exist two
sequences {x,} and {y,} in X such that lim, oo Azy = limy_00STn = liMmy— 0o BYyn =
limp—ooTyn =t wheret € SX NTX.

3. MAIN RESULTS

Definition 3.1. Siz self maps A, B, P, Q, S and T of a metric space (X, d) satisfy Cirié
type F-contraction if there exist ' € F and T > 0 such that for all x,y € X satisfying
d(Az, By) > 0 the following holds:

T+ F(d(Az, By)) < F(maz{d(SPz,TQy),d(SPz, Ax),d(TQy, By), d(SPz, By),
d(TQy, Ax)})

Theorem 3.1. Let (A, SP) and (B, TQ) be the pairs of self maps of a metric space (X,
d) satisfying CLRsp)(rq) property and Ciric type F-contraction (2). Then the pairs (A,
SP) and (B, TQ) have coincidence points in X if F is continuous. Moreover, the self maps

A, B, P, Q, S and T have a unique common fized point in X provided that the pairs (A,
S), (A, P), (S, P), (B, T), (B, Q) and (T, Q) are weakly compatible.

Proof. Let (A, SP) and (B, TQ) be the pairs of self maps satisfying C'LRspy(rq) property
then there exist two sequences {z,} and {y,} in X such that

where t € SPX NTQX. Since t € SPX there exist v € X such that SPv =t. Also since
t € TQX there exist u € X such that TQu = t.

Using (2),

F(d(Av, By,)) < F(max{d(SPv,TQy,),d(SPv, Av), d(TQyn, By,),d(SPv, By,),
d(TQyn, Av)}) — 7

As n — oo and since F is continuous,

F(d(Av,t)) < F(max{d(t,t),d(t, Av),d(t,t),d(t,t),d(t, Av)}) — T
= F(d(Av,t)) — 7
< F(d(Av,t))
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which is a contradiction. Hence Av = SPv = t, i.e., the pair (A, SP) have a coincidence
point in X. Now, using (2),

F(d(t, Bu)) = F(d(Av, Bu))
< F(max{d(SPv,TQu),d(SPv, Av),d(TQu, Bu),d(SPv, Bu),d(TQu, Av)}) —
= F(maz{d(t, ) d(t,t),d(t, Bu),d(t, Bu),d(t,t)}) —
- Fli(BL0) -
F(d(Bu, 1)),

which is a contradiction. Hence Bu = TQu = t, i.e., the pair (B, T'Q) have a coincidence
point in X. Now, since the pairs (A4, S5), (4, P) and (S, P) are weakly compatible, At =
ASPv = APSv = PASv = PSAv = PSt = SPt which implies SPt = At. Similarly, we
can show that, TQt =

Now, to show that At =t. Let At # t then using (2)

F(d(At,t)) = F(d(At, Bu))
< F(max{d(SPt,TQu),d(SPt, At),d(TQu, Bu),d(SPt, Bu),d(TQu, At}) — T
F(max{d(At t) d(At, At),d(t,t),d(At,t),d(t, At)}) —
F(d(At,t)) —
F(d(At, 1)),

which is a contradiction. Hence At = SPt = t. Similarly we can show that Bt = TQt = t.
Thus we have At = Bt = t, i.e., t is the common fixed point of A and B.

AAAA

Now to show that this common fixed point is unique. Let w # t be also a common fixed
point of A and B, then Aw = w = SPw and Bw = w = TQuw.

F(d(t,w)) = F(d(At, Bw))

F(
< F(max{d(SPt,TQuw),d(SPt, At), d(TQw, Bw),d(SPt, Bw),d(TQw, At)}) —
= F(max{d(t,w),d(t,t),d(w,w),d(t,w),d(w,t)}) — T
= F(dt,w)) -7
< F(d(t,w)),

which is a contradiction. Hence t = w, i.e., A and B have a unique common fixed point.

By weak compatibility of the pairs (A4, S), (4, P), (S, P),(B,T),(B,Q) and (T,Q), we
have ASt = SAt = St, APt = PAt = Pt, BTt = TBt = Tt, BQt = QBt = Qt, which
gives that St and Pt are also fixed point of A. Tt and @t are also fixed point of B. By
uniqueness of the common fixed point of A and B, St = Tt =t = Pt = Qt. Therefore,
At = Bt = Pt = Qt = St = Tt = t. Hence t is the unique common fixed point of
AB,P,Q,Sand T. O

If we put @ = I in theorem 3.1 we obtain the following definition and corollary for five
maps.

Definition 3.2. Five self maps A, B, P, S and T of a metric space (X, d) satisfy Cirié
type F-contraction if there exist ' € F and T > 0 such that for all x,y € X satisfying
d(Ax, By) > 0 the following holds:

T+ F(d(Az, By)) < F(max{d(SPz,Ty),d(SPx, Az),d(Ty, By),d(SPx, By),d(Ty, Ax)})
(3)
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Corollary 3.1. Let (A, SP) and (B, T) be the pairs of self maps of a metric space (X, d)
satisfying C LR (spy(ry property and Ciri¢ type F-contraction(3). Then the pairs (A, SP)
and (B, T) have a coincidence point in X if F is continuous. Moreover, the self maps A,

B, P, S and T have a unique common fixed point in X provided that the pairs (A, S), (A,
P), (S, P), (B, T) are weakly compatible.

Now we furnish two examples in support of our main result.

Example 3.1. Let X = [1,16) and d be the usual metric on X.
Define A,B,P,Q,S,T: X — X by

e S
Az:{g ifr=1,2,3 andx > 6 Bx:{

ife=1,2,3 andx > 6
7 ifzell,6)—{1,2,3}

3
8 ifxell,6)—{1,2,3}

3 ifx=1,2,3 3 ifx=1,2,3

Pr=«¢ 11 ifze[l,6)—{1,2,3} Qr=< 10 ifzxe[l,6)—{1,2,3}
1 ifx>6 2 ifrx>6
3 ifx=1,2,3 3 ifx=1,2,3

Sr=1< 12 ifxe]l,6)—{1,2,3} Ter=1< 9 ifzxe[l6)—{1,2,3}
1 ifz>6 2 ifx>6

Let {z,} and {yn} be two sequences in X such that z, = 6 + 2 and y, = 3 then
limp—ooAxy, = limy oo A6 + %) = 3,limp—0cSPxy, = limy_00SP(6 + %) = 3 and
Ui — 0o BYn = 3, limp— 00T Qyn = 3. Hence limy— 00 Axy = limy—00S Py = limy— 00 Byn
= limp—00TQYn = 3,3 € SPXNTQX, i.e., (A, SP) and (B, TQ) satisfy the CLRsp)(1q)
property. Also Ax = SPx = 3, Bx = TQz = 3, where z € {1,2,3} and = > 6,
i.e., pairs (A, SP) and (B, TQ) have coincidence points in X. Also AS = SA,BT =
TB,SP = PS5, TQ = QT,AP = PA,BQ = @B at the coincidence points, ,i.e., pairs
(A,S), (A, P),(S,P),(B,T), (B,Q) and (T, Q) are weakly compatible. Further A, B, P,Q, S

7

and T satisfy Ciri¢ type F-contraction condition (2) for 7 = 55 and F(a) = —ﬁ. Hence
all the conditions of theorem 3.1 are satisfied and x = 3 is a unique common fixed point of

A,B,P,Q,S and T. Moreover all the self maps are discontinuous at common fixed point.

Example 3.2. Let X = (2,20) and d be the usual metric on X.
Define A,B,P,Q,S,T: X — X by

(5 ifze(2,5U[8,20) (5 ifze(2,5U[8,20)
Aw‘{]4 if x € (5,8) B“—{1o if v € (5,8)
5 ifze (2,5 5 ifz e (2,5
Pr={ 11 ifz e (5,8) Qr=1{ 12 ifz e (5,8)
3 ifze[8,20) 3 ifzc[8,20)
5 ifze (2,5 5 ifxz e (2,5
Sr=<¢ 15 ifx e (5,8) Tr=<¢ 16 ifx e (5,8)
3 ifz€[8,20) 3 ifz€[8,20)

Let {z,} and {yn} be two sequences in X such that z, = 8 + 2 and y, = 5 then
limpy oo Axy, = limp o0 A(8 + %) = 5,limps0oSPTy, = lim,00SP(8 + %) = 5 and
Uiy —00BYn = 5, limy oo T'Qyrn = 5. Hence limy, oo Ay = limy 00 SPxy, = limy 0o Byn
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= limp—0oTQyYn = 5,5 € SPXNTQX, i.e., (A, SP) and (B, TQ) satisfy the CLR(sp)rq)
property. Also Ax = SPx =5, Bx = TQx = 5, where z € (2,5]U[8,20), i.e., pairs (A, SP)
and (B,TQ) have coincidence points in X. Also AS = SA, BT = TB,SP = PS,TQ =
QT,AP = PA, BQ = @B at the coincidence points, i.e., pairs (4, 5), (4, P), (S, P), (B,T),
(B,Q) and (T, Q) are weakly compatible. Further A, B, P,@, S and T satisfy Ciri¢ type
F-contraction condition (2) for 7 = 0.01 and F(«) = loga. Hence all the conditions of
theorem 3.1 are satisfied and = = 5 is a unique common fixed point of A, B, P, @, S and
T. Moreover all the self maps are discontinuous at common fixed point.

Definition 3.3. Siz self maps A, B, P, Q, S and T of a metric space (X, d) satisfy
Hardy-Rogers type F-contraction if there exist F € F and T > 0 such that for all x,y € X
satisfying d(Az, By) > 0 the following holds:
T+ F(d(Az, By)) < F(ad(SPz, TQy) + 8d(SPx, Ax) + vd(TQy, By) + dd(SPx, By)+
Ld(TQy, Az))

(4)
wherea+B+~v+d+L <1 and a,B,7,6,L >0
Theorem 3.2. Let (A, SP) and (B,TQ) be the pairs of self maps of a metric space (X,
d) satisfying CLR(spyrq) property and Hardy-Rogers type F- contraction(4). Then the
pairs (A, SP) and (B, TQ) have coincidence points in X if F is continuous. Moreover,

the self maps A, B, P, Q, S and T have unique common fized point in X provided that the
pairs (A, S), (A, P), (S, P), (B, T), (B, Q) and (T, Q) are weakly compatible.

Proof. Proof follows on the same lines of Theorem 3.1 O

Now an Example in support of Theorem 3.2 is furnished.

Example 3.3. Let X = [1,13) and d be the usual metric on X.
Define A,B,P,Q,5,T: X — X by

(2 ifxe[1,2]U5,13) (2 ifze[1,2]U5,13)
Aw‘{?, if x € (2,5) Bx_{z; if x € (2,5)
2 ifzell,2 2 ifzell,2
Pr={ 9 ifze(25) Qr=1{ 8 ifze(25)
7 ifz € [5,13) 6 ifxel[5,13)
2 ifzell,2 2 ifzell,2
Sr=1{ 12 ifz e (2,5) Te={ 10 ifze(2,5)
11 ifz €[5,13) 11 ifz € [5,13)

Let {z,} and {yn} be two sequences in X such that z, = 1+ 2 and y, = 2 then
limp—ooAxy = limpooA(l + %) = 2, limp—0oSPxy, = limy—0oSP(1 + %) = 2 and
iy oo BYn = 2, limy, 00T Qyyn = 2. Hence limy, o0 ATy, = limy oo S Pxy, = limy, oo By
= limp—0oTQyYn = 2,2 € SPXNTQX, ie., (A, SP) and (B, TQ) satisfy the CLR(sp)rq)
property. Also Az = SPx = 2, Bx = TQxz = 2, where z € [1,2], i.e., pairs (A, SP)
and (B,TQ) have coincidence points in X. Also AS = SA, BT = TB,SP = PS,TQ =
QT,AP = PA, BQ = @B at the coincidence points ,i.e., pairs (4, 5), (4, P), (S, P), (B,T),
(B,Q) and (T,Q) are weakly compatible. Further A, B, P,Q,S and T satisfy Hardy -
Rogers type F-contraction condition (4) for 7 = % and F(x) = logz, a = %,,B = %,fy = %,
0= %,L = 1—10. Hence all the conditions of theorem 3.2 are satisfied and x = 2 is a unique
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common fixed point of A, B, P,Q,S and T. Moreover all the self maps are discontinuous
at common fixed point.

Remark 3.1. (i) If we put @ = I in theorem 3.2, we obtain the corollary for five
maps satisfying Hardy Rogers type F- contraction.

(ii) By choosing A, B, P, Q, S and T suitably, we get corollaries for two, three and
four self maps both for Cirié type and Hardy Rogers type F-contractions.

(iii) It is known that some commutative conditions for self maps are essential to es-
tablish common fixed point for more than four maps satisfying contractive type
condition. In this paper we have replaced commutative conditions by weak compat-
bility.

Remark 3.2. In all the above results we have neither assumed continuity nor containment
of the range space of the involved maps nor completeness of space/subspace. Moreover
maps are discontinuous even at the common fized point. Whereas Batra et al.[2] established
coincidence point of a pair of self maps by taking containment of range space of involved
maps, completeness of space along with continuity and commutativity of both the maps.
Weak compatibility used is indeed a weaker than commutativity of a pair of map.

Remark 3.3. Since F-contraction is proper generalization of ordinary contraction hence
our results generalize, extend and improve the results of Wardowski [14] and others exist-
ing in literature (for instance Minak et al.[10], Wardowski and Dung[15], Cosentino and
Vetro [6], Cirié[4], Hardy-Rogers[7], Kannan[9)], Chatterjee[3], Reich[12], Batra et al.[2])
without exploiting the notion of continuity, containment of range space of involved maps
and completeness of space/subspace.
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