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USING IMPLICIT RELATION TO PROVE COMMON COUPLED
FIXED POINT THEOREMS FOR TWO HYBRID PAIRS OF
MAPPINGS
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ABSTRACT. Using implicit relation we establish two common coupled fixed point theo-
rems under the conditions of weakly commutativity and w—compatibility on a complete
metric space, which is not partially ordered. We do not use the condition of continuity
of any mapping for proving the existence of coupled coincidence and common coupled
fixed point.
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1. Introduction and Preliminaries

Let (X, d) be a metric space and CB(X) be the set of all nonempty closed bounded
subsets of X. Let D(z, A) denote the distance from = to A C X and H denote the
Hausdorff metric induced by d, that is,

D(z, A) = infd(z, a),

H(A, B) = max{supD(a, B), sup D(b, A)}, for all A, B € CB(X).
acA beB

The study of fixed points for multivalued contractions and non-expansive mappings using

the Hausdorff metric was studied by many authors under different conditions. This theory

has found application in control theory, convex optimization, differential inclusions and

economics. There exists considerable literature about fixed point properties for two hybrid

pairs of mappings, including [2, 10, 11, 12, 20, 25, 26, 32].

Bhaskar and Lakshmikantham [7] introduced the concept of coupled fixed point for
single-valued mappings and established some coupled fixed point results and found its
application in the existence and uniqueness of solution for periodic boundary value prob-
lems. Lakshmikantham and Ciric [18] proved coupled coincidence and common coupled
fixed point theorems for nonlinear contractive mappings in partially ordered complete
metric spaces and extended the results established in [7]. Many authors focused on cou-
pled fixed point theory for single-valued mappings and proved remarkable results including
[5, 9, 13, 15, 16, 21, 33].
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Recently Samet et al. [28] claimed that most of the coupled fixed point theorems for
single-valued mappings on ordered metric spaces are consequences of well-known fixed
point theorems.

The concepts related to coupled fixed point for single valued mappings have been ex-
tended by Abbas et al. [1] for multivalued mappings to obtained coupled coincidence
point and common coupled fixed point theorems involving hybrid pair of mappings in
complete metric spaces. At present, very few authors have been studied coupled fixed
point theorems for hybrid pair of mappings including [1, 19].

In [1], Abbas, Ciric, Damjanovic and Khan introduced the following concept:

Definition 1.1. Let X be a nonempty set, F : X x X — 2% (a collection of all nonempty
subsets of X ) and g be a self-mapping on X. An element (x, y) € X x X is called

(1) a coupled fized point of F if x € F(x, y) and y € F(y, x).

(2) a coupled coincidence point of hybrid pair {F, g} if gv € F(z, y) and gy € F(y, x).

(3) a common coupled fized point of hybrid pair {F, g} if v = gz € F(z, y) and
y=gy € Fy, ).

We denote the set of coupled coincidence points of mappings F and g by CF, g}. Note
that if (x, y) € C(F, g), then (y, x) is also in C(F, g).

Definition 1.2. Let F : X x X — 2% be a multivalued mapping and g be a self-mapping
on X. The mapping g is called F—weakly commuting at some point (x, y) € X x X if

g’z € F(gz, gy) and g*y € F(gy, gx).

Definition 1.3. Let F : X x X — 2% be a multivalued mapping and g be a self-mapping
on X. The hybrid pair {F, g} is called w—compatible if gF (x, y) C F(gzx, gy) whenever

(z, y) € C(F, g).

Lemma 1.1. [14] Let (X, d) be a metric space. Then, for each a € X and B € CB(X),
there is by € B such that D(a, B) = d(a, by), where D(a, B) = infycp d(a, b).

On the other hand, several authors have been studied fixed point theorems satisfying
an implicit relation for single-valued and multivalued mappings under different conditions
including [3, 4, 6, 8, 17, 22, 23, 24, 27, 29, 30, 31, 34].

In this paper, we establish two common coupled fixed point theorems for two hybrid
pairs of mappings satisfying an implicit relation under the conditions of weakly commuta-
tivity and w—compatibility on a complete metric space, which is not partially ordered. To
prove our theorems we do not use condition of continuity of any mapping. We improve,
extend and generalize the result of Sedghi et al. [29].

2. Implicit relation

Let R™ be the set of all non-negative real numbers and let ¥ be the set of all continuous
functions 1 : (R*)!! — R satisfying the following conditions:

Y1 Y(ty, to, ..., t11) is non-decreasing in t; and non-increasing in to, ts, ..., t11.

1o = There exists 0 < k < 1 such that for every u, v, p, ¢ € R* such that

P(u, v, v, u, u+v, 0, ¢, ¢, p, p+q, 0) <O,

or
Y(u, v, u, v, 0, u+v, ¢, p, ¢, 0, p+q) <0,
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then max{u, p} < kmax{v, ¢}.
w3 : For all u, v > 0,

v(u, u, 0, 0, uw, u, v, 0, 0, v, v) > 0.

Example 2.1. Let ¢(t1, to, ..., t11) = t1 — hmax{ts, t3, ts, B, t7, ts, to, 10T} where
0<h<1.

(1) Obuvious. (v9) Let max{u, p} > 0 and ¥(u, v, v, u, u+ v, 0, q, ¢, p, p + q,
0) = uw — hmax{u, v, p, ¢} < 0. Thus u < hmax{max{u, p}, max{v, ¢}}. Similarly
p < hmax{max{u, p}, max{v, ¢}}. Thus max{u, p} < hmax{max{u, p}, max{v, ¢}}.
Now, if max{u, p} > max{v, ¢}, then max{u, p} < hmax{u, p} < max{u, p}, which is a
contradiction. Thus max{u, p} < max{v, ¢} and max{u, p} < hmax{v, q}. Similarly, let
max{u, p} > 0 and ¥(u, v, u, v, 0, w+v, q, p, ¢, 0, p+ q) = u — hmax{u, v, p, ¢} <0,
then we have max{u, p} < hmax{v, q}. Thus (12) is satisfying with k = h < 1. If max{u,
p} =0, then max{u, p} < kmax{v, ¢}. (¢¥3) ¥(u, u, 0,0, u, u, v, 0, 0, v, v) = u—hmax{u,
v} = max{u — hu, v — hv} = max{u(l — h), u — hv} > 0. Therefore 1) € V.

Example 2.2. Let 1[)(151, to, ..., tll) =1 — amax{tg, ts, t4, t7, ts, tg} — Bmax{t5 + tg,
ti0 + t11} where a, >0 and o+ 20 < 1.

(1) Obvious. (2) Let max{u, p} > 0 and ¥(u, v, v, u, u +v, 0, q, q, p, P + q,
0) = u—amax{v, u, ¢, p} — fmax{u+v, p+q} <0, then u < amax{max{u, p}, max{v,
q}}+ Bmax{u, p} + max{v, q}], it follows that v < max{(a+ 3) max{u, p}+ S max{v, q},
(o + B) max{v, ¢} + fmax{u, p}}. Similarly p < max{(«a + 8) max{u, p} + S max{v, ¢},
(a+ B) max{v, q} + Bmax{u, p}}. Thus max{u, p} < max{(«a+ ) max{u, p}+ S max{v,
q}, (o + B)max{v, q} + fmax{u, p}}. Now, if max{u, p} > max{v, ¢}, then max{u,
p} < (a+20) max{u, p} < max{u, p}, which is a contradiction. Thus max{u, p} < max{v,
q} and max{u, p} < (a+ 28)max{v, ¢}. Similarly, let max{u, p} > 0 and ¥(u, v, u, v,
0, u+wv,q p q 0, p+q) =u—amax{v, u, q, p} — fmax{u + v, p+ q} <0, then we
have max{u, p} < (o + 20)max{v, q}. Thus (¢2) is satisfying with k = o + 25 < 1. If
max{u, p} = 0, then max{u, p} < kmax{v, ¢}. (¥3) ¥(u, u, 0, 0, u, u, v, 0, 0, v, v) =
u—amax{u, v} —f max{2u, 2v} = max{u—au—2pu, u—av—20v} = max{u(l—a—2p5),
u— (a+2B)v} > 0. Therefore ¢ € .

Example 2.3. Let 1[)(1:1, to, ..., tll) =t — amax{tg, t7} — bmax{t3 + ty4, ts + tg} —
cmax{ts + tg, t10 + t11}, where a, b, c € [0, 1) and a + 2b+ 2¢ < 1.

(1) Obvious. (2) Let max{u, p} > 0 and ¥(u, v, v, u, u +v, 0, q¢, q, p, P + q,
0) = v —amax{v, ¢} —bmax{u+v, p+q} — cmax{u+wv, p+q} <0, then u < amax{v,
q} + blmax{u, p} + max{v, q}] + c[max{u, p} + max{v, q}]. Similarly p < amax{v, q} +
bmax{u, p} + max{v, ¢}| + c[max{u, p} + max{v, ¢}]. Thus max{u, p} < amax{v,
q} + blmax{u, p} + max{v, ¢}] + c[max{u, p} + max{v, ¢}|. Now, if max{u, p} > max{v,
q}, then max{u, p} < (a+2b+2c) max{u, p} < max{u, p}, which is a contradiction. Thus
max{u, p} < max{v, ¢} and max{u, p} < (a + 2b+ 2¢) max{v, ¢}. Similarly, let max{u,
p} > 0 and Y(u, v, u, v, 0, u+ v, q, p, ¢, 0, p+ q) = u — amax{v, ¢} — bmax{u + v,
p+ q} — cmax{u + v, p + q} < 0, then we have max{u, p} < (a + 2b + 2c¢) max{v,
q}. Thus (12) is satisfying with k = a + 2b + 2¢ < 1. If max{u, p} = 0, then max{u,
p} < kmax{v, q}. (¢3) ¥(u, u, 0, 0, u, u, v, 0, 0, v, v) = u — amax{u, v} — cmax{2u,
20} = max{u —au—2cu, u—av —2cu} = max{u(l —a—2c), u— (a+2c)v} > 0. Therefore
Y e w.

Example 2.4. Let Q/J(tl, tg, ceey tll) = tl — hmax{tg, t7} — Lmin{tg, t4, t5, tﬁ, tg, tg, th,
ti1}, where h € [0, 1) and L > 0.
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(wl) Obvious. WZ) Let max{“? p} > 0 and ¢(Ua v, U, U, U4+ 0, 07 q, 4, p, P+ g,
0) = u—hmax{v, ¢} <0, then u < hmax{v, q}. Similarly p < hmax{v, q}. Thus max{u,
p} < hmax{v, q}. Similarly, let max{u, p} > 0 and ¥(u, v, u, v, 0, u+ v, q, p, q, 0,
p+q) = u— hmax{v, q} < 0, then we have max{u, p} < hmax{v, q}. Thus (V) is
satisfying with k = h < 1. If max{u, p} = 0, then max{u, p} < kmax{v, ¢}. (¥3) ¥(u,
u, 0, 0, u, u, v, 0, 0, v, v) = v — hmax{u, v} = max{u — hu, v — hv} = max{u(l — h),
u— hv} > 0. Therefore ¢ € V.

Example 2.5. ¢(t1, ta, ..., t11) = t1 —hmax{ts, t3, tg, BES 17, tg, tg, BoFM Y — L min{ts,
t4, t5, tg, ts, to, t10, tll}; where h € [0, 1) and L > 0.

(1) Obvious. (o) Let max{u, p} > 0 and ¥(u, v, v, u, u+v, 0, q, q, p, P + q,
0) = u — hmax{u, v, p, ¢} < 0, then u < hmax{max{u, p}, max{v, ¢}}. Similarly
p < hmax{max{u, p}, max{v, ¢}}. Thus max{u, p} < hmax{max{u, p}, max{v, ¢}.
Now, if max{u, p} > max{v, ¢}, then max{u, p} < hmax{u, p} < max{u, p}, which is a
contradiction. Thus max{u, p} < max{v, ¢} and max{u, p} < hmax{v, q}. Similarly, let
max{u, p} > 0 and ¥(u, v, u, v, 0, u+v, q, p, ¢, 0, p+ q) = u — hmax{u, v, p, ¢} <0,
then we have max{u, p} < hmax{v, q}. Thus (12) is satisfying with k = h < 1. If max{u,
p} =0, then max{u, p} < kmax{v, ¢}. (¢¥3) ¥(u, u, 0, 0, u, u, v, 0, 0, v, v) = u—hmax{u,
v} = max{u — hu, v — hv} = max{u(l — h), u — hv} > 0. Therefore 1) € V.

Example 2.6. Let ¢(t1, to, ..., t11) = t1 — hmax{ta, t7}, where h € [0, 1).

(1) Obuvious. (v9) Let max{u, p} > 0 and ¥(u, v, v, u, u+ v, 0, q, ¢, p, p + q,
0} = u— hmax{v, ¢} < 0. Thus u < hmax{v, ¢}. Similarly p < hmax{v, q}. Thus
max{u, p} < hmax{v, ¢}. Similarly, let max{u, p} > 0 and ¥(u, v, u, v, 0, u + v, q, p,
q, 0, p+q) = u — hmax{v, ¢} <0, then we have max{u, p} < hmax{v, q}. Thus (¢2)
is satisfying with k = h < 1. If max{u, p} = 0, then max{u, p} < kmax{v, q}. (¢3) ¥(u,
u, 0, 0, u, u, v, 0, 0, v, v) = u — hmax{u, v} = max{u — hu, u — hv} = max{u(l — h),
u— hv} > 0. Therefore ¢ € U.

Example 2.7. Let ¢(t1, to, ..., t11) = t1 — bmax{%, %} where b € [0, %)

(11) Obuvious. (v2) Let max{u, p} > 0 and ¥(u, v, v, u, u+ v, 0, q, ¢, p, p + q,
0} = u — bmax{®?, 229} < 0. Thus u < S[max{u, p} + max{v, ¢}]. Similarly p <
b lmax{u, p} + max{v, ¢}]. Thus max{u, p} < S[max{u, p} + max{v, ¢}]. Now, if max{u,
p} > max{v, q}, then max{u, p} < bmax{u, p} < max{u, p}, which is a contradiction.
Thus max{u, p} < max{v, ¢} and max{u, p} < bmax{v, ¢}. Similarly, let max{u, p} >0
and Y(u, v, u, v, 0, u+v, ¢, p, ¢, 0, p+q) = u — bmax{“;“,%ﬂ} < 0, then we have
max{u, p} < bmax{v, ¢}. Thus (v2) is satisfying with k = b < 1. If max{u, p} = 0, then
max{u, p} < kmax{v, ¢}. (¢¥3) ¥(u, u, 0, 0, u, u, v, 0, 0, v, v) = u > 0. Therefore 1 € V.

Example 2.8. Let ¢(t1, to, ..., t11) = t1 — cmax{ts + tg, ti0 + t11} where ¢ € |0, %)

(1) Obuvious. (v2) Let max{u, p} > 0 and ¥(u, v, v, u, u+ v, 0, q, ¢, p, p + q,
0} = u—cmax{u+ v, p+q} < 0. Thus v < c[max{u, p} + max{v, ¢}|. Similarly
p < cmax{u, p} + max{v, ¢q}]. Thus max{u, p} < c[max{u, p} + max{v, ¢}]. Now,
if max{u, p} > max{v, ¢}, then max{u, p} < 2cmax{u, p} < max{u, p}, which is a
contradiction. Thus max{u, p} < max{v, ¢} and max{u, p} < 2cmax{v, q}. Similarly,
let max{u, p} > 0 and ¥ (u, v, u, v, 0, u+wv, ¢, p, q, 0, p+q) = u—cmax{u+v, p+q} <0,
then we have max{u, p} < 2cmax{v, q}. Thus (V2) is satisfying with k = 2¢ < 1. If max{u,
p} =0, then max{u, p} < kmax{v, q}. (¥3) ¥(u, u, 0,0, u, u, v, 0, 0, v, v) = u—cmax{2u,
20} = max{u — 2cu, u — 2cv} = max{u(l — 2¢), u — 2cv} > 0. Therefore ¢ € V.
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Example 2.9. Let ¢(t1, to, ..., t11) = t1 — hmax{ts, t3'2H4, t5;t6, tr, ts;t", tlo;t“} where
h €10, 1).

(wl) Obvious. (7/12) Let max{u, p} > 0 and 1/’(% v, U, U, U+ 0, 07 q, ¢, p, p+q,
0} = u— hmax{v, ¢} < 0. Thus u < hmax{v, q}. Similarly p < hmax{v, q}. Thus
max{u, p} < hmax{v, q}. Similarly, let max{u, p} > 0 and ¥ (u, v, u, v, 0, u+ v, q, p,
q, 0, p+q) = u— hmax{v, ¢} <0, then we have max{u, p} < hmax{v, q}. Thus (¢2)
is satisfying with k = h < 1. If max{u, p} = 0, then max{u, p} < kmax{v, q}. (¢3) ¥(u,
u, 0, 0, u, u, v, 0, 0, v, v) = u — hmax{u, v} = max{u — hu, u — hv} = max{u(l — h),

u— hv} > 0. Therefore ¢ € V.

3. Main Results

Theorem 3.1. Let (X, d) be a complete metric space. Assume F, G: X x X — CB(X)
and f, g : X — X be mappings satisfying

(i) F(X x X) C g(X), G(X x X) C f(X),

(7i) for all x, y, u, v € X, where 1) € ¥,

(
) D(fz, G(u, v)), D
d(fy, gv), D(fy, F(y, =
D(fy, G(v, u)), D(gv, F(y, z))

F
G and g have a coupled coincidence point,
F and f have a common coupled fized point, if f is F—weakly commuting at (x, y)

)
)

and f*x = fx and f*y = fy for (z, y) € C{F, f},

(d) G and g have a common coupled fized point, if g is G—weakly commuting at (T, y)
z

T = g% and g°y = gy for (z, §) € C{G, g},

Proof. Let xg, yo € X be arbitrary. Choose u; = gx1 € F(xq, yo) and v; = gy1 € F(yo,
x0), as F(X x X) C g(X). Since F, G : X x X — CB(X), therefore by Lemma 1.1, there
exist uy € G(x1, y1) and vg € G(y1, x1) such that

d(U1, U2) S H(F(x()a yO)a G("El, yl))7
d(vi, v2) < H(F(yo, ®0), G(y1, 1))
Since G(X x X) C f(X), there exist xo, yo € X such that us = fzg € G(z1, y1) and
ve = fyo € G(y1, x1). Then we choose us € F(z2, y2) and vs € F(y2, x2) such that
d(uz, uz) < H(G(z1, y1), F(z2, y2)),
d(v2, v3) < H(G(y1, 1), F(y2, 2)).
Continuing this process, we obtain sequences {uy}, {vn}, {z,} and {y,} in X such that
for all n > 0, we have
uzp = fwon € G(T2n-1, Yon—1); U2nt1 = 9Zan+1 € F(T2n, Yon),

von, = [yon € G(Y2n—1, Ton—1), Van+1 = 9Y2n+1 € F(yan, Ton),
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and
d(uzn—1, usn) < H(F(xan—2, Yon—2), G(T2n-1, Y2n-1)),
d(ugn, un+1) < H(G(x2n—-1, Yan—1), F(x2n, y2n)),
d(van—1, v2n) < H(F(y2n—2, T2n-2), G(Y2n-1, T2n-1)),
< H(G( ), F(

d(van, Van+1) G(yan—1, Tan—1), F

Then by condition (ii), we get

H(F(x2n, yon); G(T2n—1, Y2n—1)),
d(fzon, gTan-1),

D(fxon, F(xon, y2n)), D(9xon—1, G(x2n-1, Y2n—-1)),
Y| D(fxon, G(xan—1, y2n—1)), D(9z2n—1, F(T2n, y2n)), | <O0.
d(nynv ngn—l)a
D(fyon, F(y2n, 72n)), D(gy2n-1, G(Y2n-1, Tan-1)),
D(ny’m G(y2n—17 xQn—l))7 D(ngn—I; F(yQ’m xQn))

Using (1), we get

d(u2n+la u2n)a

d(u2n, uzn—1), d(uon, uont1), d(uan—1, u2n),

P 0,
),

d(van, van—1

d(u2n—1, U2nt1), <0,
d(van, vont1), d(Van—1, Von),
, d(vop—1, Vant1)

which implies that

d(u2n+la u2n)a
d(ugn, u2n—1), d(uzn, u2ns1), d(Uzn—1, U2n),
P 0, d(uan—1, u2p) + d(u2n, u2n+t1), <0.
d(van, von—1), d(van, Vant1), d(Van—1, Van),
0, d(von—1, von) + d(van, Vont1)

By (12), we get
max {d(uzn+1, U2n), d(V2n+1, V2n)}
< kmax {d(uzn, uzn—1), d(van, von—1)}.
Similarly, we can obtain
max {d(u2,, uzn—1), d(von, van—1)}
< kmax {d(ugn—1, uan—2), d(van—1, vap—2)}.

Thus, we have for all n € N,

max {d(un7 un+1)7 d(vnv Un+1)}

< kmax {d(up—1, un), d(vn—1, vn)}
< k" max {d(ug, u1), d(vo, v1)}
< k"6
Thus
max {d(tp, Unt1), d(Vp, vnt1)} < k"9,
where

0 = max {d(ug, u1), d(vg, v1)}.

35
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Thus, for m, n € N with m > n, by triangle inequality and (1), we get

max {d(tn, Umin), d(Vn, Vmin)}

max {d(uy, Un+1), d(vyn, Vni1)}

+ max {d(un+1, Unt2), d(vnt1, vni2)}

+... + max {d(Um+n—1, Um+n), d(VUmtn—1, Vm+n)}

IN

< kn5+kn+15—|—...—|—kn+m_1(5

< K1+ E+E 4.+ k™S
k(1 — k™

< (1_k)5—>0asn,m—>oo,

which shows that {u,} and {v,} are Cauchy sequences in X. Since X is complete, there
exist u, v € X such that

lm u, = lirn fxon = lim JTont1 = U, (2)
n—oo

lim v, = hm JYyon = hm 9Yan+1 = V.

n—oo n—oo

Since f(X) and g(X) are closed subsets of X, then there exist z, y, Z, ¥ € X, we have
u= fr=gz, v=fy=gy (3)
Now, since fxo, € G(xan—1, Yon—1) and fyon, € G(Y2n—1, Tan—1), therefore by using

condition (i), we get

H( ( ) (iU2n 1, Y2n— 1))
d(fz, gran—1), D(fz, F(l' Y)), D(9r2n-1, G(T2n-1, Y2n-1)),
(0 D(fx, G(wan—1, yon-1)), D(gr2n—1, F(z, y)), <0,
d(fy, gy2n—1), D(fy, F(y, )), D(gy2n-1, G(y2n-1, T2n-1)),
D(fy, G(yan-1, $2n71))7 D(gyan—1, F(y, ))

which implies, by (1), that

D(F(LU, y)v fl‘zn),
d(fz, gron-1), D(fz, F(z, y)), d(gzan-1, f22n),
(0 d(fz, fxon), D(gzon—1, F(z, y)), <0.
d(fya gy2n—1)7 D(fy7 F(y7 .’L’)) (ngn 15 nyn)
d(fy7 nyn)a D(ngn 15 (y7 $))

Letting n — oo in the above inequality, using the continuity of ¢, (2) and (3), we obtain

D(F(z, y), fz),
Y| 0, D(fz, F(z, v)), 0, 0, D(f=x, F
D(fy, F(y, x)), 0, 0, D(fy, F(y,

Thus, by (12), we obtain
D(fz, F(z, y)) = 0 and D(fy, F(y, z)) =0,

which implies that
fr € F(z, y) and fy € F(y, ),
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that is, (z, y) is a coupled coincidence point of F' and f. This proves (a). Again, since
9Ton+1 € F(xan, yon) and gyon+1 € F(yon, x2n), therefore by using condition (i7), we get

H(F(xQna 9271,)7 G(57 ﬂ)),
d(fx%‘w g:f), D(fonu F(x2n7 an))v D(g:f, G<§7 @/))7
(0 D(fom G(§7 ?7))7 D(g:f, F(J}Qm an)), <0,
d(fy2n7 gmv D(ny?% F(y2n7 $2n)), D(gg/v? G(ya 5))7
D(nyTbv G(g7 55))7 D(.ggv F(y2n7 $2n))

which implies, by (¢1), that

D(gx2n+1v G(§7 @)a
d(fron, 97), d(fron, gr2nt1), D(gz, G(, ¥)),
(0 D(fx2nv G(f, @)’ d(gf, gaj?n-&-l)v <0.
d(fy2n, 99), d(fy2n, gyon+1), D(gy, G(y, ¥)),
D(nyna G(?jv 5’:))7 d(gg) gy2n+1)

Letting n — oo in the above inequality, using the continuity of ¢, (2) and (3), we obtain
D(gz, G(Z, v)),
¥ | 0,0, D(gz, G(Z, v)), D(g9z, G(z, v)), 0, | <O0.
0, 0, D(gy, G(y, x)), D(gy, G(y, 7)), 0
Thus, by (12), we obtain

D(gz, G(z, y)) =0 and D(gy, G(y, 7)) =0,
which implies that
gz € G(z, y) and gy € G(y, T),
that is, (7, y) is a coupled coincidence point of G and g. This proves (b).
Furthermore, from condition (c¢), we have f is F—weakly commuting at (z, y), that is,

fPx € F(fz, fy), fy € F(fy, fx) and f?z = fz, f*y = fy. Thus fz = f°z € F(fz, fy)
and fy = f?y € F(fy, fx), that is, u = fu € F(u, v) and v = fv € F(v, u). This proves
(¢). A similar argument proves (d). Then (e) holds immediately. O

Put f = g in the Theorem 3.1, we get the following result:

Corollary 3.1. Let (X, d) be a complete metric space. Assume F, G : X x X - CB(X)
and g : X — X be mappings satisfying

(i) F(X x X) C g(X), G(X x X) C g(X),

(1) for all x, y, u, v € X and ¢ € U,

H(F(z, y), G(u, v)),

d(gx, gu), D(gx, F( r, y)), D(gu, G(u, v)),
Y D(gz, G(u, v)), D(gu, F(z, y)), <0,
d(gy, gv), D(gy, F(y, z)), D(gv, G(v, u)),
D(gy, G(v, u)), D(gv, F(y, z))

) F

b) G and g have a coupled coincidence point,

(¢) F and g have a common coupled fixed point, if g is F—weakly commuting at (x, y)
g
)

and g*x = gz and g*y = gy for (z, y) € C(F, g),

(d) G and g have a common coupled fized point, if g is G—weakly commuting at (Z, y)
and ¢’°7 = g7 and ¢y = gy for (Z, y) € C{G, g},

(e) F, G and g have common coupled fized point provided that both (c) and (d) are true.
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Put F =G and f = ¢ in the Theorem 3.1, we get the following result:

Corollary 3.2. Let (X, d) be a complete metric space. Assume F : X x X — CB(X)
and g : X — X be mappings satisfying

(i) F(X x X) C g(X),

(13) for all x, y, u, v € X and ¢ € U,

H(F(z, y), F(u, v ()),

d(gx, gu), D(gx, F( r, y)), D(gu, F(u, v)),
Y D(gz, F(u, v)), D(gu, F(z, y)), < 0.
d(gy, gv), D(gy, F(y, x)), D(gv, F(v, u)),
D(gy, F(v, u)), D(gv, F(y, z))

If (iit) of Corollary 3.1 holds, then

(a) F and g have a coupled coincidence point,

(b) F and g have a common coupled fized point, if g is F—weakly commuting at (z, y)
and g’z = gx and g*y = gy for (z, y) € C(F, g).

Examples 2.1-2.9 and Theorem 3.1 imply the following:

Corollary 3.3. Let (X, d) be a complete metric space. Assume F, G : X x X - CB(X)
and f, g : X — X be mappings satisfying (i) of Theorem 3.1 and
(1) for all z, y, u, v € X, where 0 < h < 1,

H(F(z, y), G(u, v))

d(fx, gu), D(fz, F(z, y)), D(gu, G(u, v)),
< hmax (d(fya gv), D(fy7 F(yv x))7 D(g’U, G(”? u))? ’

D(fz, G(u, ’U))-QFD(gu, F(z,y)) D(fy, G(v, U));‘D(QM F(y, z))

or for all x, y, u, v € X, where a, >0 and o+ 25 < 1,
H(F(z, y), G(u, v))
d(fz, gu), D(fz, F(z, y)), D(gu, G(u, v))
= amax{ d(fy, gv), D(fy, F(y, z)), D(gv, v, u) }

G(

D(fz, G(u, v)) + D(gu, F(z, y
+5 max{ D(fy7 G(% u)) + D(gv, F(y7 }
1

or for all x, y, u, v € X, where a, b, ¢ € [0, 1) and a+2b+2(: <
H(F(z, y), G(u, v))
< amax{d(fz, gu), d(fy, gv)}

D(fz, F(z, y)) + D(gu, G(u, v)),
*bm&x{ D(fy, Fly, z)) + D(gv, G(v, u)) }
e D5 Gl o)+ Dlgw 1t ). )
D(fy, G(v, u)) + D(gv, F(y, z)) |’
or for all x, y, u, v € X, where h € [0, 1) and L > 0,
H(F(z, y), G(u, v))
< hmax{d(fz, gu), d(fy, gv)}
D(fz, F(z, y)), D(gu, G(u, v)),
4L max D(fx, G(u, v)), D(gu, F(x, y)),
D(fy, F(y, z)), D(gv, G(v, u)), (’
D(fy, G(v, u)), D(gv, F(y, z))
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or for all x, y, u, v € X, where h € [0, 1) and L > 0,
H(F(z, y), G(u, v))

d(fz, gu), D(fz, F(z, y)), D(gu, G(u, v)),
< hmax ( d(fy7 gv)? D(fy7 F(y7 CL')), D(gvv G(”? u))? 9

D(f=z, G(u, v))+D(gu, F(z, y)) D(fy, G(v, u));D(gvy Fy, ©

2
D(fz, F(z, y)), D(gu, G(u, v)),
tLmaxd DUz Glu, ), Dlgu, Flz, y)),
D(fy, F(y, z)), D(gv, G(v, u)), [’
D(fy, G(v, u)), D(gv, F(y, z))

or for all x, y, u, v € X, where h € [0, 1),

H(F(z, y), G(u, v)) < hmax{d(fz, gu), d(fy, gv)},
or for all x, y, u, v € X, where b € [0, %),

(fz, F(z, y)+D(gu, G( ))7
H(F(z, y), G(u, v)) Sbmax§  pry p(y, o) Dlgv, G, w) (2
2
or for all x, y, u, v € X, where ¢ € [0, %
H(F(z, y), G(u, v)) <cmax{ D(fz, G(u, v)) + D(gu, F(z, y)), }7

or for all z, y, u, v € X, where 0 < h <1
H(F(z, y), G(u, v))

(fz, gu), d(fy, gv),
S hmax D(fxv F(CIZ, y));D(guv G(u7 U)) D(fx G(u v));—D(gu, F(J?, y)), .
D(fy, F(y, fﬂ));rD(gv» G(v, u))’ D(fy, G(v, ));D(gv, F(y, z))

If (i) of Theorem 3.1 holds, then

a) F and f have a coupled coincidence point,
b) G and g have a coupled coincidence point,
(¢) F and f have a common coupled fixed point, if f is F—weakly commuting at (x, y)
and f2x = fz and f2y = fy for (z, y) € C{F, f},
(d) G and g have a common coupled fized point, if g is G—weakly commuting at (Z, y)
and g*T = g% and g*y = gy for (z, y) € C{G, g},

) F, G, f and g have common coupled fixed point provided that both (¢) and (d) are

Examples 2.1-2.9 and Corollary 3.1 imply the following:

Corollary 3.4. Let (X, d) be a complete metric space. Assume F, G : X x X — CB(X)
and g : X — X be mappings satisfying (i) of Corollary 3.1 and
() for all z, y, u, v € X, where 0 < h < 1,

H(F(z, y), G(u, v))

{ d(gz, gu), D(gz, F(z, y)), D(gu, G(u, v)), }
< hmax . ,

d(gy, gv), D(gy, F(y, x)), D(gv, G(v, u)),
D(gz, G(u, v))+D(9u F(x, y))

D(gy, G(v, ))gD(gv, F(y, =
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or for all x, y, u, v € X, where a, >0 and o+ 25 < 1,

H(F(z, y), G(u, v))
amax{ d(gz, gu), D(ge, F(x, y)), < gu, G(u, v) }
d(gy, gv), D(gy, F(y, x)), D(gv, G(v, u))

D(gz, G(u, v))+ D(gu, F(z, y
+/Bmax{ D(gy, G(v, u))+ D(gv, F(y, = }

IN

or for all x, y, u, v € X, where a, b, c € [0, 1) and a +2b+2c < 1

H(F(z, y), G(u, v))
< amax{d(gz, gu), d(gy, gv)}

(gw F(z, y)) + D(gu, G(u, v)),
*bma"{ Digy, Fly. x)) + D{gv, G(v, u)) }
+cmax{ (gx G(u, v)) + D(gu, F(z, y)), }

D(gy, G(v, u)) + D(gv, F(y, z)) |’

or for all x, y, u, v € X, where h € [0, 1) and L > 0,

H(F(z, y), G(u, v))
< hmax{d(gz, gu), d(gy, gv)}
D(gz, F(z, y)), D
+L max Y b

or for all x, y, u, v € X, where h € [0, 1) and L > 0,

H(F(z, y), G(u, v))

{ d(gx, gu), D(gz, F(z, y)), D(gu, G(u, v)), }
< hmax ( .

d(gy, gv), D(gy, F(y, x)), D(gv, G(v, u)),
Digr, Glu, v)+D(gws F(z, )  Dlgy. Glv., w)+Dlav. Fly. @

D(gzx, F(z, y)), D(gu, G(u, v)),
tImax d Ploz, Glu, v)), D(gu, F(z, y)),

D(gy, F(y, z)), D(gv, G(v, u)), [’

D(gy, G(v, u)), D(gv, F(y, z))

or for all x, y, u, v € X, where h € [0, 1),

H(F(z, y), G(u, v)) < hmax{d(gz, gu), d(gy, gv)},

or for all x, y, u, v € X, where b € [0, %),

D(gz, F(z, y))+D(gu, G(u, v))
H(F(z, y), G(u, v)) Sbmax{ pigy, by, )0, G, w) [
2

or for all x, y, u, v € X, where ¢ € [0, %),

D(gz, G(u, v)) + D(gu, F(z, y)),

H(F(z, y), G(u, v)) <Cmax{ D(gy, G(v, u))+ D(gv, F(y, z))
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or for all x, y, u, v € X, where 0 < h < 1,
H(F(z, y), G(u, v))

d(gz, gu), d(gy, gv),
D(gz, F(z, y))+D(gu, G(u, v)) D(gz, G(u, v))+D(gu, F(z, y))

D(gy, F(y, w)§+D(gv7 G(v, U); D(gy, G(v, U))2-2FD(9’U, F(y, :v))7

< hmax

If (iii) of Corollary 3.1 holds, then

(a) F and g have a coupled coincidence point,

(b) G and g have a coupled coincidence point,

(¢) F and g have a common coupled fixed point, if g is F—weakly commuting at (x, y)
and g’z = gz and g*y = gy for (z, y) € C(F, g),

(d) G and g have a common coupled fized point, if g is G—weakly commuting at (T, y)
and ¢’ = g7 and gy = gy for (Z, ) € C{G, g},

(e) F, G and g have common coupled fized point provided that both (c) and (d) are true.

Examples 2.1-2.9 and Corollary 3.2 imply the following:

Corollary 3.5. Let (X, d) be a complete metric space. Assume F : X x X — CB(X)
and g : X — X be mappings satisfying (i) of Corollary 3.2 and
() for all z, y, u, v € X, where 0 < h < 1,
H(F(z, y), F(u, v))

d(gz, gu), D(gz, F(z, y)), D(gu, F(u, v)),

< hmax d(gy, gv), D(gy, F(y, x)), D(gv, F(v, u)), :
Digz. Pl v))+Dlgu. Flz.v)) - Dlgy. F(v. w)+Dlgv. Fly. =)

or for all z, y, u, v € X, wherea,ﬂzo anda—|—2ﬁ<1,
H(F(z, y), F(u, v))

d(gz, gu), D(gz, F(z, y)), ( gu, F(u, v)), }

= amax{ d(gy, gv), D(gy, F(y, x)), D(gv, F(

D(gz, F(u, v))+ D(gu, F(z, y

+Bmax{ D(gy, F(v, u))+ D(gv, F(y, z)

or for all x, y, u, v € X, where a, b, ¢ € [0, 1) anda+2b+20<

H(F(z, y), F(u, v))
< amax{d(gz, gu), d(gy, gv)}

u'_lH/—’

(gw F(z, y)) + D(gu, F(u, v)),
”ma"{ Digy, Fly. @) + D(gv, F(v, ) }
(gw F(u, v)) + D(gu, F(z, y)),
*"’max{ D(gy, F(v, u) + D(gv, F(y, ) }
or for all x, y, u, v € X, where h € [0, 1) and L > 0,
H(F(z, y), F(u, v))
< hmax{d(gz, gu), d(gy, gv)}
D(gz, F(z, y)), D(gu, F(u, v)),
A Lmaxd DPlgz, F(u, v)), Digu, F(z, y)),
D(gy, F(y, z)), D(gv, F(v, u)), [’
D(gy, F(v, u)), D(gv, F(y, z))
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or for all x, y, u, v € X, where h € [0, 1) and L > 0,
H(F(z, y), F(u, v))

d(gz, gu), D(gz, F(x, y)), D(gu, F(u, v)),
< hmax d(gy, gv), D(gy, F(y, z)), D(gv, F(v, u)),
D(gz, F(u, v));D(gm F(z,y)) D(gy, F'(v, U));D(gv, F(y, x))

D(gz, F(z, y)), D(gu, F(u, v)),

A Lmaxd DPlz, F(u, v)), Digu, F(z, y)),
D(gy, F(y, z)), D(gv, F(v, u)), [’
D(gy, F(v, u)), D(gv, F(y, ))

or for all x, y, u, v € X, where h € [0, 1),

H(F(x, y), F(u, v)) <hmax{d(gz, gu), d(gy, gv)},
or for all x, y, u, v € X, where b € [0, %),

D(gz, F(z, y))+D(gu, F(u, v))
H(F(z, y), Fu, v)) Sbmax{ py, by, 0)tDge, Fo,w) (-
2

or for all x, y, u, v € X, where ¢ € [0, %),

D(gz, F(u, v))+ D(gu, F(z, y)),
HF@, y), Flu, v)) < Cma"{ Digy. F(v, u)+D(gv, Fly, z)) }
or for all x, y, u, v € X, where 0 < h < 1,
H(F(z, y), F(u, v))

d(gz, gu), d(gy, gv),
D(g:l:, F(:L‘, y))+D(gu, F(uv U)) D(ng F(uv v))+D(gu, F($, y))

D(gy, Flu. mﬁ;D(gv, Fo, u)ﬁj D(gy, F(v, u)%D(gv, Fy, 7))

< hmax

If (it) of Corollary 3.1 holds, then

(a) F and g have a coupled coincidence point,

(b) F and g have a common coupled fixed point, if g is F—weakly commuting at (x, y)
and g°x = g and g*y = gy for (z, y) € C(F, g).

Theorem 3.2. Let (X, d) be a complete metric space. Assume F, G : X x X — CB(X)
and f, g: X — X be mappings satisfying (i), (ii) of Theorem 3.1 and

(1) {F, f} and {G, g} are w—compatible,

(13) f(X) or g(X) is a closed subset of X,

then F, G, f and g have a common coupled fixed point.

Proof. We can prove like Theorem 3.1 that {u,} and {v,} are Cauchy sequences in X.
Since X is complete, there exist u, v € X satisfying (2). Suppose that f(X) is a closed
subset of X, then there exist =, y € X, we have

u= frand v= fy. (4)
As in Theorem 3.1, we can prove that
fr € F(z, y) and fy € F(y, ), ()

that is, (z, y) is a coupled coincidence point of F' and f. Hence (z, y) € C{F, f}. From
w—compatibility of {F, f}, we have fF(x, y) C F(fz, fy), hence f?z € F(fx, fy) and
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f?y € F(fy, fz), that is, fu € F(u, v) and fv € F(v, u). Now, by condition (ii) of
Theorem 3.1, we get

H(F(u, v), G(zapn-1, Y2n-1)),
d(fu, gron_1), D(fu, F(U v)), D(922n—1, G(T2n—1, Y2n—1)),
¢ (fu G(xQn 1, Y2n— ) s (91:271 1, F(ua U))’ <0.
d(fv, gyon—1), D(fv, F(v, u)), D(gy2n—1, G(Y2n—1, Tan-1)),
D(fv (y2n 1, T2n— 1)) (gyZn—h F(U; U))

From (v1) and triangle inequality, we have

(fu) U2n)7
Y| d(fu, ugn—1), 0, d(uzn—1, uzn), d(fu, up), d(uzn—1, fu), | <O0.
d(fv, van—1), 0, d(van—1, von), d(fv, von), d(von—1, fv)

Letting n — oo in the above inequality, we get

(fu, u),
w d(fuv u)v Oa 01 d(fua U), d(fua u)a < 0.
d(fU, U)7 07 07 d(fU, U)v d(f’U, ’U)

Hence, by (v3), we have d(fu, u) = d(fv, v) = 0. Thus
u= fu € F(u, v) and v = fv € F(v, u).

Since F'(X x X) C g(X), then there exist z, y € X such that g7 = u = fu € F(u, v) and
gy =v = fv € F(v, u). Now, by condition (ii) of Theorem 3.1, we get

_ H(F(u, v), Gz, y W)L o

d(fu, gz), D(fu, F(u, v)), D(gZ, G(Z, y)),
0 D(fu, G(z, y)), D(g%, F(u, v)), <0,
d(fv, gy), D(fv, F(v, u)), D(gy, G(y, T)),
D(fv, G(y, 7)), D(gy, F(v, u))

and so we have

(u, G(Z, ¥)).
¢ | 0,0, D(u, G(z, y)), D(u, G(z, y)), 0 | <0.
07 07 D(,U’ G(g7 %J))7 D(U’ G(g’ i))? 0
Hence, by (v2), we have D(u, G(z, y)) = D(v, G(y, x)) = 0. Thus
u=gr € G(x, y) and v = gy € G(y, ),
that is, (7, y) is a coupled coincidence point of G and g¢. Hence (7, y) € C{G, g}. From
w—compatibility of {G, g}, we have ¢gG(Z, y) C G(g%, g¥), hence ¢g°T € G(gZ, gy) and
g%y € G(gy, g7), that is, gu € G(u, v) and gv € G(v, u). Again, by condition (i) of
Theorem 3.1, we get

)

H(F(u, v), G(u, v))
d(fu, gu), D(fu, F(u, v)), D(gu, G
P D(fu, G(u, v)), D(gu, F(u, v)
d(fv, gv), D(fv, F(v, u)), D(gv, G(v, u)),
D(fv, G(v, u)), D(gv, F(v, u))

and so by triangle inequality, we have

d(u, gu)
v | d(u, gu), 0, 0, d(u, gu), d(u, gu), | <O0.
d(’U, gU), 07 07 d(v7 g’U)7 d(’U7 gv)
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Hence, by (v3), we have d(u, gu) = d(v, gv) = 0. Thus
u=gu € G(u, v) and v = gv € G(v, u).

Therefore (u, v) is a common coupled fixed point of F, G, f and g. The proof is similar
when ¢(X) is assumed to be a closed subset of X. O

Put f = g in the Theorem 3.2, we get the following result:

Corollary 3.6. Let (X, d) be a complete metric space. Assume F, G : X x X — CB(X)
and g : X — X be mappings satisfying (i), (i1) of Corollary 3.1 and

(2) {F, g} and {G, g} are w—compatible.

If (iii) of Corollary 3.1 holds, then F, G and g have a common coupled fixed point.

Put ' =G and f = ¢ in the Theorem 3.2, we get the following result:

Corollary 3.7. Let (X, d) be a complete metric space. Assume F : X x X — CB(X)
and g : X — X be mappings satisfying (i), (i7) of Corollary 3.2 and

(1) {F, g} is w—compatible.

If (iii) of Corollary 3.1 holds, then F and g have a common coupled fized point.

Examples 2.1-2.9 and Theorem 3.2 imply the following:

Corollary 3.8. Let (X, d) be a complete metric space. Assume F, G : X x X - CB(X)
and f, g+ X — X be mappings satisfying (i) of Theorem 3.1 , (i) of Corollary 3.3, (i)
and (ii) of Theorem 3.2, then F, G, f and g have a common coupled fized point.

Examples 2.1-2.9 and Corollary 3.6 imply the following:

Corollary 3.9. Let (X, d) be a complete metric space. Assume F, G : X x X — CB(X)
and f, g : X — X be mappings satisfying (i), (iii) of Corollary 3.1, (i) of Corollary 3.4,
and (i) of Corollary 3.6, then F, G and g have a common coupled fized point.

Examples 2.1-2.9 and Corollary 3.7 imply the following:

Corollary 3.10. Let (X, d) be a complete metric space. Assume F, G : X x X — CB(X)
and g : X — X be mappings satisfying (iii) of Corollary 3.1, (i) of Corollary 3.2, (i) of
Corollary 3.5 and (i) of Corollary 3.7, then F' and g have a common coupled fized point.
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