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ON GENERALIZATION OF WEIERSTRASS APPROXIMATION
THEOREM FOR A GENERAL CLASS OF POLYNOMIALS AND
GENERATING FUNCTIONS

HEMANT KUMAR!, M. A. PATHAN?, §

ABSTRACT. Here, in this work we present a generalization of the Weierstrass Approxima-
tion Theorem for a general class of polynomials. Then we generalize it for two variable
continuous function F(z,t) and prove that on a rectangle [a,b] X (—=1,1), a < z <
b, |t|<1,a,b,t € R, it uniformly converges into a generating function.As a result,we are
able to apply our theorems to derive a number of generating functions.
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1. INTRODUCTION

Weierstrass [5] has proved his Weierstrass Approximation Theorem in the year 1885
(see also, Schep [4]). Here we put that in the following general form:
Weierstrass Approximation Theorem.

Theorem 1.1. Let f : [a,b] — R;;a,b € R;; be a continuous function. Then f is on
interval [a,b] a uniform limit of polynomials.

In other words, assume that the function f is continuous on bounded interval [a,b],
given any €> 0, there is a polynomial P,(n > 0) with sufficiently high degree n such that

|f(x) — Pp(z)| <€, for a <z <b,a,beR. (1)

Now, to obtain a general proof of the theorem 1 we define a transformation formula for a
bounded uniformly continuous function f : R — R such that Hy f(x) = % 75 fu)g(A52)du,
where k > 0, and g (x) is a probability density function defined by

/00 g(x)dz =1, otherwise g(z) = 0. (2)

—00

Again, in this order we prove that

Theorem 1.2. Let f: R — R be a bounded uniformly continuous function. Then Hyf
converges uniformly to f as k > 0.

! Department of Mathematics D. A-V. (P. G.) College Kanpur-208001 India.
e-mail: palhemant2007@rediffmail.com;
2 Centre for Mathematical and Statistical Sciences, Peechi Campus, KFRI, Peechi-680653,Kerala, India.
e-mail: mapathan@gmail.com;
§ Manuscript received: August 02, 2014; Accepted: March 16, 2015.
TWMS Journal of Applied and Engineering Mathematics, Vol.6, No.1; (© Isik University, Department
of Mathematics, 2016; all rights reserved.
47



48 TWMS J. APP. ENG. MATH. V.6, N.1, 2016

Proof. Let € > 0, then there exists § > 0 such that |f(z) — f(y)| < %, for all x,y € R with
|z —y| < 6. Assume |f(z)] < M, Vz € R.
Again, g(x) is a probability density function so that with the help of Eqn. (2) we may

write
1 [ u—x
f@ = [ s (U5 ) duk o Q
< [24) i — oo
Now let kg > 0 such that 0 < k < kg < 74MF(%>, where F' <k0> f% (v) g (v)dv < o0,

then on using Eqns. (2) and (3), we get

Hi @)~ 1@ < - [ 1700 - Sl (“ - ‘”) 0l wenusi<s.

e ko
1 U—T
o [ - sl ()
0 Ju—z|>6 0
€ 1 U—
< -4+ — u) — f(x du
oy LG ne=
e 2M U—T
<-4+ — du 4
2 ko |ux>ag< ko > )
) u— u—2x ) ko |v]
Again, let = v so that du = kodv, = |v| > nd > 1, also
0 ko ko 4
—v,v <0, . .
lv| = { 00> 0:1 then the inequality (4) becomes
2MEk
Hof @)~ @< 5+2M [ g f+ 280 [ ulg)d
2 o] & 2 o] > 2
5
2MEk ko 2M K &
i O/ O(—v)g(v)dv—i— 0/ (v) g (v)dv
2 0 oo 0 8
0
S5
2MEk ko 2ME ©
— 5= [P weod+ 2 [T g 9

ko
Further, if in the Eqn. (5), the probability density function g (v) is even function then
g(—v) = g(v) and for odd g (v) it is g(—v) = —g (v), therefore for [ (v)g(v)dv =
ko

F(,z))<oo,weget

€ 4 M kg
[Hif ()~ f ()] < >+ (1 )

,g (v) is odd function.

F (5) , g (v) is even function,

(6)

2
Now, in Eqn. (6 t ko = —<— to get
ow, in Eqn. (6) we set ko 8MF<%> o ge
_ €,g (v) is even function,
[ Hio f () = f(2)] < { 5,9 (v) is odd function. (7)

Finally, in Eqn. (7) as € — 0, Hy, f () converges uniformly to f (z). O
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2. THE WEIERSTRASS APPROXIMATION THEOREM FOR A GENERAL CLASS OF
PoOLYNOMIALS

Here, we extend the function f to a bounded uniformly continuous function on R. This
is accomplished here with the add of the following extended function.

Lot J@) = (@) 1)~ 1)

- -b
interval (b,b+ 1), and f(z) =0 for all z € R\[a — 1,0+ 1].
Particularly, we consider R > 0 such that R € R and f(z) = 0 for |z| > R. Let ¢ > 0
and M such that |f(z)| < M,V x € R. Then by Theorem 2 there exists kg > 0 such that
for all z € R, we have

= f(a) on open interval (a — 1,a), and = —f(b) on open

[Hyy f (@) = f(@)] < 5. (®)

Again, f(u) =0 for |u| > R, R > 0, then we may write

Hy, f( ~ / flu < > du, where ko > 0. 9)
. _ 2m H
Further letting g(x) = nh%n;o c Z ()™, where, Ay m(Yn > 0,Ym > 0) is
(—1)mn'
a bounded sequence, (—n),, = ————,0 < m < n, and for m > n, there is (—n),, =0,
n —m! m
and C' is any constant which may be found on satisfying the equation (2). Also for all
u—x
|z|] < R, and all |u| < R, we have |u —z| < 2R, so that < —, hence then on
0 0
. 2R ,,
closed interval —k—o, %o |» we get
1 U— 1 zn:( ) A U— 2m< € (10)
(=) “n Bl
k! \Tho ) Cho 2= "m0 Ty ARM
Thus with the help of Eqns. (9) and (10), we have
= uw—z\>" €
H A —_— d = 11
| kO Ck?() / f O ) n»m< kO ) ul < 9 ( )

Now in Eqn. (11), we define a general class of polynomials in the form P, (z) =

2m
ol S () Sy (=) A (57) o et

| Hyof (2) = Pa ()] < 5 (12)

Finally, with the help of Eqns. (8) and (12) we find
[f (#) = o (2)] < [(Hio f (2) = Pr () = (Hgo f (2) = f (2))]

< | Hio f(2) = Po()] + [Hyo f () — f(2)] <e (13)

Hence, f is on interval [a,b] a uniform limit of polynomials. (The Weierstrass Ap-
proximation Theorem).
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Remark 2.1. In Eqns. (10) and (12) set Ay, = (2,7:3) , then C = /7 .Thus we get
the results equivalent to the results given by

_ 1 I T LT o N A
g(x)—ﬁe Cmdpn(@_k:gﬁ _Rf(u)mZ:O o ( o > du (14)

due to Schep [4].

Remark 2.2. In Eqn. (10) set Ay = Cf (%) (7n11)!m, and replace x by ﬁ, then it
becomes Bernstein Approximation theorem [2] in the form
[f(z) — Qn(z)| <€,where, Qu(z) = 2" P, (z). (15)

3. GENERALIZATION OF WEIERSTRASS APPROXIMATION THEOREM

Theorem 3.1. Let F (z,t) : [a,b] x (—1,1) = R, a <z < b,|t| <1,a,b,t € R, be a two
variable continuous function, then on the rectangle [a,b] x (—=1,1) F (z,t) is a generating
function Y o2 P, (x) ", where P, (z) is a polynomial defined in Eqn. (12).

Proof. Since for [t| < 1, we have |1 —¢| < 2 then, from Eqn. (10) on closed interval

[— %, %} , we write

n

o (") Cko(;)tnz ”m<?)zm)‘<8£ﬂ4 1o

m=0

Then by the Eqn. (16), we may write

1 1 (0 [F - u—z\*"
Hy, f (z) =1  Cho (Zt /_R f(u)n;](—n)mfln,m <k0> du)

Again let |F (z,t)] < &, V(z,t) € {[a,b] x (=1,1) ra,b € R} as |f ()| < M,Vz € R
and let ‘F(:c,t) (a: i

(17)

o

(=) ‘ < £, then making an application of Eqns. (12) and (17),

we write
€
Hi, f ( ZP <7 (18)
Therefore, on using Theorem 1 and Eqn. (18), we get
- an (@)1 < 'F(ac,t) - Hof ()
+ |Hyo f Z P, (
1 1 1
<‘F<x,t>—f<x>(1t)Mf()(H) ol @)
* | Hiof @) 75 Z Py (

514:6
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This result implies that

[e.e]
— ZP” (x)t"| <e (19)
n=0
oo
Therefore, on the rectangle [a,b] x (—1,1), F (x,t) is a generating function Z P, (x)t",
n=0
where P, (z) is a polynomial defined in Eqn. (12). O

4. APPLICATIONS

The highly important role of the above theorems in deep consideration and the gener-
ating function description is pointed out rather precisely in this section.First we use the
Theorem 3 and Eqn. (12) to get the following Theorem:

Theorem 4.1. For any sequence B,, (n > 0), the polynomial P, (z) defined by

n

1 R o 2m
/ f(u) Z (—n),, An.m <H> du generates the generating function F (z,()
-R

Cho P o
such that o n )
B ( + ) > w—x\"
P9 = gty 5 B0 [ () S (20)
(a+(5+1) n)!

Here, it is provided that Ay, p, = By and ¢ = t(14 €)™ and ¢ (0) =

n!(a+ fn+m)!

(a+(B+1)n)!
n!(a+ Bn +m)!

P = e [ s> (50 Y g (M)

m=0

Proof. In definition of the polynomial set A,, ., = B,, , then we get

Therefore the polynomial given in Eqn. (21) generates the function

n

ZP r=a st ztnz "

m=0
2m
<a+(ﬁ+1)n>Bm<u :c) Qi (22)
n—m ko
Now, in Eqn. (22) make an appeal to the Theorem due to Brown [1] on providing
¢ =1t(1+¢)"™ and ¢ (0) = 0 we find the result (20). O

Example 4.1. Define the function
A |z <R (a4 (B+1)n)!
= ’ — A?’l m =
f(@) { 0,z > R nl(a+ B + m)!
generating function

By, then on using the Theorem 4, we get

B )\(1+<)a+1
Fl ) ="ca =0

() (<)) () S (<)) ] o
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Example 4.2. Define the function

A |zl <R (a+(B+1)n)! (), (ap),,
T) = ' T s Anm = , where fora # 0, —1,-2,...
1@ ={ SR A= s gy R uherefora
Fa+m) ‘
(a),, = W is a Pochhammer symbol. Then on using Theorem 4, we get the follow-
ing generating function of classical generalized hypergeometric function qu
)\(1 +C)OZ+1
F(z,()= ———+
e ()
R+z Fo| Qe api R+$
k‘o L ﬁla"'vﬁq;;
R—z Ql,...,Q
F ’ pM 24
+< k‘o )p q ﬁb -'aﬁqw C< > :| ( )

where for the definition of pF' ,we refer [3].
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