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ON CONTROLLED POISSON PROCESSES

T.M. ALIYEV!, E.A. IBAYEV!, V.M. MAMEDOV', §

ABSTRACT. We consider a special class of two-dimensional Markov processes, finding
the relationship between transition probabilities of two such classes.
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1. INTRODUCTION

In this paper, we consider Markov processes {ay, n:}, t > 0 with homogeneous second
component, where at fixed oy, process n; is a conditioned Poisson process. Definitions
and basic properties of Markov processes with homogeneous second component have been
investigated in [3] and [4]. The processes under our investigation are quite useful in the
study of service systems with n unreliable components, when a non-ordinary Poisson queue
stream.

By a controlled unbounded Poisson process, we understand a Markov process {ay, n:},
t > 0 with homogeneous second component in the phase space T'x N, where T = {«, 3, ....}
is a finite set and N = {0, £1,+2, ....}.

Let

Pfﬁ(t, S)ZP{%:@ ns:k+r/at:a7 ntzr},
(, BET; k,ke N; s >t>0).
Then let us assume that the bounds

pF t,s) — 6aplk
g L8 (05) ~ et “=q¢ks(t), (o, BET keEN;t>0).
slt s—t

exist and are continuous in t. By virtue of the equation

Y dhs() =0, (aeT; t>0),
N T

the functions qfw (t) are uniformly bounded on «, §, k in any finite run of ¢.
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045 t S, 9 Z ,6’ t S (ta S, H)ZHPaﬁ(t,S,Q)H,
Gop (1, 0) Z%,@ . Q(t 0) = llgas (1,0)]],
Py (¢, s) _H ﬁts)‘ Qe =|ds o]

According to the general theory of Markov processes with homogeneous second compo-
nent,

OP (t,s 0) OP(t,s,0)

s P(t,s,0)Q(s,0), 9 —-Q(t,0)P(t,s,0),

P (t, s, 0)|—y = I = [0agl- (1)
A multiplicative integral, i.e. a matricient [2] seems to be a general solution to forward
and backward equations (1):

P(tv S5, 9) = Q? (Q (u7 9)):

where

Qf(Q(u,e)):JEEOk];[(K S;t (t—I—fL(s—t),Q)).

Let us assume that with probability 1, ni19 — nt—o > —2, ¢t > 0. It means that with
probability 1, process n; has no negative jumps different from -1, therefore,

Gh (1) =0, (t20; o, €Tk < -2).
Such processes in the case of integer-valued phase are naturally called “downward”
continuous processes [1].
By a controlled bounded Poisson process, we understand a Markov chain {/;, m;},t > 0
in the phase space T'x Nt where N* = {0, 1, 2, ....} and with the following transition
probabilities in the small interval (¢, ¢t + A):

{mkW”AwJﬁz%ww+

n qggk(t)A—i-o(A),ch,er—l, @)
s )A+0(A),0<k<c—1,r>0.

where c is a fixed natural number and 7 [3( ) are continuous in ¢ function and bounded
by the relation

ZZW )=0, (t>0; aeT;0<k<c—1).
r=0 BeT
It follows from (2) that as long as m; > ¢, the increment of process {f;, m;} is a
stochastic equivalent to the increment of process {ay, n;}. If my € [0, ¢ — 1], then the evo-
lution of process {3, m;} is described by an auxiliary Markov chain with local transition
probabilities Fﬁ% (t).
Using the transition probabilities
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52( ):P{ﬁszﬁvmszr/ﬁt:a,mt:k}

and local characteristics of 7% of (t), let us introduce the matrices:

Fler (2, v (t, )

L Fu(t, s, 9):’

fc]xcﬂ (ta S, 0)

Iy () = ) o

T (1, 6) = ngﬁ (t, e)H

and the generating function

0) =Y mip ()0, (0] <1
r=0

Our goal is to find the connection between the transition probabilities of the processes
{ag, ny} and {8y, my}.

2. MAIN RESULTS

Using (2), at A | 0 we have

c—1
fap (ts+ D) = fi5 (£,5) + A D" 2 (¢, 5) w0l (s)+

j=0~€T
r+1
o {r>c—1}AY N (t,5) ¢l (s) + 0 (),
j=c~€eT

where

1, if r>c—1
> _ — 9 — ?
o{rzc—1} {0, if r<c—1.
Proceeding here to the bound at A | 0 we get a forward system of differential Kol-
mogorov equations for transition probabilities fi’% (t,s):

af r+1
ZOZ; )+0{T>c—1}zz; $) 5’ (s),
J=0~€ Jj=c €

(a,ﬁET; k,re NT; sztz()).

or in generating functions

akrtse c—1

_szaﬂts I ( 5(s,0)+

7j=0~€eT

+ZZ Z (t,s) 09 (S)@T_j =

j=cyeT r=j5—-1

_szaﬁts ]TSH —I—ZZ tsejqw()

j=0~€eT j=c~€ET
i.e.
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ofkr 5 (t,s,0)
87 = Zfa,@ (t,s) gyp(s,0)+
~eT
c—1
3D A 18) [75(5,0) = P anp(s)]-
7=0~€eT

The last equality takes the following form in matrix notation

OFy (¢, 5,0)

Os = Fk (t,S,H) Q(S7G)+

+3 " By (ts) [T(s,0) — 07Q(s,0)].
In view of (1) and the boundary condition

Fy, (t,t,0) = 01,

the solution of this equation can be represented as follows:

F
O (1.5:9) _gkp 1 5 0) (s, 0)+
0s
c—1 % ;
+ / Fyj (t0) [ (u, 0) = 07Q(u, 0)] P (u,5,0) du.
J=0%

Equating the coefficients at 6", we will get

Fkr (t, S) = Pr,k (t, 8) +

Q
|
-

Fj (t,u) Y [Wja(u) = Quy(w)] Pry (u, 5) du

l

<.
Il
o

+
Lﬂ-\m

or

c—1 %
Fy (t,8) = Pr_g )+ /ij ) Ljr(u, s)du, (k: T‘EN+,S>t>O)
J=07%

Il
=)

where

Ljr (t,8) = > [M(t) = Qu—j ()] Prs (¢, 9).

]
In (4) the sum is taken in all [ that yield a coefficient at 6".

255

3)

(4)

We have established that matrices Fy, and P._j are bound by relations (3) and (4).
It is clear from (3) that for each k € N, Fy, are expressed through Fyj,j < cand

known matrices L;;.
Let us introduce the following notation

LY (t, s) = L(t, s)
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_qu@:/i@U%umLmﬁmu (n>2)
t
According to (3), for n > 1

— —

Fi (t, s) = Py (t, s) +

n —
+Z/Pk (t, u)L7° (u,s) du + / w (, w) LD (u, 5) du. (5)
=1% t

Estimating the elements of matrix Lv+D)° (t, s), we have

L("'H) / / (t, up) L (uy, ug) -+ L(up, s)duy - - - duy

t<u;<--- <un<s
The standard form of the product under the integral is

Z Z Ll]l t ul J1]2 (ula UZ) Lg (Una ), (6)

Jl =0 Jn*o
(i’k:()?]-a"'aci]-;tgulg"’gungs)-
Let

L (t,s) = [I5°(t,9)||, (a,B€T).

The elements of matrix L;; are determined by (4).
Let us assume that

ﬁ@%.

[(t, s) = max max max
0<i,k<s a,BeT t<u<v<s
Due to the continuous nature of lf}f(t, s), the value [ (¢, s) < oo.
If d is the number of elements of the set T', then all elements of the product under the
summation sign in (6) do not exceed d"I"*1(t,s), which means that all elements of the
total (6) in the module do not exceed (cd)™"'(t,s), so all elements of L1 (¢, 5) do

not exceed

(ed)™™FL(t,s)(s —t)"
n! '

(7)

The latter is nearing zero at n — oo.
Proceeding to the bound in (5) at n — co we get

S
—

&@@_ﬁ@$+/ﬁmeQO, ®8)
where

=Y L (t, s). (9)
n=1
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is the resolvent operator of integral equation (8). It should be noted that the estimate (7)
guarantees the convergence of the series in the right-hand side of (8). This convergence
will be uniform in any finite run of t and s (s > t), so that the elements of the left-hand
side of (8) are continuous in ¢t and s.

Thus, we have the following result.

N
The elements of vector F are determined by equalities (8), (9) and R(t, s) is the resol-
vent operator of equation (8).

3. A PARTICULAR CASE

All obtained results can be extended to the homogeneous case without significant
changes. Thus, in the homogeneous case, the matriciant Q7(Q) looks as follows

00 k
05(@) = ee-e = 3 (6= 0L
k=0 )

It should be noted that the knowledge of the infimum distribution of process n; is of
particular importance for practical reasons. Precisely, let us consider a particular case of
process {8, mi}, when ¢ =1 and Trgfﬁ(t) =0 r>0; a,8€T.

The evolution of this process is described by the process {ay, n;} until n; gets into 0
for the first time. If it happens at the instant tp and oy, = «, then for t > to, f; = «,
my = «. In that case, according to (3) and (4), we have

Fiop (t5) = Py (5) — / Fio (t,u) Ly (u, 5) du,
t

where

Le(t,s) =) Qu(t)Py (L, 5).

l
According to (1)

OP, (t,s)
L, (ts) = -2
(t,9) ot

Therefore

Fk’r(tvs):Pr—k(ta$)+/FkO(t70)
t

Thus to find Fy, (¢, s) one only needs to know Fyq (t, s).
Assuming that » = 0 in the latter, we have the following integral equation for Fyq (¢, s):

0P, (u, s)

du.
ou Y

0P (u, s)

du.
ou Y

Fio(ts) = Py (t,5) + / Fio (£,0)

The solution to this equation can be found through the pattern built for equation (8).
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