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NOTES ON CERTAIN HARMONIC STARLIKE MAPPINGS

E. YAVUZ DUMAN!, S. OWA? §

ABSTRACT. Complex-valued harmonic functions that are univalent and sense-preserving
in the unit disk D can be written in the form f = h 4 g, where h and g are analytic in
D. We give some inequalities for normalized harmonic functions that are starlike.
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1. INTRODUCTION

A continuous function f = u + v is said to be a complex-valued harmonic function in
a complex domain C if both v and v are real harmonic in C. In any simply connected
domain D C C, we can write f = h + g, where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f. A necessary and sufficient condition for f
to be locally univalent and sense-preserving in D is that |h/(2)| > |¢'(2)]| ([1]).

Denote by Sy the class of f = h + g that are harmonic univalent and sense-preserving
in the unit disk D = {z € C||z| < 1} for which h(0) = f(0) = f.(0) —1 = 0. Then for
f=h+geSy,

h(z) =2+ anz", g(2) = buz", z2€D.
n=2 n=1

It follows from the sense-preserving property if f € Sy, then |b1] < 1.

f € Sy reduces to the class of normalized analytic univalent functions if the co-analytic
part of its members is zero. In 1984 Clunie and Sheil-Small [1] investigated the class Sy
as well as its geometric subclasses and obtained some coefficient bounds. Many studies
have been done on this class and its subclasses, and continued taking place. For more
references see Duren [2].

A sense-preserving harmonic mapping f € Sy is said to be in the class S3, if the range
f(ID) is starlike with respect to the origin. A function f € S, is called a harmonic starlike
mapping in . A function f = h + g with such a property must satisfy the condition

zh (2) — 24/ (2)

h(z) +9(2)
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for all z € D [4].
Lemma 1.1. 2] If f = h+g € S;;, then there exist angles o and 3 such that

h . . 4
%e{ <ew‘(z) — emg(z)> (615 — 67262’2> } >0 (1)
z z
In view of the above lemma, we consider the class S% (a, B,7) of f = h + g which satisfy

9%{ (emh(j) - e‘mg(j)) (ew - e‘iﬁ,z?) } >, (z€D)

for some real numbers «, 3, v (O <7 <fRe {ei(‘”ﬁ) (1 — e*’?abl)})

for all z € D.

2. MAIN RESULTS
For the class f(z) € S%(a,ﬂ,'y), we have
Theorem 2.1. If f(z) € S; (v, B,7), then

r { (L=r)®ep0) =) _ 7 (Jmp(O))2}

1472 1+7r

< |h(z) o 6—i2ag(z)‘ < : _rr2 {(1 + T)(lg%jpr(o) — 7) 4+ 72 + (jmp(o))Q}

for|z| = r < 1, where p(0) = €@+F) (1 — e=22b;), Rep(0) = cos(a+3) —|b1| cos(arg(by) +
B — a) and Jmp(0) = sin(a + B) — |b1|sin(arg(b1) + 8 — «).

Proof. Let

p(z) = <ei°‘h(2) — e_io‘g(z)> (eiﬁ - e_i622> (z e D)

z z
for f(z) € 8§ (a, 8,7). Then p(z) is analytic in I and
p(O) _ ei(aJrﬁ) (1 _ efiQabl) )
Further, let
p(z) — v — iJmp(0
(o) = P =7 = 3mp(0)
Rep(0) — v
Then ¢(z) is analytic in D, ¢(0) = 1 and PReg(z) > 0 for all z in D. Since, ¢(z) is the
Carathéodory function, we can write that

1+ 2

(z e D).

B(z) < (z€ D),
that is, that )
14+ w(z
¢(z) = m,

where w(z) is analytic in D, w(0) = 0, and |w(z)| < 1 for all z € D. Thus, the Schwarz
lemma gives us that

¢(z) =1
S e
i)l =5 | <1
for |z| =r < 1. It follows that
1472 2r
‘qﬁ(z)— 1—7r2] = 1—7r2%
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that is, that

1—r 1+r
< < .
< 1o < T

Replacing ¢(z) by p(z), we have that

1—r< p(z) — v — iJmp(0) < 1+r
1+7r~ Rep(0) — v 17

This shows us that

(1 —7)(Rep(0) — ) — /72 + (Jmp(0))?

1+7r
< pp(z) < TIOPO ) 4 G
Noting that
ei(a—I—B) . .
p(z) = ——— (h(z) — e (2)) (1 - e7:2)

and
1—r? < ’1 —e_i%zgl < 1+7“2,

we have that

r { (1= 7)(Rep(0) =) V2 (Jmp(o))Q}

1+ 172 1+7r

< (=) — e 2g(a)| < {“”)(%p<0>‘”+ 72+(3mp(0))2}-

<
< 1—r2 1—r
Furthermore, we have that
p(O) _ ei(aJr,B) (1 _ efi2ab1)
_ ila+B) (1 _ |b1|ei<arg<b1>—2a>)
= ¢! +B) _ |p, |ei(are(br)+B—a)
= cos(a + ) — |b1| cos(arg(br) + B — «)
+i(sin(a + B) — |b1] sin(arg(b) + 5 — ),
that is, that
Rep(0) = cos(a + B) — |by| cos(arg(br) + B — )
and
Jmp(0) = sin(a + B) — |by| sin(arg(b1) + 5 — «).
This completes the proof of the theorem.

Theorem 2.2. If f =h+ g€ S; (o, B8,7), then

eia(an . 677;266171_2) _ efia(bn . efiQan_2)

< 2{cos(a + ) — [b1]| cos(arg(b1) + 8 — @) — 7},
where ag = by =0 and a; = 1.

Proof. In view of the fact that

_ p(z) =7y —i3mp(0)
P(2) = Rep(0) — (z € D)
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is the Carathéodory function for f(z) € Sj (e, 8,7), where

p(z) = < hz) e‘mg(j)> (eiﬂ—e—iﬁf),

Rep(0) = cos(a + B) — |b1| cos(arg(by) + 8 — «)
and
Jmp(0) = sin(a + B) — |by| sin(arg(by) + 5 — «),
if we write
¢(Z):1+clz+0222+0323+-'- s
then we have that
len| <2

forn=1,2,3,--- ([3]). It follows that

<€m hz)  —ia9(2) > <eiﬂ _ e—wzz) — (Rep(0) — 7)é(2) + 7 + iTmp(0),

z z
that is, that
{e"(1+asz +azz® + asz® + ) — e (by + boz + b3z® + baz® +--+)} (eiﬁ — e”ﬂz2)
= (Rep(0) — V) (1 + c12 + €22 + c32° + -+ ) + v + iJmp(0).
Comparing coefficients of z"~! in both side of the last equality, we obtain that
ei(aJrﬁ)an _ e*i(ﬁ*a)an_2 _ ei(ﬁ*a)bn + e*i(a+/3)bn_2 = (Rep(0) — ) en1.
Thus, we have that
em(an — e_i%)an_g) — e_io‘(bn — e_izﬁbn_g)
< 2{cos(a + B) — |b1| cos(arg(br) + 5 — o) — 7},
This completes the proof of the theorem. O
Theorem 2.3. Let
h(z) —erZanz and g(z —bleranz

n=2
be analytic in D. If h(z) and g(z) satisfy

Z}an—l—e_ﬂab‘< {‘1—74-6( a)bl—i-ei(‘”ﬁ)’
n=2

_ )1 4y — ilB=0) _ gilath) ‘}
for some real numbers o, B, v with 0 < v < Re {ei(o”rﬁ) (1 + 67’20‘()1)} then f=h+gc¢
S5 (, 8,7) for all z € D.

Proof. Let us define the function p(z) by
. h 4 .
p(z) = eiath) <(Z) + 6220‘9(2)> (1 + 671262’2> (z € D).
z z

Then, if p(z) satisfies
Rep(z) > v (2 € D),



24 TWMS J. APP. ENG. MATH. V.4, NO.1, 2014

which is equivalent to

‘ 1—(p(z) =)
1+ (p(z) =)

then we say that f = h+ g € S(a, 8,7). It follows that

‘<1(ze]D),

1+ (p(z) =V =1 = (p(z) =)

oo o0
1—~+ cilatp) (1 + Zanzn—l 4 emi2ap, 4 i anzn—l> (1 + e—mzz)
n=2 n=2

(o.9] o0
147y — cHath) (1 + Zanzn—1 + e—i?abl 4+ e 12 anzn—1> (1 + e—i2522)

n=2 n=2

1— 7+ ¢eeth) ((1 + e_m"bl) (1 + e_imzz) + Z(an + e~ 20p,) !

n=2

oo
+ei28 Z (an + e ™%by,) z”“) ‘

n=2
. . . © .
— 14~ —¢lath) ((1 +e ) (1 + 6_12522> + Z(an + e720p, )t
n=2

oo
+e7128 Z (an + 6_i2°‘bn) z"“)

n=2

- ’1 — o+ O (1 e 20p) 4+ O (14 729 ) 72022 4 1O (ay + € 2Dy) 2

[e.9]

_’_ei(a—i_ﬂ) (CL3 + e—i?ab?)) 22 + ei(a‘f‘ﬁ) E ((an+2 —+ 6_7:20‘()”+2) + €_i25 (Cln + €_i2abn)> Zn+1
n=2

_ ‘1 oy — O (14 e7P0p)) — eHOHD) (1 4 e7120p,) 72822 10D gy + e70y) 2

. ) 3 = Z ' '

_gila+h) (a3 + e_lzabg) 22 _ pilath) Z <(an+2 + e—%2abn+2) 428 (an + e_ZZOébn)) Ll

n=2

> ‘1 — 4P p; 4 ei(‘”m‘ — |ag + 67"2%2‘ — |ag + e7"bg|

(oo}
B Z (Jan + €7 2%y, | + |ansa + € 2y ya|) — |1+ — 02y — i@t

n=2
oo
— lag + €_i2ab2’ — las + e‘izabg\ — Z (‘an + e_iQ"bn‘ + |an+2 + e_i2a6n+2‘)
n=2

_ ’1 Bl ei(oﬁ-ﬁ)’ _ ‘1 4y — €iB) _ ei(oz-i—ﬁ)’ — 43 Jan +e20,.
n=2
Therefore, if h(z) and g(z) satisfy

Z |an + €2, | < ’1 — oy ey, 4 ei(a+5)‘ _ ‘1 4y — eilBma) _ giletB)]

n=2
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then we see that

1-(p(z) —7) ‘
<1 (zeD).
T+ —y| =P
This completes the proof of the theorem. O

Theorem 2.4. If f =h+ g€ S; (o, 8,7), then
|agm — €~ 2%y, | < 2m(Rep(0) —7) (m=1,2,3,---)
and
|a2m+1 . 67z2ab2m+1’ < 2m(9‘iep(0) — ’}/) + |1 — 6712ab1| (m =1,2,3,-- )
where
Rep(0) = cos(a + B) — |b1| cos(arg(br) + 8 — ).
Proof. Defining

z z

p(z) = <€mh(z) - eiag(z)> (eiﬁ - e*iﬁz2> (z e D)

e () 0
p(z) — v — i Imp(0
P(z) =
Rep(0) — v
for f(z) € S)(a, B,7), we know that ¢(z) is the Carathéodory function in . Therefore,
if we write

(z e D).

¢(z) = 1+012+6222+03z3+... ,

then
len] <2
for n =1,2,3,--- ([3]). It follows that
p(z) — v — iJmp(0) = @A) (1 — e~22h) — iTmp(0) — ~

+ ei(OH-,B) (a2 _ e—i20¢b2)z

+ (ei(a-i-,@) (a3 — z?ab3) _ il 1— 12ab1)> 52
Z(CH-ﬁ) _ 7,204b4) — 6 as — e 22ab2)) 23

as —e zZab3) 2:4

)
)
)
)

z(a—l—ﬁ) zQab6) o 6

(e
( Z(a-i-ﬁ) _ e—i?ab5)
(e

)
ag—e 120‘64)) P4
and
(Rep(0) —7)d(2) = Rep(0) — v + (Rep(0) — 7)1z + (Rep(0) — )eaz” + - .
Comparing the coefficient of 2™, we have that
gilatB) (an+1 — e*"2abn+1) — ei(a*m(an_l — e*imbn_l) = (Rep(0) — v)cp,

forn=1,2,3,--- where ag = by =0 and a; = 1.
If we take n = 1, then we have that

lag — e7"%by| < 2(Rep(0) — 7).
We also have that for n =2,3,4
lag — e 2%b3] < 2(Rep(0) — ) + |1 — e by,
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ay — e 2%y < 2(Rep(0) — ) + |ag — e 2%hy|
< 4(Rep(0) — ),
and
a5 — e~ 2bs| < 2(Rep(0) —7) + |az — e~ b3
< 4(Rep(0) =) + 1 — ey,
respectively. Thus applying the mathematical induction, we obtain that
lagm — € **bay,| < 2m(Rep(0) — ) (m =1,2,3,---)

and
laoms1 — € 2 %ami1| < 2m(Rep(0) — ) + |1 — e 2% | (m=1,2,3,---).
This completes the proof of the theorem. U
Since ‘
|1 —e 2% | <1+ |b1| <2
and A
|(ln - e_zQGbn’ > Han’ - |an (n = 273747 T )7
we have:

Corollary 2.1. If f =h+g e S; (o, 8,7), then
llagm| = [b2m|| < 2m(Rep(0) —v) (m =1,2,3,--+)
and
lazmr1] = [b2mt1] < 2m(Rep(0) — ) + 1 + |b1]
<2m(Rep(0) —v)+2 (m=1,2,3,---).
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