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SOLVABILITY OF ITERATIVE SYSTEMS OF THREE-POINT
BOUNDARY VALUE PROBLEMS

K. R. PRASAD!, N. SREEDHAR?, K. R. KUMAR? §

ABSTRACT. We establish a criterion for the existence of at least one positive solution
for the iterative system of three-point boundary value problems by determining the
eigenvalues \;, 1 <1i < n, using Guo—Krasnosel’skii fixed point theorem.
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1. INTRODUCTION

In this paper, we are concerned with determining the eigenvalues \;, 1 < i < n, for
which there exist positive solutions of the iterative system of second order differential
equations,

Yi (1) + Aipi(0) fi(yir1(t)) =0, 1<i<n, te€ [ty ts],
yn-i—l(t) :yl(t)a te [tlat?)]v
satisfying the different three-point boundary conditions,

aii(tr) — Biy;(t1) = 0 and yiyi(ts) + 6iy; (ts) = yi(t2), 1 < i <n, (2)

where 0 < t1 <ty <t3, a; > 0,08, > 0,7 >0 and §; > 1 are real numbers, for 1 < i < n.
We assume the following conditions hold throughout the paper:

(A1) f; : RT — R is continuous, for 1 < i < n,

(A2) p; : [t1,t3] — RT is continuous and p; does not vanish identically on any closed

subinterval of [t,t3], for 1 <i <n,
(A3) a; > 0,8, >0,v >0,6 >1and v > ijff‘g)%, for 1 <i<n,
(A4) each of

(1)

fio = lim filz) and fioo = lim L(w)’
x—07t x T—00 €T

for 1 < i < n, exists as positive real number.
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Recently, the existence of positive solutions for the system of differential equations with
multi-point boundary conditions have been studied by many authors due to their striking
applications to almost all area of science, engineering and technology. In 2007, Henderson
and Ntouyas [6] established the existence of positive solutions for the system of n*® order
differential equations,

w™ () 4+ Xa(t) f(u(t)) =0, 0<t <1,
o™ () + Ab(t)g(u(t)) =0, 0 <t <1,
satisfying the three-point nonlocal boundary conditions,
w(0) = 0,4/ (0) = 0, - -, u™2(0) = 0, u(l) = au(n),
U(O) - 0,’[/(0) - 07 T U(n_Z)((D = 07 ’U(l) = 0‘”(77)7
where 0 << 1and 0 < an® ! < 1.

In 2008, Henderson, Ntouyas and Purnaras [7] deals the existence of positive solutions
for the system of second order differential equations,

u”(t) + Xa(t) f(v(t) =0, 0<t <1,
V() + Xb(t)g(u(t) =0, 0 <t <1,
satisfying the three-point boundary conditions,
u(0) = Bu(n), u(l) = au(n),
v(0) = Bu(n), v(1) = av(n),
where 0 <7 <1,0<a<,0<f8< 20
[8] in references) studied the existence of positive solutions for the system of second order
differential equations,

, and also in the same year, same authors, (see

u”(t) + Xa(t) f(v(t) =0, 0 <t <1,
V() + pb(t)g(u(t)) =0, 0 <t <1,
satisfying the four-point boundary conditions,
u(0) = au(§), u(l) = Bu(n),
v(0) = aw(§), v(1) = Bu(n),

where 0 < £ <n<1,0<a,8 < 1.

Till now in the literature, the authors established results for the existence of positive
solutions for the system of two differential equations satisfying the same boundary condi-
tions. We wish to extend these results to system of n differential equations satisfying the
different boundary conditions.

The rest of the paper is organized as follows. In Section 2, we construct the Green’s
function for the homogeneous problem corresponding to (1)-(2) and estimate bounds for
the Green’s function. In Section 3, we determine the eigenvalues for which there exist
positive solutions of the boundary value problem (1)-(2) by using Guo—Krasnosel’skii fixed
point theorem for operators on a cone in a Banach space. Finally as an application, we
give an example to illustrate our result.

2. GREEN’S FUNCTION AND BOUNDS

In this section, we construct the Green’s function for the homogeneous problem corre-
sponding to (1)-(2) and estimate bounds for the Green’s function.
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Let G;(t,s) be the Green’s function for the homogeneous boundary value problem,
—y; (1) =0, t€ [t ts], (3)

a;yi(t1) — Biyi(t1) = 0 and ~yi(ts) + diy;(ts) = yi(ta), (4)
for1<i<n.

Lemma 2.1. Let d; = ay[vi(ts —t1) +6; — 1]+ Bivi #0, 1 <i <n. Then, for 1 <i <mn,
the Green’s function G;(t,s) for the homogeneous boundary value problem (3)-(4) is given
by
G Gii(t,s), t1 <s<t<ty<lts,
e =3 Galts), i <t<s<t <t

Gis(t,s), t1 <t<ty<s<ts,

Gt Gia(t,s), t1 <ty <s<t<ts,
teints] = § Gis(tys), t <t2 <t<s<t
Gis(t,s), t1 <s<ty<t<ts,

where
Gil(t, 8) :f[ai(s — tl) + ,Bi”’yi(tg — t) +6; — 1],

(2

QU — &~

Gia(t,s) =—[ai(t —t1) + Bi][yi(ts — s) + 0 — 1],

(2

Gis(t, s) :;i[ai(t —t1) + Bil[vi(ts — s) + &),
Gia(ty s) =—[(ails — 11) + B5) (v(ts — £) + 6:) + vt — s)],

&

& —

Gis(t, s) == [t — t1) + Bil[vilts — ) + dil,

(2

1
G26(t7 8) :d

%

[Ozl'(s —t1) + ,31”%‘@3 —t)+0; — 1].
Lemma 2.2. Assume that the condition (A3) is satisfied. Then, for 1 < i < n, the
Green’s function G;(t,s) of (3)-(4) is positive, for all (t,s) € (t1,t3) x (t1,t3).

Proof. By simple algebraic calculations, we can easily establish the positivity of the Green’s
function. g

Lemma 2.3. Assume that the condition (A3) is satisfied. Then, for 1 < i < n, the
Green’s function G;(t,s) in (5) satisfies the following inequality,

kiGZ‘(S,S) < Gz(tvs) < Gi(378)7 fOT’ all (t7 8) € [t17t3] X [t17t3]7 (6)
where
k; = min % — 1 , bi <1
Yi(ts —t1) +0i — 17 itz —t1) + Bi

Proof. For 1 <i < n, the Green’s function G;(¢, s) is given in (5). In each case, we prove
the inequality as in (6).

Case 1. For t1 < s <t <ty <ts,

Gi(t,s)  Gult,s)  7yilts—1t)+0; —1 1
Gi(s,5)  Gals,s)  ilts—s)+0 -1~
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and also
Gi(t,s) Gi(t, s) vi(ts —t) +9; — 1 S o0; — 1

Gi(s,s)  Gals,s)  7ilts—s)+0—17 yilts—t1)+6 — 1

Case 2. For t] <t <s <ty <tg,

Gi(t,s) . Gig(t, S) . Oéi(t—tl) +,67, <1
Gi(s,s) a Gia(s, s) a ai(s—t1)+ B —

and also
Gi(t,s)  Gilt,s) ot —t1)+ 5 S Bi
Gi(s,s)  Gia(s,s)  ai(s—t)+Bi — ailts—t1) + B

Case 3. For t; <t <ty <s<ts,

Gi(t,s) _ Gas(t,s) _ ailt —t) + 5 _ 1
Gi(s,s)  Gis(s,s)  ai(s—t1)+ 8 ~

and also
Gi(t,s) _ Gis(t,s) _ ai(t—t1) + i S Bi
Gi(s,8)  Gis(s,s)  ai(s—t1)+ 8 — ai(ts—t1)+ 6i
Case 4. For t1 <ty <s<t<tg,
Gi(t, S) . Gi4<t, S) B [ai(s — tl) + ﬁi”’)@'(tg — t) + (51} + Ozi(t — 8)

Gi(s,5)  Guls,s) [ai(s — t1) + Bil[vi(ts — s) + 9]
< Yi(ts —s) +0;

=1
~ itz —s) + 9

and also
Gi(t,s) _ Gilt,s) _ ei(s —t1) + Billvi(ts — t) + 0] + ai(t — s)
Gi(s,s)  Gials,s) [ai(s = t1) + Bi][vi(ts — s) + 6i
0; — 1

> :
its —t1) +6i — 1

Similarly, we can easily establish the inequality, when the Green’s function G;(t,s)
Gis(t,s) and G;(t,s) = Gis(t, s) as in case 3 and case 1 respectively. Hence the inequality

(6)-

Lemma 2.4. Assume that the condition (A3) is satisfied. Then, for 1 < i < n, the

Green’s function G;(t,s) in (5) satisfies the following inequality,
Gi(t,s) > kGi(s,s), for all (t,s) € [t1,t3] x [t1,1t3],
where k = min{ky, ko, -, kn}.

We note that an n-tuple (y1(t),y2(t),- - -, yn(t)) is a solution of the boundary value

problem (1)-(2) if and only if
t3 t3

y1(t) =\ G1(t,s1)p1(s1)f1 <)\2 Ga(s1,52)pa(s2) - -

t1 t1

Jn-1 <)\n

t3

t1

t3

yi(t) =\ Gi(t7 s)pi(s)fi(yi+1(s))d‘97 2<i<n, te [tlvt?)]?
t1

Gn(snfla sn)pn(sn)fn(yl (Sn))d5n> te d52) d81, te [tl,tg],
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where
Ynt1(t) = y1(t), t € [t1,t3].

To determine the eigenvalues for which the boundary value problem (1)-(2) has at least
one positive solution, we will employ the following Guo—Krasnosel’skii fixed point theorem.

Theorem 2.1. Let X be a Banach Space, £ C X be a cone and suppose that (21, are
open subsets of X with 0 € Q1 and Q1 C Qq. Suppose further that T : kN (Q2\Q1) — K is
completely continuous operator such that either

(i) [|Tu]| < JJull, v € kNI and |[Tul| > ||lu|l, v € kN ON, or
(ii) [|[Tul| > |lu|, v € kNI and ||Tul| < ||ul|, v € kN INy holds.

Then T has a fized point in kN (Q2\Q1).

3. POSITIVE SOLUTIONS IN A CONE

In this section, we establish criteria to determine the eigenvalues for which the boundary
value problem (1)-(2) has at least one positive solution in a cone.
For our construction, let B = {z | x € C[t1,t3]} be a Banach space with the norm

x| = sup |z(t)].
te(t1,ts3]

Define a cone P C B by

P = {a: € Blx(t) >0on [t1,t3] and min z(t) > kaH},

te[tl,tg,]

where k is given in Lemma 2.4.
Now, we define an integral operator T': P — B, for y; € P, by

t3 t3
Ty, (t) =M\ G1(t, s1)p1(s1) f1 (>\2 Ga(s1,52)pa(s2) - -
t1 t1
t3

faet (M [ Gulsumr,su)pa(s) falya (s0))dsn) - - dsa )dsi.

t1
Notice from (A1), (A2) and Lemma 2.2 that, for y; € P, Tyi(t) > 0 on [t1,t3]. Also, for
y1 € P, we have from Lemma 2.3 that

t3 t3

Tyi(t) < M G1(s1,s1)p1(s1) f1 (>\2 Ga(s1,82)pa(sa) - -

t1 t1

t3
fnfl </\n Gn(snfly Sn)pn(sn)fn(yl (Sn))dsn) te d52>d51
t1
so that
t3 t3
| Ty1]] < A\ G1(s1,81)p1(s1)f1 <)\2 Ga(s1,52)p2(s2) - -
t t
1 1 (8)
t3
fn—l ()\n Gn(sn—la Sn)pn(sn)fn(yl(sn))d3n> cot d32>d31-

t1
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Next, if y; € P, we have from Lemma 2.4 and (8) that

t3 t3
min Ty;(t) = min A\ G1(t, s s A Go(s1,s S9) - .-
oo y1(t) te[tl’ts}{ 1 . 1(t, s1)p1( 1)f1< 2 ; 2(s1, $2)p2(s2)
t3
fnfl (An Gn(snfla Sn)pn(sn)fn(yl (Sn))dsn) ce dSZ) dsl}
t1
t3 t3
> Mk | Gi(s1,51)pi(s1)f1 ()\2 Ga(s1,82)pa(s2) - -
t t
1 N 1
fn—l <An Gn<3n—17 Sn)pn(sn>fn(yl <3n))d3n) te d52) dsy
t1
> k|| Tya]|-

Hence, Ty; € P and so T : P — P. Further, the operator T is completely continuous
operator by an application of the Ascoli-Arzela Theorem.

Now, we seek suitable fixed points of T belonging to the cone P. For our first result,
define positive numbers M; and Ms by

s —1
M; = max {[kﬁz t Gi(sus)pi(s)dsfioo] }
t1

and

M3y = min { [ ; Gi(373)pi(s)d3fi0] _1} :

t1

Theorem 3.1. Assume that the conditions (Al)-(A4) are satisfied. Then, for each A1, A, -
-, Apn satisfying

My < Xj <M, 1<j<n, 9)

there exists an n-tuple (y1,y2, - - -, yn) satisfying (1)-(2) such that y;(t) > 0,1 <j <n, on
(t1,t3).

Proof. Let A\j, 1 < j < n, be given as in (9). Now, let € > 0 be chosen such that

max {{zﬂ ’ Gi(s,8)pi(8)ds(fino —e)]l} < min )

1<i<n t1 T 1<j<n

and

max A; < min H . Gi(s,s)pi(s)ds(fio—f-e)]1}.

1<j<n”? Tasise | Ly,

We seek fixed points of the completely continuous operator T : P — P defined by (7).
Now, from the definitions of f;5, 1 < ¢ < n, there exists an H; > 0 such that, for each
1<1<n,

filx) < (fio+€)z, 0 <o < Hy.
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Let y1 € P with ||y1]] = Hi. We first have from Lemma 2.3 and the choice of ¢, for
i1 < sp—1 < t3,
t3 t3

An ) Gn(sn—la Sn)pn(sn)fn(yl (Sn)>d5n <A ) Gn(sm Sn)pn(sn)fn(yl(sn))dsn
t3
< )\n ) Gn(3n7 Sn)pn(sn)(fno + 6)3/1 (Sn)dsn

t3
<A Gn(Sny 50)Pn(8n)dsn(fro + €)|y1]]
t1
< |lyall = Hu.
It follows in a similar manner from Lemma 2.3 and the choice of € that, for t; < s,,_9 < t3,
t3
)\nfl anl(snf% snfl)pnfl(snfl)
t1
t3
fn—l (An Gn(sn—la Sn)pn(sn)fn (yl (Sn))dsn)dsn—l
t1
t3
< A1 Gn—1(8n—1,5n-1)Pn—1(8n—1)dsn—1(frn-1,0 + €) Hy
t1
< H;.

Continuing with this bootstrapping argument, we have, for t; <t < t3,
t3 t3

A G1(t,s1)pi(s1) f1 ()\2

t1
so that, for t; <t < t3,

Gals1,s2)pa(52) -+ falyr (s0))dsn - - dsa ) dsy < H,

t1

Tyl(t) S Hl.
Hence, [|[Ty1|| < Hi = ||y1]|. If we set
0= {JI eB ’ HacH < Hl},
then
[Tyl < [lyall, for yr € PN O (10)

Next, from the definitions of fiso, 1 < i < n, there exists Hy > 0 such that, for each
1<1<n,
fi(x) > (fico — €z, © > Ha.
Let

H
Hy = max {2H1, ?2}
Choose y; € P and ||y1|| = H2. Then,

min yy(t) > kljy1|| > Ho.
te(t1,t3]
From Lemma 2.4 and choice of ¢, for t; < s,_1 < t3, we have that

t3 t3
)\n Gn(snfla 5n>pn(5n)fn(yl(5n))d5n > k)\n Gn(sna Sn)pn(sn)(fnoo - €)y1(5n>d5n

t1 t1

t3
> k2)\n Gn(Sns 5n)Pn(8n)dsn(freo — €)[ly1]]
t1

> ||yl = Ho.
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It follows in a similar manner from Lemma 2.4 and choice of ¢, for t; < s,_9 < t3,

t3
)\n—l Gn—l(sn—Qy Sn—l)pn—l(sn—l)
t
1 N
fn—l <)\n Gn(sn—la Sn)pn(sn)fn (yl(sn))d5n> dsn—1
t
1 N
> k>\n71 anl(snfla Snfl)pnfl(snfl)dsnfl(fnfl,oo - E)HQ
t
1 N
> k*Ap—1 Gn—1(Sn—1, Sn—1)Pn—1(8n—1)dSn—1(fn—1,00 — €)Ho
t1
> Hs.

Again, using a bootstrapping argument, we have
t3 t3

Al G1(t, s1)pi(s1) f1 ()\2

t1
so that

Ga(s1,52)p2(s2) - - fu(yi(sn))dsy - - - d52>d31 > Ho,

t1

Ty.(t) = Hy = |-
Hence, ||Ty1]| > |Jy1]- So, if we set
Qg ={z € B||lz]| < Ha},
then
[Tyull = [lysll, for y1 € PN OQy. (11)

Applying Theorem 2.1 to (10) and (11), we obtain that 7" has a fixed point y; €
PN (022\01). As such, setting y,+1 = %1, we obtain a positive solution (y1, 92, - -, yn) of
(1)-(2) given iteratively by

t3

yj(t) = )‘j . Gj(t7 S)pj(s)fj(yj+1(8))ds, Jj=nn—1,---1

The proof is completed. ]
Prior to our next result, we define the positive numbers M3 and M, by
t3 -1
M3 = max [k2 Gi(s, s)pi(s)dsfio}
AN th

and

M, = min { [ ! Gi(s, 3)pi(s)d3fioo:| _1} :

Theorem 3.2. Assume that the conditions (Al)-(A4) are satisfied. Then, for each A1, Aa, -
-, Ap satisfying

Mz < Xj <My, 1 <j<n, (12)
there exists an n-tuple (y1,y2, - -, yn) satisfying (1)-(2) such that y;(t) > 0,1 <j <n, on
(t1,t3).

Proof. Let A;j, 1 < j < n be given as in (12). Now, let € > 0 be chosen such that

1<i<n 4 1<j<n

max {[k2 ’ Gi(s, s)pi(s)ds(fio — 6)} _1} < min )\
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and

1<j<n 1<i<n t

t3 —1
max A\; < min { [ Gi(s, 8)pi(s)ds( fioo + e)] } )
Let T be the cone preserving, completely continuous operator that was defined by (7).
From the definitions of f;p, 1 < i < n, there exists H3 > 0 such that, for each 1 < i < n,
fi(x) > (fio— )z, 0 < < Hs.

Also, from the definitions of fi, it follows that fio(0) =0, 1 <i < n, and so there exist
0< K, < K,,_1 <---< Ky < Hg such that

Ki_ ‘
Nifi(t) < — ! L te[0,K), 3<i<n,
1 Gi(s, s)pi(s)ds
and B
H
Aafa(t) < L , t € [0, Ko).

)i Ga(s, 9)pa(s)ds
Choose y; € P with ||yi|| = K,,. Then, we have
t3 t3

An, (;n(sn—l’Sn)pn(sn)fﬁ(yl(sn))dsn SgAn, (;n(snaSn)pn(sn)fﬁ(yl(sn))dsn

t1 t1
fttf Gn(Sny sn)pn(Sn) Kn-1dsy,

1Z§(;n(3nasn)pn(3n)d3n

= Np-—1.

Continuing with this bootstrapping argument, it follows that

t3 t3 J—
A2 Ga(s1,52)p2(s2) fo ()\3 G3(s2,83)p3(s3) - - fu(y1(sn))dsn - - - d83>d82 < Hs.
t1 t1
Then,
t3 t3
Ty (t) =\ G1(t,s1)pi(s1) fr (Az Ga(s1,52)p2(s2) - - fu(yi(sn))dsy - - - dsz) dsy
t1 t1
t3

> k%M G1(s1,51)p1(s1)(fr,0 — €)lly1lldsy

t1
> [lyall-

So, [|[Ty1|l = ||yl If we put
Q3 ={x € B||z|] < Ky},

then
[Ty1ll > |lysll, for y1 € PN OSQys. (13)

Since each f;o is assumed to be a positive real number, it follows that f;, 1 <i < mn, is
unbounded at oo.
For each 1 < ¢ < n, set
fi(x) = sup fi(s).
0<s<z
Then, it is straightforward that, for each 1 < i < n, f* is a nondecreasing real-valued
function, f; < f and

hn1 Zi&gz::(ﬂoo.
T—00 T
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Next, by definition of fjso, 1 < i < n, there exists H4 > 0 such that, for each 1 < i < n,
fi (@) < (fio + €2, © > Hy.

It follows that there exists Hy > max{2H3, H4} such that, for each 1 <i < n,
i (z) < fF(Hy), 0 <z < Hy.

Choose y1 € P with ||y1|| = Hs4. Then, using the usual bootstrapping argument, we
have
t3

Tyi(t) =\ Gi(t,s1)p1(s1)fi(Ae - -+)dsy

t1

t3
< )\1/ G1(t,s1)p1(s1)f1 (A2 - -)ds
t1
t3

<A1 [ Gi(s1,81)pi(s1) f1(Hy)dsy
t1
t3

<A\ t G1(s1,51)p1(51)ds1(freo + €)Hy
|
< Hy = [yl
Hence, || Ty1]| < ||ly1]]. So, if we let
Qu ={z € B|||z|| < Hs},
then
[Ty1]l < [[yall, for y1 € PN OQy. (14)

Applying Theorem 2.1 to (13) and (14), we obtain that 7" has a fixed point y; €
P N (Q4\Q3), which in turn with y,11 = y1, yields an n-tuple (y1, 2, - -, yn) satisfying
(1)-(2) for the chosen values of \;, 1 < i < n. The proof is completed. O

Example 3.1. Let us consider an example to illustrate the above result. Take n = 3,1 =
O,ts =21 ts=1a1=2,81=1,m=4,6=3,a0=1,0=2,79=3,00 =4,a3 = 3,83 =
Lys =403 = 2,p1(t) = p2(t) = p3(t) = 1 and

f1(y2) = y2(800 — 795.5¢72)(900 — 899.5¢~2¥2),
fa(ys) = y3(1400 — 1398.5e3¥3)(600 — 596.5¢43),

f3(y1) = y1(2000 — 1997.5¢241)(260 — 258.5¢*¥1).
The Green’s functions Gi(t,s), for i =1,2,3, in Lemma 2.1 is

( Galt,s), 0<s<t<i<l,

o = Golt.s), D<t<s<li<i,
2 Gis(t,s), 0<t<3$<s<l1,
Gi(ta S) =
GMLQ,O<§§s§t§L
fei[(fj)] —{ Gislt,s), 0<l<t<s<l,
¥ Gis(t,s), 0<s<1<t<l,
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where
Gt s) :%[25 +1)[6 — 41], Gia(t, s) — %[zt +1[6 — 4],
Chs(t, ) z%[zt F1)[7 — 4s], Gua(t, s) = %[(25 +1)(7 — 48) + 2(t — 9),
Grs(t, ) :%[Qt +1)[7 — 48], Grg(t, ) = 1%[23 +1)[6 — 41,
Gon (1, 5) :%[s + 96 — 1], Gt 5) = %2[:5 + 26 — 3],
G (t, 5) :%[t 497 — 3], Gaa(t, ) = %2[(3 (T 3t)+t— s,
Cos(t, ) =1+ 2[7 — 3], Giolt, ) = —o[s+ 26— 31]
Gt (t, ) :%[33 1[5 — 4], Gaa(t, s) = %[Bt +1)[5 — 4s),
Gas(t, ) :%[3t +1[6 — 45), Gaa(t, ) = %9[(33 +1)(6 = 48) +3(t — 8],
Gas(t, ) :%[315 +1[6 — 45), G (t, ) = 1%[33 + 1[5 — 41).

From Lemma 2.4, we get k = % We found that

F1o0 = 2.25, fao = 5.25, f30 = 3.75, fiee = 720000, faso = 840000, f30c = 520000,
M; = max{0.00001129943503, 0.00002886002886, 0.00011242603},

and
My = min{0.8284789644,0.184704184,0.6235897436}.

Employing Theorem 3.1, we get an eigenvalue interval 0.00011242603 < \; < 0.184704184,
i =1,2,3, for which the boundary value problem (1)-(2) has a positive solution.

4. CONCLUSION

We derived sufficient conditions for the existence of positive solutions for the iterative
system of second order differential equations satisfying the general three-point boundary
conditions. We determine the eigenvalue intervals of the parameters for which the three-
point boundary value problems possess a positive solution.
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