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ABSTRACT

This paper deals with the spectral analysis of elastic waveguides shaped like an infinite cylinder
with a bounded or unbounded cross section. Note that waveguides with bounded cross sections were
studied in the framework of the operator and operator pencil theory. In this paper we extend this
theory on elastic waveguides with a unbounded cross section. The problem reduces to the spectral
theory of a one-parameter family of unbounded operators. The spectral structure, the asymptotics
of the eigenvalues, comparisons between the solutions of different problems and the existence of
special guided modes for these operators are the main questions that we study in this paper. We use an
operator approach to solve these problems, and on the basis of this approach, we suggest alternative
methods to solve spectral problems arising in the theory of both closed elastic waveguides and elastic
waveguides with unbounded cross sections.
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0z

Bu makalede, sinirli veya sinirsiz kesite sahip sonsuz bir silindir bi¢iminde sekillendirilmis elastik
dalga kilavuzlarinin spektral analizi ele almmistir. Sinirli kesitli dalga kilavuzlar operator ve
operatdr demet teorisi ¢ercevesinde calisilmistir. Bu ¢aligsmada, bu teori sinirsiz kesite sahip elastik
dalga kilavuzlari tizerine genigletilmistir. Problem, sinirsiz operatorlerden olusan tek parametreli bir
operator sinifinin spektral teorisine indirgenmistir. Spektral yapi, 6zdegerlerin asimptotik davranislari,
farkli problemlerin ¢oziimleri arasindaki kargilagtirmalar ve bu operatorler i¢in 6zel dalga ¢oziimiiniin
varli81 burada caligilan ana konulardir. Bu problemleri ¢ozmek igin bir operator yaklagimi kullanilmig
ve bu yaklagima dayanilarak, hem kapali elastik dalga kilavuzlarinin hem de sinirsiz kesitli elastik
dalga kilavuzlarinin teorisinde ortaya ¢ikan spektral problemleri ¢ozmek icin alternatif yontemler

onerilmistir.
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1 Introduction and Preliminary Facts

The main subject of this paper is the wave solutions
of the elastodynamic equation in the following
form, and the related spectral problems (here, we
follow the notation of [6]):
{div o(U) = p 82U /ot?
o(U)i=0 on 84,

in Q,

(1.1)

where t € R, 7is the normal vector,

Uy
v= (U)
Us

U: = U(xq,x3,%3,t) and

(%1, %3, %3) € Q: = {(x1, %5, %3) € R3:x = (x1,x,) € Q}.
Throughout this paper, Q = Q, U 0, where 0O is
a bounded connected open set with a smooth
boundary such that O c {x € R%:x, > 0} and
Q = {x € R%:x, < 0} (see Figure 1). a(U) is the
stress tensor, defined by

0;;(U) = Adiv(U)é;; + g(U;; + U; ),

where &;; denotes the Kronecker symbol and

U;; = dU;/9x; (see [6, 8]).

In what follows we will consider unbounded
waveguides described in the following figure.

o,

Fig 1. A bounded deformation of the half space

Wearelooking for wave solutionsto(1.1)inthe form

Uy (%1, X2)
Uy (x4, X3) eiloxs—wt)
uz(x1,X2)

i
keC,w e C and u € H(Q)3 ,which denotes
the Sobolev space of three-dimensional vector
fields (see [1]). We are particularly interested
in solutions with real and positive k and w.
By inserting this particular solution into (1.1)
and following the notation of [6], we obtain the
following system of equations in vector form:
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(A(divew) +2pu 1), + (U2, 4 222

Uy
2B, + Adivean) + 2pua)s + R2U(REED) | = w2 (u:).
U3,1—kuy U3z —kuz. N u:
2T 4 2, — k(A divian) + 2pkus) ’
(1.2)
where
Uy
u=|(uz ),
Uz
divpu =uyy +uy, +kus, A1=1/§ and

u = fi/p. This system allows us to rewrite (1.1) in

the form
{—div,‘; o*(w) =w?u in Q, (1.3)
¥V =0 on 99,
where
A(diview) + 2pu, 4 Zuu“:# Zuw

uz2—kuz

A(diviu) + 2uu,, Z“T
A(diviw) + 2pkus

k - uzatuin
k() = Z“T
Uz —kuy

uga-kuz
2 p

2u 2u

V1
V= (vz)
0
is the normal vector, divj a®(u) is equal to the
left-hand side of (1.2), and the asterisk indicates a
minus sign in front of A(div, u) + 2pkus in the third

line of (1.2). The entries of the matrix a*(u) can
be written in the following form:

ol (u) = A(divy u)é;; + 2pef;(w),
where Sikj (u) are the entries of the matrix

Ugp+Uzq Uz 1—kug
Ui e
2 2

UzatUa u Uz 2—kuy
2 22 2

Uz, —kup

gk =

Uz,1—kuq ku
2 2 3
Note that
eigenvalue
we fix k

problem (1.3) is a two-parameter
problem. Throughout this paper,
and study the eigenvalue problem
(1.3) with respect to w2 . The main question
studied in this paper is this: for what values
of the parameter w2 do there exist nontrivial
solutions to problem (1.3) for a fixed k € R ?

In addition to problem (1.3), the following
Dirichlet and Neumann-type boundary value
problems will be considered as auxiliary problems:

{—div,‘; ok w) = w?u (1.4)
u|aa = 0' .

in O,

and

—div} o¥(w) =w?u in 0, (1.5)
d*WV =0 on 80 (free boundary).
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These problems are useful for studying problem
(1.3) via comparison. The solutions to problems
(1.3), (1.4) and (1.5) have to be understood in the
weak sense. Below, we give exact definitions of
these solutions.

In what follows, the main space for all the
problems that we study will beL?2(Q)* , and (.,.)
denotes the scalar product in this space. We shall
also use energetic spaces, which are specifically
defined for given problems. For example, the
energetic spaces for problems (1.3),

(1.4) and (1.5) are H1(Q)3 ,H§(0)® and HE(0)®
respectively.

Let us first consider problem (1.3). By applying
Green’s formula to (1.3) and using the boundary
condition ¢*(w)¥ = 0, x € 8Q, we obtain

—(divio*(w),v) =

2+ Uz

. - u, - Ugy — ki
= | [Adivew) + 2uuy, 5y dx + 21 e =2 | Sk dx
a o a

+ —k
+z,¢J w% dx +f [Adivew) + 2uuy ], , dx — z#f yk@ dx
n a a

—k — ki
+z,¢j %BD dx + Zuf "1272“2532 dx +f [A(divicu) + 2k KTy dx
a a a

- fan ok(Wv.vdx =21 fn divyu divgy dx + 2u fn sf‘j(u) siEj(v) dx.

This formula allows us to define the Friedrichs
extension of the symmetric (for real k) operator
-divy o%(u) from the initial domain
D = {ulu € C2(Q)3, ok (w)¥ = 0, x € 3Q} to H1(Q)3
in the following way: the Friedrichs extension of
the operator given in problem (1.3) is the operator
(more precisely, the operator pencil) L(Q;k)
defined on H3(Q)3 c L,()3 and associated with
the bilinear form _
(L k), v):= A f, div u divg v dx +2u [, ) efi(v) dx,
(1.6)
where u,v € H'(Q)3. In what follows, we shall use
the notation L(k): =L (2;k). We note that
L*(k) = L(k), i.e, L(k) is a self - adjoint operator
pencil (see [19]). In particular, it is self-adjoint when
considered as an operator for each fixed real k.

We can define the Friedrichs extension of the
operator given in problem (1.4) in the same way. This
extension is the operator (or operator pencil)

Lo (0; k)defined on H}(Q)3 < L,(Q)3and associated

with the bilinear form o

(Lo(0; K)u, v): = A [, divy udivg v dx + 2u [ £l (u) e (v) dx,
(1.7)

where u, v € H}(0)3.

Finally, the operator L(O;k) associated with problem

(1.5) is defined by the bilinear form

(L(0; K)u,v): = A [, divy, u divg v dx + 2y [, £k (w) e?j(v) dx,
(1.8)

where u,v € H'(0)3.The two operators Ly (0; k) and

L(O;k) are also self-adjoint for real k.

Throughout this paper, the solutions to problems
(1.3), (1.4) and (1.5) are defined as the weak solutions
(i.e., solutions for extended operators) given by the
following definitions.

Definition 1.1 A function u#0 is a solution to
problem (1.3) ifu € H*(Q)3and L(k)u = wu.
(1.9)
Definition 1.2 A function u#0 1is a solution to
problem (1.4) if if u € H}(0)? and Lo(0; k)u = w?u.
(1.10)
Definition 1.3 A function u#0 is a solution to
problem (1.5)if w € H1()3and L(0; k)u = w?u.
(1.11)
Thus problem (1.1) leads us to spectral problems for
the operators L(k), L,(0; k) and L(O;k). Next, we
define some spectral sets that we need for further
investigation.
Let T be a closed operator defined on a dense
subspace of a Hilbert space H. We define the
following spectral sets:

*p(T) ={A € C|(T — Al)~* € B(H)} (the resolvent set),
where B(H) denotes the space of all bounded
operators in H;

*a(T) = C\p(T) the spectrum);

* 0,(T) = {4 € C[Ker(T — A1) = 0} (the point spectrum);

e g,(T) = {A € C[R(T = ) = R(T — A1)}
(the continuous spectrum).

Note that we have used the definition of the
continuous spectrum @, (T) given in Birman and
Solomyak’s book ([3]), which is slightly different
from that given in almost all of the literature on
functional analysis. However, it is more convenient
for studying perturbation problems. In particular,
with this definition, some eigenvalues may belong
to a.(T) . Moreover, for normal operators, &,(T)
consists of the nonisolated points in @, (T)

(see [3], Chapters 3 and 9).

At this point we should note that the problem of
the existence of nonisolated eigenvalues in o.(L(k))
for a fixed k is an open problem in elasticity theory
(see [6, 8]).

The essential spectrum (of a self-adjoint operator)
is another subclass of ¢ (T, which is defined as

ess(T) = a.(T) U a°(T),

where ¢5°(T) denotes the set of eigenvalues of infinite
multiplicity.
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The following fact is often used as an alternative
definition of the essential spectrum: a pointA belongs
to Ogss(T) if and only if there exists a singular
sequence for T at A ([3], p. 207, Theorem 2). We
recall the following definition.

Definition 1.4 A sequence u, € H is said to be
singular for a self-adjoint operator T at a point Aif the
following conditions are satisfied:

@ lu, =1, n=123,..;

(b) un € D(T);
(c) u, = 0 weakly in H;
(d) (T - Du, - 0.

This paper consists of the present introduction and
three further sections. In Section 2, we study closed
waveguides (waveguides with bounded cross
sections) and their eigenvalues in detail. Section 3
is devoted to waveguides with an unbounded cross
section Qy U 0. A triangular deformation of the half-
plane £ is considered separately in this section. An
inverse eigenvalue problem and some methods for its
solution are considered in Section 4.

Note. In this paper, we use operator theory to present
some general results in the framework of elastic
waveguides with an arbitrary unbounded cross
section Q, U 0. However, by choosing special forms
of O, such as rectangular, cylindrical and triangular
deformations, and special vector fields, one can
obtain more specific and concrete results

(see [2, 6, 8, 15, 14] and references therein.)

2 Eigenvalue Problems in Bounded Domains

The main concern of this section is problems (1.10)
and (1.11) in a bounded domain O. Actually, the
central problem is problem (1.9) in an unbounded
domain €, where Q = Q, u 0 However, to study this
problem we need the structure of the eigenvalues of
problems (1.10) and (1.11) in bounded domains. By
using (1.8), we can write

L(0;k)u = Au + kBu + k*Cu, u € H*(0)3,

where the operators A, B and C are defined by their

bilinear forms as follows:

(Au,v) = A [, (g + p2) Py + Pp2) dx + 20 [ (101 + U2 T2) dX

i f [z + 1) @rg + Tp) + Uy B + Us 2 ¥s5] dx, (2.1)

(Bu,v) = A [, [(ur,1 +Up2)¥s + U3 (@11 + Py0) dx — o f, [u5,1¥1 + w,73,4] dx

—H fg [us 2V, + upvs,] dx (22)

and

(Cu,v) = (A +2p) fo uzVzdx + p fo (uy 75 + u,v,) dx,
(2.3)

forall u,v € H*(0).

In the same way, we may rewrite the operator

Lo (0; k) in the form

Ly(0; k)u = Au + kBu + k2Cu, u € H}(0)3.
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Our further study is based on some properties of
the operators A, B and C, which are given in the
following theorem (see [21], Section 35, and [17]).

Theorem 2.1 The operators A, B and C have the
following properties in the space L2(0)3:

(I) A is a self-adjoint, nonnegative operator such
that (A + 1)~ € S, and H(0) = D((A + D?),
where S is the set of all compact operators in L2(0)3.
(II) C is a bounded and positive definite operator.
(IIT) The operator B is symmetric, and
(A+D™Y2BA+1)"Y? €S,. In particular, this
condition means that D((4 + I)*/2) c D(B).
IV)(A+ D™ 'BE€S,.

Additionally, the operator A is positive definite in
H(0), ie., (Au,w) = 8(u,w) for some s > oand for all
u € H(0).

Theorem 2.1 means that all of the operators A,B
and C are well defined on the energetic space
H =D((A+ D"?).In particular, the operator A is
extended on D((4 + 1)*/?) in the following way:
(Au,v) = (A + Du,v) — W v):= (A + DYy, (4 + DY) - (w,v),
where u,v € D((4 + )/?).

Theorem 2.2 For all k€ C, the spectrum of the
operator L(O:k) is discrete, i.e., o(L(0;k)) consists
of isolated eigenvalues of finite multiplicity with a
possible concentration point at infinity.

Proof. It follows from Theorem 2.1 that the operator

L(0; k) —w?I is invertible if and only if

(A +D™Y2(L(0; k) — wI)(A + I)~Y/2 isinvertible.

On the other hand,

A+ D)~Y2(L(0; k) —wiD)(A + )™V/?

=1-((A+D P —k(A+D7Y2B(A+1)7/?

+2(A+D)TV2CA+ )Y —w2(A+ D!

=1-Tk)-w2(A+D7?,

where the operators T(k)and (A + I)~* are compact.

It follows from this equality that the spectrum of the

operator L(O:k) is discrete (see [19], Theorem 17.3).
Now we establish a relation between the asymptotic

behaviors of the eigenvalues of the operators A

and L(O;k) for a fixed real k. By Theorem 2.2, the

spectrum of the operator L(O;k) is discrete, i.e., it

consists of a sequence

w2(k) < wZ(k) < - < w2(k) < -

First we give the following fact, due to M. G. Krein

(see [9], Theorem 11.4).

Lemma 2.1 Let a self-adjoint operator T be given in
the form T = H(I + S), where H,S € S,,.
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If either () (I +$)~1 € B(H) or
(i) limy e (An41(H)/ 20 (H)) = 1, then

s An(T)
nh_fﬂ An(H) L
The proof of the following theorem, which is basic to
our further study, is based on Lemma 2.1.

Theorem 2.3 Let k € R be fixed and let

wi(k)}Y be the eigenvalues of the operator

L(0;k) = A+ kB + k?C. Then

(@) limy e (er(k)/ln(A)) =1

(ii) w2 (k) ~ cn?/3, for some ¢ > 0;

(iii) ) the same results hold for the operator Ly (0; k)

too.

Proof. We can rewrite L(O;k) in the following form:

LO;K)=A+DI-A+D* +k(A+D)'B+k*(A+D'C).

Suppose that 0 & Ker(L(0; k)). Then, by using the

fact that L(O:k) is self-adjoint, we obtain

LY 0sk)=(A+ D)™ M- (A+ D™ +k(A+ 1) B+K*(A+ D7 C]™

By using the notation T = L-1(0;k), H:=(A+1)~! and

I+S:=[I—(A+D+k(A+ DB+ k2(A+D71C]2,

we get T = H(I + S), where, by Theorem 2.1, the

operators T, H and S satisfy the conditions of Lemma

2.1. Hence, by Lemma 2.1 we obtain the result that
WAl _ g,

n-ooo An(4)

Finally, let 0 € Ker(L(0;k)). By Theorem 2.2, the

spectrum of the operator L(O;k) is discrete and,

consequently, there exists A4 such that L(0; k) — A1

is invertible. Therefore, by repeating the argument

that we applied in the case of 0 g Ker(L(0; k)), we

get the same asymptotic relation.

(ii) The formula w? (k) ~ cn?/® as n > o for some ¢ > 0

follows from (i) and the fact that 1,,(4) ~ cn?/3

(see [4] for details).

(iii) We can establish this statement by repeating the

arguments that we applied in the proof of (i) and (ii).

Next we give two inequalities that are useful for the

localization of spectra.

Proposition 2.1 (I) The positivity of the energy:
There exists p=0 such that
(L(O; K)u,u) = pu(u,u) for all u € HY(0)® and k € R.
(2.4)
(II) The energetic stability principle: There exist real
numbers ¢ = 0 and ¢, > 0 such that for all k € R and
all u € H}(0)3,
(Lo (0; k)u,u) = (co2k? + O)(u,u). (2.5)
Proof. We note that (2.4) follows immediately
from (1.8). Moreover, since Ker(4) = 0 (actually,
dimKer(A)=4) in the space H* (0),we obtain the result
that p=0 in (2.4).

The inequality (2.5) follows from (2.1), (2.2) and
(2.3) by using Korn’s first inequality (see [12]) in the
following form:
Il u ||§,.(o)ns C [y Xhey le @2 dx  for all u € Hi(0),
where &;(w) = (u;; + u;,;)/2.

In particular, the following corollary about the
real pairs (k,w) in 0, (Lo(0; k)) follows from (2.5).

Corollary 2.1

Let or(Lo(0; k)): = {(k,w) € RXR|3 u =0, Lo(0; k)u = w?u}.
Then:

(i) The set ag(Lo(0; k) lies inside the hyperbola

w2 —c2k? > Q.

(ii) 0,(Lo(0; k) € [{ + c3k?,+) for each k € R, i.c., 6,(Lo(0;k))
lies inside the hyperbola and on the vertical line
passing through the point (k,0).

Corollary 2.1 yields the localization for eigenvalues
of Ly(0; k) as in Figure 2.

Fig 2. The domain coﬁtaining the eigenvalues of
operator Ly(0; k) .

By Corollary 2.1, 0 € 0,,(Lo(0; k)) for all k € R.
Now our question is: for what values of k do we have
0 € 0,(L(0; k))? The answer is given in the following
proposition.

Proposition 2.2 0 € 6,,(L(0; k)) if and only if k = 0.

Proof. Evidently,

1 0 0\ /x2
Ker(4) = span{(O), (1), (0),(—751)}-
0 0 1 0

Consequently, if k = 0, then L(0;0)=A and

0 €0,(L(0;0)).. We shall now show that 0 €

0,(L(0;k)) = k=0. We consider two cases:

(a) u & Ker(4) and (b) u € Ker(4). In the case of (a),

it follows from (2.4) that

|(Bu,u)| < 2\/(Au,u)(Cu,w) for all u € H1(0)3\Ker(4).
(2.6)

On the other hand, this inequality implies that

(L(O; k)u,u) >0 for all ue€ H*(0)*\Ker(4) and k € R.
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Therefore, for any k € R, a vector u € Ker(A4) is not
an eigenvector of the operator L(O;k) corresponding
to the eigenvalue w=0. Now, let u € Ker(4). First, we
obtain from (2.4) that

|(Bu,w)| < /(Au,u)(Cu,u) for all u € H'(0)3.
Since u € Ker(4), then (Bu,u) = 0. Hence,

(L(O; K)u,u) = (Au,w) + k(Bu,w) + k?(Cu,u) = k?(Cu,u) > 0, k = 0.
Thus o e a,(L(0; k)) is possible only for k = 0.

3 The Spectrum of an Elastic Waveguide in a
Domain with an Unbounded Cross Section

3.1 Bounded Deformations of the Half-plane
and Related Perturbations for the Operator
L(Q; k)

The main subject of this section is the structure of the
spectrum of the operator L(k) that is obtained from
L(£Q; k) by abounded deformation of the half-plane
Qq,ie., & =04U0.

We also need the quantities ¢, = A+ 24, ¢ = Vi and cg,
which are called the speeds of the primary wave, the
secondary wave and the Rayleigh wave, respectively.
The speed of the Rayleigh wave is defined as the single
root in (0, cg) of the Rayleigh equation (see [20]),

41 -5 - @ - <.
p ‘s s

The following proposition follows immediately from
Definition 1.4 and the related properties of semibounded
self-adjoint operators.

Proposition 3.1 0..(L(k)) c [k*c§, +) forall k € R.

Proof. By definition, L(k) is the operator defined on
HY(Q)? c L,(2)? and associated with the bilinear form
L), v) = A [, divi u divy v dx + 2p [, £f (u) £k (v) dx,
3.1
where u,v € H1(Q)3. Hence, we can (writzz
L(k) = L(Qq; k) + L(0; k). By (3.1) and (1.8), all of
the operators L(k), L(Q; k) and L(O; k) are positive
and self-adjoint. Moreover, L(Qg;k) = k2cal in
HY(Qg) (see [6], Lemma 3), which implies that
L(k) = L(Qg; k) = k%cgI . This inequality yields
Tess(L(K)) < [k?cf, +o0).
Next we give a stronger result established in [6].

Proposition 3.2 ([6], Theorem 1) For every k € R,
Tess(L(K)) = [k*ck, +o).

A proof of this proposition was given in [6],
and for this reason we shall not give an alternative
proof. We note also that throughout this paper we
use operator and operator pencil techniques, which
are quite different from the methods that were used
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in [6] and related papers. Particularly, Proposition
3.2 may be proved by using the generalized Weyl
criterion (see [3], p. 207, Theorem 4 and [16]) and
some known facts from perturbation theory.

The generalized Weyl criterion. Let T, S be
self-adjoint operators. Suppose that for some point
Ao € p(T) N p(S) the difference of the resolvents is
compact, i.e.,

(T =)™t = (S— A7t € 04
then Tess(T) = Tess(S)-

As one can see from Proposition 3.2, the problem
of the existence of the eigenvalues and (if there are
any) their dependence on k and on the shape of
the deformation is one of the main questions in the
spectral theory of unbounded elastic waveguides.
There may be two kinds of eigenvalues: (i)
nonisolated eigenvalues in [k2c3, +o0) , as pointed
out in the introduction; and (ii) isolated eigenvalues
located strictly below k?c3.

We set

(k) = inf max M, n=1.2,..
LCHi(n)dimL:nuELuto 0 (3.2)

and

Ny (k): = Ny (L(K)) = max{n|4, (k) < A}. (3.3)
Evidently, all eigenvalues (if any) located strictly
below k?c§. are among the numbers 4, (k). Our first
observation is given in the following proposition.

Proposition 3.3 For any k € R:

(@) Ay(k) < A,(k) < -+ S A, (k) < -+ < k%cd,ie., A, (k)
either is an eigenvalue located strictly below k?c or
is equal to k2cZ, which belongs to dess(L(k)).

(®) 2,(k)is an eigenvalue if and only the infimum in
(3.2) is attained.

(¢) Ny(k) = +oo for 2 > k2c3.

(d) Ny (k) = maxdim{E|(L(k)u,u) <A | I%, u € E\{0}} for A < k?c§.
In particular, ¥z (k) = maxdim{E|(L k), u) < k23 1w 1, u € E\(O}}.

Proof.

(a) This statement follows from (3.2) and Proposition
3.2.

(b) The proof is based on the spectral expansion

L(k) = [ A dE;(k),

where E, (k) is the spectral measure for the operator
L(k), and on the fact that L(k) is a semibounded
self-adjoint operator.

(c) This follows from (3.3) and Proposition 3.2.

(d) This fact is known from the spectral theory of
self-adjoint operators (see [3]), which is also based
on the spectral expansion given above.
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Now, in addition to problems (1.4) and (1.5), we
consider the following Zaremba-type boundary value
problem (see [13] for similar problems).

Lu=w?u in 0,
The Zaremba problem: {c*(w)¥ =0 on Iy,
ulr, =0,

where 90 =T, UT, (see Figure 1). The operator
associated with the Zaremba problem will be
denoted by L,(0O; k). We denote the energetic
spaces of problem (1.4), the Zaremba problem and
problem (1.5) by #;, 3, and 33, respectively. As
mentioned in the introduction, #; = H3(0) and
Hs = H*(0).Hower H;, = {u € H*(0)|ulr, = 0}.

By Theorem 2.2, for all k € R, the spectra
of all these problems are discrete, i.e., they consist
of isolated eigenvalues of finite multiplicity with
a concentration point at infinity. We denote by
A2(0,k), A2(0,k) and 25(0,k) the eigenvalues of the
operators Ly (0; k), Lz(0;k) and L(O;k), respectively.
Then we have

b _ - L@ _
200,k) = . inf max =EOTES, n= 12,.., (34)
LeHS ©) gimp = Luzo
z _ : (Lz(Ok)uuw) —
2%(0,k) = inf max @ "= 1.2,.., (35)

LcH; UEL,
2dimL=n" u#0

L©O:Kuw)

AE0,k) = inf max = S, n= 1,2, .. (36)

LCHI(O)dimL:'nuELusﬂ
Thus, the inclusion #¢, c %, c 3¢, and (3.4), (3.5) and (3.6) yield

AE(0,k) < A2(0,k) < 12(0, k). 3.7)

Finally, the following corollary follows from (3.7),
Theorem 2.3 and the fact that 3, < H1(Q).
Corollary 3.1 (a) For each k € R,

(k) < AZ(0,k) and AZ(0,k) ~ cn?/3,

where the constant ¢ does not depend on k;

(b) forall A < k?cZ and k € R,

N£(0,k) < Ny(k) < Nf(0,k),

where N (0,k) and Nf (0,k) denote the spectral
distribution functions of the operators L,(0; k) and
L(Osk), respectively.

We recall that one of the main problems in the
spectral theory of elastic waveguides is that of the
nonemptiness of the set
Nyzg3 (k): = max{n|2, (k) < k2cg},
which is the set of all eigenvalues (if any) of the
operator L(k) located strictly below k2cZ. This is
equivalent to the existence of a guided mode with
a speed lower than the speed of the Rayleigh wave.
The obvious result is that N,fzcnzR (0,k) =0 forall k € R,
where N (0,k)is the spectral distribution function for
operator Ly (0, k). The following theorem contains such
a non-trivial result for NZ(0, k).

Theorem 3.1 There exists k* > 0 such that
NZp(0,k) =0 for k<k".

Proof. By the definition NZ(0,k) is the spectral
distribution function for the operator L,(0, k).
Then

NZ(0,k) = maxdim{E © H;|(Au,u) + k(Bu,u) + k?(Cu,u) < A}.
Hence,

Nkzzti(u, k) = maxdim{E c %,|(Au,u) + k(Bu,u) + k2((C — cd)u,u) < 0},
ie, N5 (0.5 is the number of the negative eigenvalues
of the operator

My (k): = Mz(0,k) = A+ kB + k?((C — c&I), D(Mz(k)) = H,.
Thus the set of all eigenvalues (if any) of operator
L(0, k) located strictly below k?cZ is the same
as the number of the negative eigenvalues of the
operator (Mz(k) . Now, we show that there exists
k*>0 such that if k < k* then Ny(M,(k)) = 0.
Suppose that this is not true. Then we obtain a
sequence k, - 0, k, > 0 such that

min Hzdmun) o o

H2\{0}
Therefore there exists w, € 7, Il u, 1= 1 satisfying
Mz(kn)un, un) =1, <O0.

By using the compact embedding (see [1])

H, & L,(0) we get u, »uy; =0 in L,(0).
Consequently,

im(MZ(kn)un'un) = (Mz(0)uo, uo) = (Ao, ug) < 0.
This is a contradiction to the fact that A is a positive
operator in J;.

Tl 10,

4 On the inverse dispersion relation k(w) and a
linearization method for its solution

The main target of this section is the following
inverse problem: for what values of k will the given
w? be an eigenvalue of the eigenvalue problem
L(k)u = w?u 2. So far, we fixed k and studied the
eigenvalues of the operator L(k). Actually, this
inverse problem is also the main concern of elastic
waveguides. As we have seen in the previous
sections there are may be two kind of eigenvalues for
operator L(k): i) non-isolated eigenvalues in
[k2cZ, +0), ii)isolated eigenvalues located strictly
below kZc&. Although, we were mainly concentrated
on the second case, however the existence or
non-existence of non-isolated eigenvalues in
[k2c2,+o0) is another open problem for many
cylindrically-perturbed elastic waveguides. Thus,
if we have an eigen-pair (k,w?) for the problem
L(k)u = w?u then w2 (for the fixed k) is either
a non-isolated eigenvalues in [k%c3, +o0) or an
isolated eigenvalues located strictly below kzclﬁ
Clearly, this question is a typical eigenvalue problem
for the operator pencil : Ly, (k): = L(k) — w?I.
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The quantitative analysis of this problem via
the comparison principles, as before leads to the
eigenvalue problems for operator pencils
L,,(0,k):=L(0,k) —w?I, and L%(0,k): = Ly(0, k) — wI.
There are various methods to investigate the
spectrum of operator pencils (see [7], [10], [11], [17],
[19] and [21]). But in this paper we are trying to stay
within the framework of the operator theory. The best
way to do this is to apply a linearization method. The
most suitable linearization in this context is that of
given by M. Krein and H. Langer in their well-known
paper [18]. This linearization allows us to establish
a desirable connection between the root functionals
of the pencils studied in this paper and the numerical
ranges of their linearizations, which is very important
in the variational theory.
We start with L,,(0,k) = A+ kB + k*C — w?I and fix w.
By Proposition 2.1 we have
The principle of positivity of the energy:
There exists =0 such that
(LO; k)u,u) = u(w,u) for all ue H(0)® and k€R.
(4.1)
The energetic stability principle:
There exist real numbers{ =0 and ¢ >0 such that for
allk € R and allu € H}(0)3,
(Lo (0; K)u,w) = (co?k? + ) (u, w). (4.2)
We repeat a result from our paper [7].
Theorem 4.1 LetL,, (0, k) be an operator pencil of
w.g.t. satisfying the energetic stability condition then
for allw € C the spectrum
o(Ly(0,k)):= {k € C|L,(0,k) is not invertible}
is discrete, i.e. o(Ly,(0,k)) consists of isolated
eigenvalues of finite multiplicity.

The following properties of o(L,, (0, k)) follow from
the inequalities (4.1) and (4.2).

Corollary 4.1

e If Im w0 then Im k#0.

o If Im w=0 and |w|<u then Im k#0.

Consequently, real wavenumbers exist only at real
frequencies satisfying the inequality [w|=p.

Finally, we study real eigenvaluesin a(L,,(0, k)).
According to Theorem 2.1, applying the operator
(A+ 1)z to both the sides of L, (0, k) reduces it to
the bounded operator pencil of the form (see our the
previous paper [11]):

T, (0,4) = 2M(w) + 2AN(w) + I,

where M(w), N(w) € S,,, M(w) > 0, N(w) = N(w)* and
A=k+k* for some k* € R. We fix w and rewrite
T,,(0,2) in the form

T(0,2) = 22M + 2AN + I

Notice that many properties of this pencil were
studied in the paper of M. Krein and H. Langer [18].
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A simple connection between the eigenvalues of
T(0,A) and L,,(0,k) is that A, is an eigenvalue
for T(0,2) if and only if 4, +k* is an eigenvalue
for L, (0, k).

In the following discussion, our starting point is the
pencil

T(0,4) = A*M + 2AN + 1.

and its linearization: L(4) = I — AT in the space H> = H @ H,
where

1
0 Mz
p— 1
T=\_m: —an/

A proof of the following proposition is based on the
definitions of eigenvectors and associated vectors
(see [19] for the definitions) by using the above given
linearization.

Proposition 4.1 o(T) = o(L) . Moreover, if the vectors
Ug,Uy,.... U, form a chain of eigenvectors and
associated vectors (e.a.v.) corresponding to the
eigenvalue A, of the pencil T(4), then the vectors

1
Mz (Aoun + un-1)
Un

1
AoMz2(Aouy + ug)
Uy

1
AoMzuy
Ug

form a chain of e.a.v. corresponding to the same

eigenvalue A, of the linear pencil L( )=I- T.
Conversely, if

U ui u;

u? » |u? L |u2 form a chain of e.a.v.

corresponding to the eigenvalue 1, of L(A) =1 — AT
then the vectorsu3,u?,....,u2 form a chain of e.a.v.
corresponding to same eigenvalue 4q' of the pencil
T(A).

Evidently, the eigenvalues of the linear pencil
L(A) =1- AT, and the characteristic values of the
operator T are the same. The operator T is not self-
adjoint in the Hilbert space H @ H. But if we define

I 0
J= <0 _1), then (JT)* = JT. This relationship

means that the operator T is a self-adjoint operator
in the Krein space K:= H @ Hwith the inner product
[@,];: = &, 7)(see [5]). According to Proposition 4.1,
U, is an eigenvector corresponding to the eigenvalue
A, of the pencil T(2) if and only if the vector
AOM%uO

u is an eigenvector corresponding
0

iy =

to the characteristic value A, of the operator T.

We note that all the results, presented in this
paper are based on the variational principles like (3.2)
and (3.3).
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These are variational principles for operator L(k).
However, the characterization of the eigenvalues
of problem T(A)u =0 is much more complicated,
because this is an eigenvalue problem for the
operator pencil T(4). In this case one can use the
characteristic values of the self-adjoint operator T
in the Krein space K. Let us write [u,v] for [u,v];
in the Krein space K. Variational principles for real
eigenvalues (positive or negative type) of a self-
adjoint operator T in a Krein space K are given by the
following formula:

If C* = {u € K| + [u,u] > 0} then

AX(T) = inf sup [Tuu] s
L cct [wu]
dimL=n
+ — oo [Tuu]
%(T) = sup LLani o

LCDdimL:k—l

CONCLUSION

We use an operator approach and suggest alternative
methods to solve spectral problems arising in the
theory of both closed elastic waveguides and elastic
waveguides with unbounded cross sections. By using
operator methods we give full description of the
spectral sets studied in this paper. We study the inverse
dispersion relation k(w) and suggest a linearization
method for its solution.
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