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Abstract

In this paper, we introduce a three step implicit iteration process with errors and prove strong convergence
theorem of the new iterative scheme for �nite family of uniformly L�Lipschitzian total asymptotically strict
pseudocontractive mappings in Banach spaces. The results in this paper extend, generalize and unify well
known results in the existing literature.
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1. Introduction

Let E be a real Banach space with dual E∗. We denote by J the normalized duality mapping from E
into 2E

∗
de�ned by

J(ζ) = {f∗ ∈ E∗ : ⟨ζ, f∗⟩ = ∥ζ∥2 = ∥f∗∥2}, ∀ ζ ∈ E, (1.1)

where ⟨., .⟩ denotes the generalized duality pairing. The single-valued-normalized duality mapping is denoted
by j and F (G) denotes the set of �xed points of mapping G, i.e., F (G) = {ζ ∈ E : Gζ = ζ}.

In the sequel, we give the following de�nitions which will be useful in this study.

De�nition 1.1. Let K be a nonempty subset of real Banach space E. A mapping G : K → K is said to be:
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• nonexpansive if

∥Gζ −Gη∥ ≤ ∥ζ − η∥, ∀ ζ, η ∈ K; (1.2)

• k-strictly pseudocontractive if there exists j(ζ − η) ∈ J(ζ − η) and a constant λ ∈ (0, 1) such that

⟨Gζ −Gη, j(ζ − η)⟩ ≤ ∥ζ − η∥2 − λ∥(I − T )ζ − (I − T )η∥2, ∀ ζ, η ∈ K. (1.3)

It is easy to see that such mappings are Lipschitz with constant L = λ+1
λ ;

• uniformly L�Lipschitzian if there exists a constant L > 0 such that

∥Gnζ −Gnη∥ ≤ L∥ζ − η∥, ∀ ζ, η ∈ K and n ≥ 1; (1.4)

• asymptotically λ-strictly pseudocontractive with sequence {hn} ⊂ [1,∞) and hn → 1 as n → ∞. If
there exists a constant λ ∈ (0, 1) and for any given ζ, η ∈ K there exists j(ζ − η) ∈ J(ζ − η) such that

⟨Gnζ −Gnη, j(ζ − η)⟩ ≤ hn∥ζ − η∥2 − λ∥(I −Gn)ζ − (I −Gn)η∥2, (1.5)

∀n ≥ 1.

• asymptotically λ-strictly pseudocontractive in the intermediate sense if there exists a constant λ ∈ (0, 1)
and sequences µn ∈ [0,∞) and ξn ∈ [0,∞) with µn → 0, ξn → 0 as n → ∞. For any ζ, η ∈ K, there
exists j(x− y) ∈ J(ζ − η) such that

⟨Gnζ −Gnη, j(ζ − η)⟩ ≤ (1 + µn)∥ζ − η∥2

−λ∥(I −Gn)ζ − (I −Gn)η∥2 + ξn ∀ n ≥ 1, (1.6)

• total asymptotically strictly pseudocontractive if there exists a constant λ ∈ (0, 1) and sequences µn ∈
[0,∞) and ξn ∈ [0,∞) with µn → 0, ξn → 0 as n → ∞. For any ζ, η ∈ K, there exists j(x−y) ∈ J(ζ−η)
such that

⟨Gnζ −Gnη, j(ζ − η)⟩ ≤ ∥ζ − η∥2 − λ∥(I −Gn)ζ − (I −Gn)η∥2

+µnϕ(∥ζ − η∥) + ξn ∀ n ≥ 1, (1.7)

where ϕ : [0,∞) → [0,∞) is continuous and strictly increasing function with ϕ(0) = 0.

Remark 1.2. If ϕ(λ) = λ2, then total asymptotically strictly pseudocontractive mapping reduces to asymp-
totically λ�strictly pseudocontractive mapping in the intermediate sense. If ξn = 0, then asymptotically
λ�strictly pseudocontractive mapping in the intermediate sense reduces to asymptotically λ�strictly pseu-
docontractive mapping and if kn = 1, n = 1, then an asymptotically λ�strictly pseudocontractive mapping
reduces to strictly pseudocontractive mapping. Hence, the class of total asymptotically strictly pseudocon-
tractive mappings properly includes all the classes of mappings de�ned above.

These class of mappings have been studied by several authors (see for example, [3], [43], [44], [38] and
the references there in).

In 1974, Ishikawa [17] introduced an iteration process {ζn} de�ned by
ζ0 ∈ K,
ζn+1 = (1− αn)ζn + αnGηn,
ηn = (1− δn)ζn + δnGζn,

∀n ≥ 1, (1.8)

where {αn} and {δn} are sequences in [0,1]. This iteration process reduces to Mann iteration [20] if δn = 0
for all n ≥ 1 as follows:

{
ζ0 ∈ K,
ζn+1 = (1− αn)ζn + αnGζn,

∀n ≥ 1, (1.9)
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where {αn} is a sequence in [0,1].
In 1991, Schu [30] introduced the following Mann-type iterative process for an asymptotically nonexpansive
mapping in Hilbert spaces{

ζ0 ∈ K,
ζn+1 = (1− αn)xn + αnG

nζn,
∀n ≥ 1, (1.10)

where {αn} is a sequence in [0,1].
In 2014, Saluja [29] improved the modi�ed explicit scheme (1.10) of Schu [30] as follows:{

ζ0 ∈ K,

ζn+1 = αnζn + (1− αn)G
h(n)
i(n) ζn,

∀n ≥ 1, (1.11)

where {αn} is a sequence in [0,1], n = (h − 1)N + i, i = n(i) ∈ I = {1, 2, ..., N}, h = h(n) ≥ 1 is some
positive integers and h(n) → ∞ as n → ∞.

In 2001, Xu and Ori [40] introduced the following implicit iteration process for �nite family of nonexpan-
sive self-mapping in Hilbert spaces.{

ζ0 ∈ K,
ζn = αnζn−1 + (1− αn)Gnζn,

∀n ≥ 1, (1.12)

where {αn} is a sequence in [0,1] and Gn = Gn(modN).
In 2003, Sun [35] modi�ed the implicit iteration of Xu and Ori [40] aa follows:

{
ζ0 ∈ K,

ζn = αnζn−1 + (1− αn)G
h(n)
i(n) ζn,

∀n ≥ 1, (1.13)

where {αn} is a sequence in [0,1], n = (h − 1)N + i, i = n(i) ∈ I = {1, 2, ..., N}, h = h(n) ≥ 1 is some
positive integers and h(n) → ∞ as n → ∞.

In 2006, Su and Li [34] introduced the following implicit Ishikwa-type iteration scheme and called it
composite implicit iteration process and applied the iteration process for the approximation of common �xed
points of a �nite family of strictly pseudocontractive maps:

ζ0 ∈ K,
ζn = αnζn−1 + (1− αn)Gnηn,
ηn = δnζn−1 + (1− δn)Gnζn,

∀n ≥ 1, (1.14)

where {αn} and {δn} are sequences in [0,1] and Gn = Gn (mod)N .
In 2011, Igbokwe and Ini [16] modi�ed and improved the composite implicit iteration process of Su

and Li [34] for the approximation of common �xed points of �nite family of λ−strictly asymptotically
pseudocontractive mappings in Banach spaces. Precisely, they considered the following modi�ed averaging
composite iteration process:


ζ0 ∈ K,

ζn = αnζn−1 + (1− αn)G
h(n)
i(n) ηn,

ηn = δnζn−1 + (1− δn)G
h(n)
i(n) ζn,

∀n ≥ 1, (1.15)

where {αn} and {δn} are sequences in [0,1] and n = (h − 1)N + i, i = i(n) ∈ {1, 2, ..., N}, h = h(n) ≥ 1 is
some positive integers and h(n) → ∞ as n → ∞.

In 2010, Gu [13] introduced a composite implicit iteration process with errors for a �nite family of strictly
pseudocontractive mappings in Banach spaces as follows:
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
ζ0 ∈ K,
ζn = (1− αn − βn)ζn−1 + αnGnηn + βnun,
ηn = (1− δn − γn)ζn−1 + δnGnζn + γnvn,

∀n ≥ 1, (1.16)

where Gn = Gn(modn), {αn}, {βn}, {γn}, {δn}, are four real sequences in [0, 1], {un} and {vn} are bounded
sequences in K.

In 2012, Jim et al. [19] improved and modi�ed the composite implicit iteration process of Gu [13] for a
�nite family of asymptotically ϕ-demicontractive maps in Banach spaces as follows:

ζ0 ∈ K,

ζn = (1− αn − βn)ζn−1 + αnG
h(n)
i(n) ηn + βnun,

ηn = (1− δn − γn)ζn−1 + δnG
h(n)
i(n) ζn + γnvn,

∀n ≥ 1, (1.17)

where {αn}, {βn}, {δn}, {γn}, are four real sequences in [0, 1], {un} and {vn} are bounded sequences in K
and n = (h − 1)N + i, i = i(n) ∈ {1, 2, ..., N}, h = h(n) ≥ 1 is some positive integers and h(n) → ∞ as
n → ∞.

Noor et al. [21] introduced and studied a three-step iteration process for solving non-linear operator
equations in real Banach spaces. Since then, Noor iteration scheme has been applied to study the strong and
weak convergence of several mappings (see, e.g., [8], [41], [36]). It was proved by Bnouhachem et al. [1] that
three-step method performs better than two-step and one-step methods for solving variational inequalities.
Moreover, three-step schemes are natural generalizations of the splitting methods to solve partial di�erential
equations, (see [31], [33], [36]).

On the other hand, Glowinski and Le-Tallec [9] used a three-step iterative method to solve elasto-
viscoplasticity, liquid crystal and eigenvalue problems. They also established that three-step iterative scheme
performs better than one-step (Mann) and two-step (Ishikawa) iterative schemes. Haubruge et al. [10]
studied the convergence analysis of the three-step iterative processes of Glowinski and Le-Tallec [9] and used
the three-step iteration to obtain some new splitting type algorithms for solving variational inequalities,
separable convex programming and minimization of a sum of convex functions. They also proved that
three-step iteration also lead to highly parallelized algorithms under certain conditions.

Hence, we can conclude by observing that three-step iterative schemes play an important role in solving
various problems in pure and applied sciences. (one-step) and Ishikawa.

Implicit iterative schemes have been studied recently by several authors (see for example, [13], [24], [34],
[35], [40], [6] and the references there in).

Motivated and inspired by the above results, we introduce a new modi�ed three-steps composite implicit
iteration process with errors for a �nite family of N uniformly L-Lipschitzian total asymptotically strictly
pseudocontractive mappings in Banach spaces as follows:

ζ0 ∈ K,

ζn = (1− αn − βn)ζn−1 + αnG
h(n)
i(n) ηn + βnun,

ηn = (1− δn − γn)ζn−1 + δnG
h(n)
i(n) zn + γnvn,

zn = (1− en − fn)ζn + enG
h(n)
i(n) ζn + fnwn,

∀n ≥ 1, (1.18)

where {αn}, {βn}, {δn}, {γn}, {en}, {fn}, are real sequences in [0, 1] satisfying en+fn ≤ 1, αn+βn ≤ 1 and
δn+γn ≤ 1, {un}, {vn} and {wn} are bounded sequences in K and n = (h−1)N + i, i = i(n) ∈ {1, 2, ..., N},
h = h(n) ≥ 1 is some positive integers and h(n) → ∞ as n → ∞.

On the other hand, it is of high importance to check if any constructed iteration process is well de�ned
so as to know if it can be employed to approximate the �xed points of some mappings. Now, we show that
(1.18) can be employed to approximate the �xed point of asymptotically total pseodocontractive mapping
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which is Lipschitz continuous. Let Gi be Li-Lipschitz total assymptotically pseudocontractive mappings with
sequences µin and ξin ⊂ [0,∞) such that µin and ξin → ∞ → 0 as n → ∞.

De�ne a mapping Ψn : K → K by

Ψn(ζ) = (1− αn − βn)ζn−1 + αnG
h(n)
i(n) {(1− δn − γn)ζn−1

+δnG
h(n)
i(n) [(1− en − fn)ζ + enG

h(n)
i(n) ζ + fnwn] + γnvn}+ βnun,

for all n ≥ 1. It follows that

∥Ψn(ζ)− Ψn(η)∥ = αn∥Gh(n)
i(n) {(1− δn − γn)ζn−1 + δnG

h(n)
i(n) [(1− en − fn)ζ

+enG
h(n)
i(n) ζ + fnwn] + γnvn} −G

h(n)
i(n) {(1− δn − γn)ζn−1

+δnG
h(n)
i(n) [(1− en − fn)η + enG

h(n)
i(n) η + fnwn] + γnvn}∥

≤ αnL∥δnGh(n)
i(n) [(1− en − fn)ζ + enG

h(n)
i(n) ζ + fnwn]

−δnG
h(n)
i(n) [(1− en − fn)η + enG

h(n)
i(n) η + fnwn]∥

≤ αnδnL
2∥(1− en − fn)(ζ − η) + en(G

h(n)
i(n) ζ −G

h(n)
i(n) η)∥

≤ αnδnL
2[(1− en − fn)∥ζ − η∥+ en∥Gh(n)

i(n) ζ −G
h(n)
i(n) η∥]

≤ αnδnL
2[(1− en − fn)∥ζ − η∥+ enL∥ζ − η∥]

≤ αnδnL
2[1− en + enL]∥ζ − η∥

= αnδnL
2[1 + en(L− 1)]∥ζ − η∥, ∀ζ, η ∈ K,

where L = max{Li : 1 ≤ i ≤ N}.
If αnδnL

2[1 + en(L − 1)] < 1 for all n ≥ 1, then Ψn is a contraction. By Banach contraction mapping
principle, we can see that there exists a unique �xed point ζn ∈ K such that

Ψn(ζ) = (1− αn − βn)ζn−1 + αnG
h(n)
i(n) {(1− δn − γn)ζn−1

+δnG
h(n)
i(n) [(1− en − fn)ζ + enG

h(n)
i(n) ζ + fnwn] + γnvn}+ βnun,

for all n ≥ 1. This shows that the implicit iteration sequence (1.18) is well de�ned.

Remark 1.3. It is actually fascinating to see that the iteration process (1.18) reduces to:

• (1.9) when δn = γn = en = fn = 0, Gn = G, N = 1 (Mann iterative scheme [20]).

• (1.10) when δn = γn = en = fn = 0, N = 1 (Schu iterative scheme [30]).

• (1.11) when δn = γn = en = fn = 0 (Saluja iteraive scheme [29]).

• (1.14) when βn = γn = en = fn = 0, Gn = G (Su and Li iterative scheme [34]).

• (1.15) when βn = γn = en = fn = 0 (Igbokwe and Ini ietative scheme [16]).

• (1.16) when en = fn = 0, Gn = G (Gu iterative scheme [13]).

• (1.17) when en = fn = 0, (Jim et al. iterative scheme [19]).

Interestingly, our new iterative scheme properly includes those mentioned above and several other explicit
and implicit iterative schemes in the existing literature. And hence, our results will generalize, extend,
complement and unify the results of Jim et al. iterative scheme [19], Gu [13], Mann [20], Xu and Ori [40],
Osilike [24], Su and Li[34], Chang [2], Schu [30], Saluja [29] and several other well known results in the
existing literature.

It is our purpose in this paper to use a simple and quite di�erent method to study the strong convergence
of our new implicit iterative sequence {ζn} de�ned by (1.18) to a common �xed points of �nite family of
uniformly L-Lipschitzian total asymptotically strictly pseudocontractive mappings in a Banach space. Our
results extend and improve some recent results in [24], [13], [34], [16], [40], [6] and several others in the
existing literature.
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2. Preliminaries

In order to prove our main results, we also need the following Lemmas.
Lemma 2.1 (see [2]). Let J : E → 2E be the normalized duality mapping. Then for any ζ, η ∈ E, one has

∥ζ + η∥2 ≤ ∥ζ∥2 + 2⟨η, j(ζ + η)⟩, ∀j(ζ + η) ∈ J(ζ + η).

Lemma 2.2 (see [22]). Let {an}, {bn} and {cn} be nonnegative real sequences satisfying the following
conditions:

an+1 ≤ (1 + bn)an + cn ∀n ≥ n0

If
∑∞

n=0 cn < ∞,
∑∞

n=0 bn < ∞. Then,

(i) the lim
n→∞

an exists.

(ii) In addition if there exists a subsequence {ani} ⊂ {an}such that ani → 0, then an → 0 (as n → ∞).

3. Main results

Lemma 3.1. Let E be a real Banach space and let K be a closed convex subset of E. Let {Gi}Ni=1 :
K → K be a �nite family of uniformly Li-Lipschitzian (λi, {µin}, {ξin}, ϕi)�total asymptotically strictly
pseudocontractive mappings such that ℑ =

⋂N
i=1 F (Gi) ̸= ∅. Let {un}, {vn} and {wn} be bounded sequences

in K. Let {αn}, {βn}, {δn}, {γn}, {en} and {fn} be six real sequences in [0,1] such that αn + βn ≤ 1,
δn + γn ≤ 1 and en + fn ≤ 1. Assume that the following conditions are satis�ed:

(i)
∞∑
n=1

αn = ∞;

(ii)
∞∑
n=1

α2
n < ∞,

∑∞
n=1 αnβn < ∞,

∞∑
n=1

αnδn < ∞,
∑∞

n=1 αnγn < ∞,

∞∑
n=1

αnδnfn < ∞,
∞∑
n=1

αnµn < ∞,
∞∑
n=1

αnξn < ∞;

(iii)
∞∑
n=1

βn < ∞;

(iv) αnδnL
2[1 + en(L− 1)] < 1, where L = max{Li : 1 ≤ i ≤ N}.

Let {ζn} be the iteration process generated by (1.18), then for arbitrary x0 ∈ K we obtain that

lim
n→

∥ζn −Gtζn∥ = 0, ∀ t ∈ {1, 2, ..., N}. (3.1)

.
Proof. Since for each Gi : K → K, 1 ≤ i ≤ N is total asymptotically strictly pseudocontractive mapping,
then we have for all ζ, η ∈ K, there exists a constant λi ∈ (0, 1), Li ≥ 1 and sequences {µin}, {ξin} ⊂ [0,∞)
with µin → 0 and ξin → 0 as n → ∞ such that

⟨Gn
i ζ −Gn

i η, j(ζ − η)⟩ ≤ ∥ζ − η∥2 − λi∥(I −Gn
i )ζ − (I −Gn

i )η∥2

+µinϕi(∥ζ − η∥) + ξin, ∀ n ≥ 1, (3.2)

where ϕi : [0,∞) → [0,∞) is continuous and strictly increasing function with ϕi(0) = 0, and

∥Gn
i ζ −Gn

i η∥ ≤ Li∥ζ − η∥, n ≥ 1. (3.3)

Let λ = min{λi : 1 ≤ i ≤ N}, µn = max{µin : 1 ≤ i ≤ N}, ξn = max{ξin : 1 ≤ i ≤ N}, ϕ = max{ϕi : 1 ≤ i ≤
N}.
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For ζ, η ∈ K, p ∈ ℑ with 1 ≤ i ≤ N , then we have

⟨Gn
i ζ −Gn

i η, j(ζ − η)⟩ ≤ ∥ζ − η∥2 − λ∥(I −Gn
i )ζ − (I −Gn

i )η∥2

+µnϕ(∥ζ − η∥) + ξn, ∀ n ≥ 1, (3.4)

where ϕ : [0,∞) → [0,∞) is continuous and strictly increasing function with ϕ(0) = 0,
and

∥Gn
i ζ −Gn

i η∥ ≤ L∥ζ − η∥, n ≥ 1. (3.5)

It follows from (1.18) that

∥zn − p∥ = ∥(1− en − fn)ζn + enG
h(n)
i(n) ζn + fnwn − p∥

= ∥(1− en − fn)(ζn − p) + en(G
h(n)
i(n) ζn − p) + fn(wn − p)∥

≤ ∥(1− en − fn)∥ζn − p∥+ en∥Gh(n)
i(n) ζn − p∥+ fn∥wn − p∥

≤ ∥ζn − p∥+ enL∥ζn − p∥+ fn∥wn − p∥
≤ (1 + enL)∥ζn − p∥+ fn∥wn − p∥
≤ (1 + L)∥ζn − p∥+ fn∥wn − p∥. (3.6)

Using (1.18) and (3.6), we obtain,

∥ηn − p∥ = ∥(1− δn − γn)ζn−1 + δnG
h(n)
i(n) zn + γnvn − p∥

= ∥(1− δn − γn)(ζn−1 − p) + δn(G
h(n)
i(n) zn − p) + γn(vn − p)∥

≤ (1− δn − γn)∥ζn−1 − p∥+ δn∥Gh(n)
i(n) zn − p∥+ γn∥vn − p∥

≤ ∥ζn−1 − p∥+ δnL∥zn − p∥+ γn∥vn − p∥
= ∥ζn−1 − p∥+ δnL{(1 + L)∥ζn − p∥+ fn∥wn − p∥}+ γn∥vn − p∥
= ∥ζn−1 − p∥+ δnL(1 + L)∥ζn − p∥

+δnfnL∥wn − p∥+ γn∥vn − p∥. (3.7)

Again from (1.18) and (3.7) we obtain

∥ηn − ζn∥ = ∥ηn − ζn−1 + ζn−1 − ζn∥ ≤ ∥ηn − ζn−1∥+ ∥ζn−1 − ζn∥
= ∥(1− δn − γn)ζn−1 + δnG

h(n)
i(n) zn + γnvn − ζn−1∥

+∥ζn−1 − [(1− αn − βn)ζn−1 + αnG
h(n)
i(n) ηn + βnun]∥

= ∥δn(Gh(n)
i(n) zn − ζn−1) + γn(vn − ζn−1)∥

+∥αn(ζn−1 −G
h(n)
i(n) ηn) + βn(ζn−1 − un)∥

= ∥δn(Gh(n)
i(n) zn − p+ p− ζn−1) + γn(vn − p+ p− ζn−1)∥

+∥αn(ζn−1 − p+ p−G
h(n)
i(n) ηn) + βn(ζn−1 − p+ p− un)∥

≤ δn∥Gh(n)
i(n) zn − p∥+ δn∥p− ζn−1∥+ γn∥vn − p∥+ γn∥p− ζn−1∥

+αn∥ζn−1 − p∥+ αn∥p−G
h(n)
i(n) ηn∥+ βn∥ζn−1 − p∥+ βn∥p− un∥

≤ δnL∥zn − p∥+ δn∥p− ζn−1∥+ γn∥vn − p∥+ γn∥p− ζn−1∥
+αn∥ζn−1 − p∥+ αnL∥p− ηn∥+ βn∥ζn−1 − p∥+ βn∥p− un∥

= αnL∥ηn − p∥+ δnL∥zn − p∥+ (αn + βn + δn + γn)∥ζn−1 − p∥
+βn∥un − p∥+ γn∥vn − p∥. (3.8)
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Substituting (3.6) and (3.7) into (3.8) we obtain

∥ηn − ζn∥ ≤ αnL{∥ζn−1 − p∥+ δnL(1 + L)∥ζn − p∥+ δnfnL∥wn − p∥+ γn∥vn − p∥}
+δnL{(1 + L)∥ζn − p∥+ fn∥wn − p∥}+ (αn + βn + δn + γn)∥ζn−1 − p∥
+βn∥un − p∥+ γn∥vn − p∥

= αnL∥ζn−1 − p∥+ αnδnL
2(1 + L)∥ζn − p∥+ αnδnfnL

2∥wn − p∥
+αnγnL∥vn − p∥+ δnL(1 + L)∥ζn − p∥+ δnfnL∥wn − p∥
+(αn + βn + δn + γn)∥ζn−1 − p∥+ βn∥un − p∥+ γn∥vn − p∥

= (αnL+ αn + βn + δn + γn)∥ζn−1 − p∥+ (αnδnL
2 + δnL)(1 + L)∥ζn − p∥

+(αnδnfnL
2 + δnfnL)∥wn − p∥+ (αnγnL+ γn)∥vn − p∥+ βn∥un − p∥

= [αn(L+ 1) + βn + δn + γn]∥ζn−1 − p∥+ δnL(αnL+ 1)(1 + L)∥ζn − p∥
+δnfnL(αnL+ 1)∥wn − p∥+ γn(αL+ 1)∥vn − p∥+ βn∥un − p∥

≤ [αn(L+ 1) + βn + δn + γn]∥ζn−1 − p∥+ δnL(L+ 1)2∥ζn − p∥
+δnfnL(L+ 1)∥wn − p∥+ γn(L+ 1)∥vn − p∥+ βn∥un − p∥. (3.9)

Using (1.18), we obtain

∥ζn − p∥2 = ∥(1− αn − βn)ζn−1 + αnG
h(n)
i(n) ηn + βnun − p∥2

= ∥(1− αn − βn)(ζn−1 − p) + αn(G
h(n)
i(n) ηn − p) + βn(un − p)∥2

≤ (1− αn − βn)
2∥ζn−1 − p∥2 + 2⟨αn(G

h(n)
i(n) ηn − p) + βn(un − p), j(ζn − p)⟩

= (1− αn − βn)
2∥ζn−1 − p∥2 + 2αn⟨Gh(n)

i(n) ηn − p, j(ζn − p)⟩
+2βn⟨un − p, j(ζn − p)⟩

= (1− αn − βn)
2∥ζn−1 − p∥2 + 2αn⟨Gh(n)

i(n) ηn −G
h(n)
i(n) ζn

+G
h(n)
i(n) ζn − p, j(ζn − p)⟩+ 2βn⟨un − p, j(ζn − p)⟩

= (1− αn − βn)
2∥ζn−1 − p∥2 + 2αn⟨Gh(n)

i(n) ηn −G
h(n)
i(n) ζn, j(ζn − p)⟩

+2αn⟨Gh(n)
i(n) ζn − p, j(ζn − p)⟩+ 2βn⟨un − p, j(ζn − p)⟩

≤ (1− αn − βn)
2∥ζn−1 − p∥2 + 2αn∥Gh(n)

i(n) ηn −G
h(n)
i(n) ζn∥∥ζn − p∥

+2βn∥un − p∥∥ζn − p∥+ 2αn⟨Gh(n)
i(n) ζn − p, j(ζn − p)⟩

≤ (1− αn)
2∥ζn−1 − p∥2 + 2αnL∥ηn − ζn∥∥ζn − p∥

+2βn∥un − p∥∥ζn − p∥+ 2αn⟨Gh(n)
i(n) ζn − p, j(ζn − p)⟩. (3.10)
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Substituting (3.9) into (3.10) we obtain

∥ζn − p∥2 ≤ (1− αn)
2∥ζn−1 − p∥2 + 2αnL{[αn(L+ 1) + βn + δn + γn]∥ζn−1 − p∥

+δnL(L+ 1)2∥ζn − p∥+ δnfnL(L+ 1)∥wn − p∥+ γn(L+ 1)∥vn − p∥
+βn∥un − p∥}∥ζn − p∥+ 2βn∥un − p∥∥ζn − p∥+ 2αn⟨Gh(n)

i(n) ζn − ζn

+ζn − p, j(ζn − p)⟩
= (1− αn)

2∥ζn−1 − p∥2 + 2αnL[αn(L+ 1) + βn + δn + γn]∥ζn−1 − p∥∥ζn − p∥
+2αnδnL

2(L+ 1)2∥ζn − p∥2 + 2αnδnfnL
2(L+ 1)∥wn − p∥∥ζn − p∥

+2αnγnL(L+ 1)∥vn − p∥∥ζn − p∥+ 2αnβnL∥un − p∥∥ζn − p∥
+2βn∥un − p∥∥ζn − p∥+ 2αn⟨Gh(n)

i(n) ζn − ζn, j(ζn − p)⟩
+2αn⟨ζn − p, j(ζn − p)⟩.

= (1− αn)
2∥ζn−1 − p∥2 + 2αnL[αn(L+ 1) + βn + δn + γn]∥ζn−1 − p∥∥ζn − p∥

+2αnδnL
2(L+ 1)2∥ζn − p∥2 + 2αnδnfnL

2(L+ 1)∥wn − p∥∥ζn − p∥
+2αnγnL(L+ 1)∥vn − p∥∥ζn − p∥+ 2βn(αnL+ 1)∥un − p∥∥ζn − p∥
+2αn⟨Gh(n)

i(n) ζn − ζn, j(ζn − p)⟩+ 2αn⟨ζn − p, j(ζn − p)⟩

≤ (1− αn)
2∥ζn−1 − p∥2 + 2αnL[αn(L+ 1) + βn + δn + γn]∥ζn−1 − p∥∥ζn − p∥

+2αnδnL
2(L+ 1)2∥ζn − p∥2 + 2αnδnfnL

2(L+ 1)∥wn − p∥∥ζn − p∥
+2αnγnL(L+ 1)∥vn − p∥∥ζn − p∥+ 2βn(L+ 1)∥un − p∥∥ζn − p∥
+2αn⟨Gh(n)

i(n) ζn − ζn, j(ζn − p)⟩+ 2αn⟨ζn − p, j(ζn − p)⟩. (3.11)

Setting M = max{sup{un − p∥}, sup{vn − p∥}, sup{wn − p∥}, n ≥ 1} and noting that

∥ζn−1 − p∥∥ζn − p∥ ≤ 1
2(∥ζn−1 − p∥2 + ∥ζn − p∥2),

∥un − p∥∥ζn − p∥ ≤ 1
2(∥un − p∥2 + ∥ζn − p∥2),

∥vn − p∥∥ζn − p∥ ≤ 1
2(∥vn − p∥2 + ∥ζn − p∥2),

∥wn − p∥∥ζn − p∥ ≤ 1
2(∥wn − p∥2 + ∥ζn − p∥2),


∀n ≥ 1, (3.12)

we obtain

∥ζn − p∥2 ≤ (1− αn)
2∥ζn−1 − p∥2

+2αnL[αn(L+ 1) + βn + δn + γn]×
1

2
(∥ζn−1 − p∥2 + ∥ζn − p∥2)

+2αnδnL
2(L+ 1)2∥ζn − p∥2 + 2αnδnfnL

2(L+ 1)

×1

2
(∥wn − p∥2 + ∥ζn − p∥2) + 2αnγnL(L+ 1)× 1

2
(∥vn − p∥2 + ∥ζn − p∥2)

+2βn(L+ 1)× 1

2
(∥un − p∥2 + ∥ζn − p∥2)

+2αn∥ζn − p∥2 + 2αn⟨Gh(n)
i(n) ζn − ζn, j(ζn − p)⟩

≤ {(1− αn)
2 + αnL[αn(L+ 1) + βn + δn + γn]}∥ζn−1 − p∥2

+{αnL[αn(L+ 1) + βn + δn + γn] + 2αnδnL
2(L+ 1)2

+αnδnfnL
2(L+ 1) + αnγnL(L+ 1) + βn(L+ 1) + 2αn}∥ζn − p∥2

+αnδnfnL
2(L+ 1)M1 + αnγnL(L+ 1)M1 + βn(L+ 1)M1

+2αn⟨Gh(n)
i(n) ζn − ζn, j(ζn − p)⟩. (3.13)
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By (3.4), for the point ζn ∈ K and p ∈ ℑ, there exists j(ζn − p) ∈ J(ζn − p) such that

⟨Gh(n)
i(n) ζn − ζn, j(ζn − p)⟩ ≤ −λ∥Gh(n)

i(n) ζn − ζn∥+ µnϕ(∥ζn − p∥) + ξn, ∀n ≥ 1.

Since ϕ is a strictly increasing function, it follows that ϕ(ζ) ≤ ϕ(M), if ζ ≤ M ; ϕ(ζ) ≤ M∗ζ2, if ζ ≥ M . In
either case, we can obtain

ϕ(ζ) ≤ ϕ(M) +M∗ζ2. (3.14)

Hence from (3.13) and (3.14), we have

∥ζn − p∥2 ≤ {(1− αn)
2 + 2αnL[αn(L+ 1) + βn + δn + γn]}∥ζn−1 − p∥2

+{αnL[αn(L+ 1) + βn + δn + γn] + 2αnδnL
2(L+ 1)2

+αnδnfnL
2(L+ 1) + αnγnL(L+ 1) + βn(L+ 1) + 2αn}∥ζn − p∥2

+αnδnfnL
2(L+ 1)M1 + αnγnL(L+ 1)M1 + βn(L+ 1)M1

+2αn{−λ∥Gh(n)
i(n) ζn − ζn∥2 + µnϕ(∥ζn − p∥) + ξn}.

Using (3.14) in (3.15), then we obtain

∥ζn − p∥2 ≤ {(1− αn)
2 + 2αnL[αn(L+ 1) + βn + δn + γn]}∥ζn−1 − p∥2

+{αnL[αn(L+ 1) + βn + δn + γn] + 2αnδnL
2(L+ 1)2

+2αnδnfnL
2(L+ 1) + αnγnL(L+ 1) + βn(L+ 1) + 2αn}∥ζn − p∥2

+αnδnfnL
2(L+ 1)M1 + αnγnL(L+ 1)M1 + βn(L+ 1)M1 + 2αnµnϕ(M)

+2αnµnM
∗∥ζn − p∥2 + 2αnξn − 2αnλ∥Gh(n)

i(n) ζn − ζn∥2

≤ {(1− αn)
2 + 2αnL[αn(L+ 1) + βn + δn + γn]}∥ζn−1 − p∥2

+{αnL[αn(L+ 1) + βn + δn + γn] + 2αnδnL
2(L+ 1)2

+αnδnfnL
2(L+ 1) + αnγnL(L+ 1) + 2αnµnM

∗ + βn(L+ 1) + 2αn}∥ζn − p∥2

+αnδnfnL
2(L+ 1)M1 + αnγnL(L+ 1)M1 + βn(L+ 1)M1 + 2αnµnϕ(M)

+2αnξn − 2αnλ∥Gh(n)
i(n) ζn − ζn∥2

= τn∥ζn−1 − p∥2 + νn∥ζn − p∥2 +ϖn − 2αnλ∥Gh(n)
i(n) ζn − ζn∥2, (3.15)

where

τn = (1− αn)
2 + 2αnL[αn(L+ 1) + βn + δn + γn],

νn = αnL[αn(L+ 1) + βn + δn + γn] + 2αnδnL
2(L+ 1)2

+αnδnfnL
2(L+ 1) + αnγnL(L+ 1) + 2αnµnM

∗ + βn(L+ 1) + 2αn and

ϖn = αnδnfnL
2(L+ 1)M1 + αnγnL(L+ 1)M1 + βn(L+ 1)M1 + 2αnµnϕ(M)

+2αnξn.

From (3.15) we have,

∥ζn − p∥2 ≤
[

τn
1− νn

]
∥ζn−1 − p∥2 + ϖn

1− νn
−
[
2αnλ

1− νn

]
∥Gh(n)

i(n) ζn − ζn∥2

(3.16)

=

[
1 +

ϑn

1− νn

]
∥xn−1 − p∥2 + ϖn

1− νn
−
[
2αnλ

1− νn

]
∥Gh(n)

i(n) ζn − ζn∥2,

where

ϑn = τn + νn − 1 = α2
n + 3αnL[αn(L+ 1) + βn + δn + γn]

+2αnδnL
2(L+ 1)2 + αnδnfnL

2(L+ 1)

+αnγnL(L+ 1) + 2αnµnM
∗ + βn(L+ 1).
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Since lim
n→∞

αn = 0, it follows from the conditions (ii) and (iii) that

νn = αnL(αn(L+ 1) + βn + δn + γn) + 2αnδnL
2(L+ 1)2

+αnδnfnL
2(L+ 1) + αnγnL(L+ 1) + 2αnµnM

∗ + βn(L+ 1) + 2αn → 0 as n → ∞,

therefore, there exists a number n0 such that 1− νn ≥ 1
2 , for any n ≥ n0.

Hence, we have

∥ζn − p∥2 ≤ [1 + 2ϑn]∥ζn−1 − p∥2 + 2ϖn − 2αnλ∥Gh(n)
i(n) ζn − ζn∥2

= [1 + bn]∥ζn−1 − p∥2 + cn − 2αnλ∥Gh(n)
i(n) ζn − ζn∥2 (3.17)

≤ [1 + bn]∥ζn−1 − p∥2 + cn,

where bn = 2ϑn and cn = 2ϖn. From the conditions (ii) and (iii), it easy to see that
∞∑
n=1

bn < ∞ and

∞∑
n=1

cn < ∞. It follows from Lemma 2.2 that

lim
n→∞

∥ζn−p∥2 exists and so also lim
n→∞

∥ζn−p∥ exists, therefore, {ζn} is bounded, hence there exists a constant
M2 > 0 such that ∥ζn − p∥ ≤ M2, ∀n ≥ 1. It follows from (3.17) that

2αnλ∥Gh(n)
i(n) ζn − ζn∥2 ≤ ∥ζn−1 − p∥2 − ∥ζn − p∥2 + bn∥ζn−1 − p∥2 + cn

≤ ∥ζn−1 − p∥2 − ∥ζn − p∥2 + bnM2 + cn, ∀n ≥ n0.

Thus,

2λ
∞∑

j=n0+1

αj∥Gh(n)
j(n) ζj − ζj∥ ≤ ∥ζn0 − p∥2 +M2

∞∑
j=n0+1

bj +
∞∑

j=n0+1

cj ,

and hence,

2λ

∞∑
n=1

αn∥Gh(n)
i(n) ζn − ζn∥ ≤ ∥ζn0 − p∥2 +M2

∞∑
n=1

bn +

∞∑
n=1

cn. (3.18)

Since
∞∑

j=n0+1
bn < ∞ and

∞∑
n=1

cn < ∞, it follows from (3.18) that

∞∑
n=1

αn∥Gh(n)
i(n) ζn − ζn∥2 < ∞. (3.19)

Since
∞∑
n=1

αn = ∞, then from (3.19), we must have that

lim inf
n→∞

∥ζn −G
h(n)
i(n) ζn∥ = 0. (3.20)

Notice from (1.18) that

∥ζn − ζn−1∥ = ∥(1− αn − βn)ζn−1 + αnG
h(n)
i(n) ηn + βnun − ζn−1∥

= ∥αn(G
h(n)
i(n) ηn − ζn−1) + βn(un − ζn−1)∥

≤ αn(∥Gh(n)
i(n) ηn − p∥+ ∥ζn−1 − p∥) + βn(un − ζn−1)∥

≤ αn(L∥ηn − p∥+ ∥ζn−1 − p∥) + βn(un − ζn−1)∥. (3.21)
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Since lim
n→∞

∥ζn− p∥ exists for all p ∈ ℑ and therefore {∥ζn− p∥} is bounded. Since follows from lim
n→∞

αn = 0,

then using (3.7) and the restrictions (ii), that we obtain

lim
n→∞

∥ζn − ζn−1∥ = 0. (3.22)

This implies that

lim
n→∞

∥ζn − ζn+l∥ = 0, ∀ l = 1, 2, ...N. (3.23)

Since for each n > N , n = (h(n)−1)N+i(n), where i(n) ∈ {1, 2, ..., N}, then n−N = (k(n)−1)N+i(n)−N =
[(h(n) − 1) − 1]N + i(n) = (h(n − N) − 1)N + i(n − N), thus h(n − N) = h(n) − 1 and i(n − N) = i(n),
hence, we see that

∥ζn −Gi(n)ζn∥ ≤ ∥ζn −G
h(n)
i(n) ζn∥+ ∥Gh(n)

i(n) ζn −Gi(n)ζn∥

≤ ∥ζn −G
h(n)
i(n) ζn∥+ L∥Gh(n)−1

i(n) ζn − ζn∥

≤ ∥ζn −G
h(n)
i(n) ζn∥+ L(∥Gh(n)−1

i(n) ζn −G
h(n)−1
i(n−N)ζn−N∥

+∥Gh(n)−1
i(n−N)ζn−N − ζn−N∥+ ∥ζn−N − ζn∥). (3.24)

Notice that h(n−N) = h(n)− 1 and i(n−N) = i(n). Thus, it implies that

∥Gh(n)−1
i(n) ζn −G

h(n)−1
i(n−N)ζn−N∥ = ∥Gh(n)−1

i(n) ζn −G
h(n)−1
i(n) ζn−N∥

≤ L∥ζn − ζn−N∥ (3.25)

and

∥Gh(n)−1
i(n−N)ζn−N − ζn−N∥ = ∥Gh(n−N)

i(n−N) ζn−N − ζn−N∥. (3.26)

Substituting (3.25) and (3.26) into (3.24)

∥ζn −Gi(n)ζn∥ ≤ ∥ζn −G
h(n)
i(n) ζn∥+ L(L∥ζn − ζn−N∥

+|Gh(n−N)
i(n−N) ζn−N − ζn−N∥+ ∥ζn−N − ζn∥).

It follows from (3.20) and (3.23) that

lim
n→∞

∥ζn −Gi(n)ζn∥ = 0. (3.27)

In particular, we see that

lim
h→∞

∥ζhN+1 −G1ζhN+1∥ = 0,

lim
h→∞

∥ζhN+2 −G2ζhN+2∥ = 0,

...
lim
h→∞

∥ζhN+N −GNζhN+N∥ = 0.

(3.28)

For any t, s = 1, 2, ...N , we obtain that

∥ζhN+s −GtζhN+s∥ ≤ ∥ζhN+s − ζhN+t∥+ ∥ζhN+t −GtζhN+t∥
+∥GtζhN+t −GtζhN+s∥

≤ (1 + L)∥ζhN+s − ζhN+t∥+ ∥ζhN+t −GtζhN+t∥.
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Letting h → ∞, we obtain

lim
h→∞

∥ζhN+s −GtζhN+s∥ = 0, (3.29)

which is equivalent to

lim
n→∞

∥ζn −Gtζn∥ = 0. (3.30)

This completes the proof of Lemma 3.1.

Theorem 3.2. Let E be a real Banach space and let K be a closed convex subset of E. Let {Gi}Ni=1 : K → K
be a �nite family of uniformly Li-Lipschitzian (λi, {µin}, {ξin}, ϕi)�total asymptotically strictly pseudocon-
tractive mappings such that ℑ =

⋂N
i=1 F (Gi) ̸= ∅. Let {un}, {vn} and {wn} be bounded sequences in K. Let

{αn}, {βn}, {δn}, {γn}, {en} and {fn} be six real sequences in [0,1] such that αn + βn ≤ 1, δn + γn ≤ 1 and
en + fn ≤ 1. Assume that the following conditions are satis�ed:

(i)
∑∞

n=1 αn = ∞;

(ii)
∑∞

n=1 α
2
n < ∞,

∑∞
n=1 αnβn < ∞,

∑∞
n=1 αnδn < ∞,

∑∞
n=1 αnγn < ∞,∑∞

n=1 αnδnfn < ∞,
∑∞

n=1 αnµn < ∞,
∑∞

n=1 αnξn < ∞;

(iii)
∑∞

n=1 βn < ∞;

(iv) αnδnL
2[1 + en(L− 1)] < 1, where L = max{Li : 1 ≤ i ≤ N}.

Let {ζn} be the iteration process generated by (1.18), for arbitrary ζ0 ∈ K. If one mapping in {G1, G2, ..., GN}
is semicompact, then the sequence {ζn} converges strongly to some point in ℑ.

Proof. Without loss of generality, we may assume that G1 is semicompact. It implies from (3.30) that

lim
n→∞

∥ζn −G1ζn∥ = 0. (3.31)

Since G1 is semicompct, then de�nitely there exist a subsequence {ζnq} of {ζn} such that {ζnq} → g ∈ K
strongly. From (3.30), we obtain

∥g −Gtg∥ ≤ ∥g − ζnq∥+ ∥ζnq −Gtζnq∥+ ∥Gtζnq −Gtg∥.

Since Gt is Lipschitz continuous, we have that g ∈ ℑ. From Lemma 3.1, we know that lim
n→∞

∥ζn − p∥ exists

for each p ∈ ℑ. This immediately implies that lim
n→∞

∥ζn − g∥ exists. Notice that from {ζnq} → g ∈ K, we

�nally obtain

lim
n→∞

∥ζn − g∥ = 0. (3.32)

This completes the proof.

The following results can be obtain immediately from Theorem 3.2.

Corollary 3.3. Let E be a real Banach space and let K be a closed convex subset of E. Let {Gi}Ni=1 : K → K
be a �nite family of uniformly Li-Lipschitzian (λi, {µin}, {ξin}, ϕi)�total asymptotically strictly pseudocon-
tractive mappings such that ℑ =

⋂N
i=1 F (Gi) ̸= ∅. Let {un} and {vn} be bounded sequences in K. Let

{αn}, {βn}, {δn} and {γn} be four real sequences in [0,1] such that αn + βn ≤ 1 and δn + γn ≤ 1 . Assume
that the following conditions are satis�ed:

(i)
∑∞

n=1 αn = ∞;

(ii)
∑∞

n=1 α
2
n < ∞,

∑∞
n=1 αnβn < ∞,

∑∞
n=1 αnδn < ∞,

∑∞
n=1 αnγn < ∞,∑∞

n=1 αnµn < ∞,
∑∞

n=1 αnξn < ∞;
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(iii)
∑∞

n=1 βn < ∞;

(iv) αnδnL
2 < 1, where L = max{Li : 1 ≤ i ≤ N}.

For arbitrary ζ0 ∈ K, let {ζn} be the iteration process generated by
ζ0 ∈ K,

ζn = (1− αn − βn)ζn−1 + αnG
h(n)
i(n) ηn + βnun,

ηn = (1− δn − γn)ζn−1 + δnG
h(n)
i(n) ζn + γnvn.

∀n ≥ 1. (3.33)

If one mapping in {G1, G2, ..., GN} is semicompact, then the sequence {ζn} converges strongly to some point
in ℑ.

Proof. Set en = fn = 0 in Theorem 3.2.

Corollary 3.4. Let E be a real Banach space and let K be a closed convex subset of E. Let {Gi}Ni=1 : K → K
be a �nite family of uniformly Li-Lipschitzian (λi, {µin}, {ξin}, ϕi)�total asymptotically strictly pseudocon-
tractive mappings such that ℑ =

⋂N
i=1 F (Gi) ̸= ∅. Let {αn} and {δn} be real sequences in [0,1]. Assume that

the following conditions are satis�ed:

(i)
∑∞

n=1 αn = ∞;

(ii)
∑∞

n=1 α
2
n < ∞,

∑∞
n=1 αnδn < ∞,

∑∞
n=1 αnµn < ∞,

∑∞
n=1 αnξn < ∞;

(iii) αnδnL
2 < 1, where L = max{Li : 1 ≤ i ≤ N}.

For arbitrary ζ0 ∈ K, let {ζn} be the iteration process generated by
ζ0 ∈ K,

ζn = (1− αn)ζn−1 + αnG
h(n)
i(n) ηn,

ηn = (1− δn)ζn−1 + δnG
h(n)
i(n) ζn.

∀n ≥ 1. (3.34)

If one mapping in {G1, G2, ..., GN} is semicompact, then the sequence {ζn} converges strongly to some point
in ℑ.

Proof. Set βn = γn = 0 in corollary 3.3.

Corollary 3.5. Let E be a real Banach space and let K be a closed convex subset of E. Let {Gi}Ni=1 : K → K
be a �nite family of uniformly Li-Lipschitzian (λi, {µin}, {ξin}, ϕi)�total asymptotically strictly pseudocon-
tractive mappings such that ℑ =

⋂N
i=1 F (Gi) ̸= ∅. Let {αn} and {βn} be real sequences in [0,1]. Assume that

the following conditions are satis�ed:

(i)
∑∞

n=1 αn = ∞;

(ii)
∑∞

n=1 α
2
n < ∞,

∑∞
n=1 αnβn < ∞,

∑∞
n=1 αnµn < ∞,

∑∞
n=1 αnξn < ∞;

(iii)
∑∞

n=1 βn < ∞.

For arbitrary ζ0 ∈ K, let {ζn} be the iteration process generated by{
ζ0 ∈ K,

ζn = (1− αn − βn)ζn−1 + αnG
h(n)
i(n) ζn−1 + βnun.

∀n ≥ 1. (3.35)

If one mapping in {G1, G2, ..., GN} is semicompact, then the sequence {ζn} converges strongly to some point
in ℑ.

Proof. Set δn = γn = 0 in corollary 3.3.
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Corollary 3.6. Let E be a real Banach space and let K be a closed convex subset of E. Let {Gi}Ni=1 : K → K
be a �nite family of uniformly Li-Lipschitzian (λi, {µin}, {ξin}, ϕi)�total asymptotically strictly pseudocon-
tractive mappings such that ℑ =

⋂N
i=1 F (Gi) ̸= ∅. Let {αn} be a real sequences in [0,1]. Assume that the

following conditions are satis�ed:

(i)
∑∞

n=1 αn = ∞;

(ii)
∑∞

n=1 α
2
n < ∞,

∑∞
n=1 αnµn < ∞,

∑∞
n=1 αnξn < ∞.

For arbitrary ζ0 ∈ K, let {ζn} be the iteration process generated by{
ζ0 ∈ K,

ζn = (1− αn)ζn−1 + αnG
h(n)
i(n) ζn−1.

∀n ≥ 1. (3.36)

If one mapping in {G1, G2, ..., GN} is semicompact, then the sequence {ζn} converges strongly to some point
in ℑ.

Proof. Set βn = 0 in corollary 3.5.

This is just to state but a few of the numerous results that can be obtain from Theorem 3.2.

4. Conclusion

Since our new implicit iteration process properly includes the iterative schemes considered by Osilike [24],
Gu [13], Su and Li [34], Igbokewe and Ini [16], Xu and Ori [40], Chen [6], Saluja [29] and owing to the fact
that the class total asymptotically strictly pseudocontractive mapping is more general than the classes of
nonexpasive, asymptotically λ� strictly pseudocontractive and asymptotically λ� strictly pseudocontractive
mappings in the intermediate sense, then it follows that the results of Osilkie [24], Gu [13], Su and Li [34],
Igbokewe and Ini [16], Xu and Ori [40], Chen [6], Saluja [29] are special cases of Theorem 3.2. Hence, our
results generalize, extend, improve and complement their results and several other results in the literature
relating to this class of mappings.

Acknowledgement. The author is grateful to Professor Donatus Ikechukwu Igbokwe (Department of
Mathematics, Michael Okpara University of Agriculture, Umudike, Nigeria) for his mentorship and thorough
guidance in Functional Analysis and to the reviewers who painstakingly read through the paper for their
useful contributions and comments which helped to improve this paper.
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