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ON THE EXISTENCE OF SOLUTION FOR AN INVERSE PROBLEM

C. TAJANT', J. ABOUCHABAKA®, N. SAMOUH? §

ABSTRACT. We consider a boundary detection problem. We present physical motiva-
tions. We formulate the problem as a shape optimization problem by introducing the
Neumann condition of the accessible part in a cost functional to be minimized, which
complicates the study of continuity state that requires more regularity of the free bound-
ary. We show the existence of the optimal solution of the problem by the J. Haslinger
and P. Neittaanmdaki principle.

Keywords: Inverse problem, Boundary detection problem, Shape optimization, Laplace
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1. INTRODUCTION

Inverse problems can be found in many realistic engineering applications, such as the
determination of the boundary conditions [4], [11], material properties [12], applied force
[9], boundary position [8], etc.

In this paper we are interested in the inverse problem of determining the location of the
unknown and damaged boundary from the data collected on the accessible part of the
boundary.

In the boundary detection problem, which is also known as the geometry identification
problem, the materials used as electrical conductors, electromagnetic elements are subject
to wear by corrosion or by direct contact with other elements causing a material loss or
cracks, as for instance pipes transporting water, gas, chemically aggressive fluids or body-
work of aircraft, cars, etc, whose surfaces have been damaged by a corrosion attack. A
very important issue in the nondestructive testing of materials [2], [5], [10] is the ability
to detect possible defects (cracks, fractures for example) inside the material. In practice,
it often happens that such surfaces are not accessible to direct inspection, hence in order
to detect the possible presence of corrosion one has to rely on measurements only per-
formed on the accessible part of the specimen surface. Our problem is to estimate this
loss, or place of crack which is to determine the unknown part of the boundary that has
suffered corrosion by making measurements of voltage and current on the known parts of
the boundary.

This type of problem is known to be severely ill-posed, whose solution does not depend
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continuously on the boundary data, i.e. a small error in the measured data may result an
enormous error in the numerical solution.

In this paper, the boundary detection problem is governed by the Laplace equation, the
Cauchy data is given on part of the boundary I'y and the Robin boundary condition on
the two other parts of the boundary I'y and X, whose spatial position of I'y is unknown
a priori, and we are interested in determining the location of the unknown and damaged
boundary I'g from the data collected on the accessible part of the boundary I'y by formu-
lating the problem in a problem of shape optimization.

In many work of boundary detection problem, on the part of the boundary to be deter-
mined, called free boundary, we have two conditions, and to proceed to a formulation
in shape optimization problem, we introduce one of the two conditions in a cost func-
tional to minimize [1]. We use the same principle by introducing this time one of the two
measurements obtained on the accessible part, especially the Neumann condition which
complicates the study of continuity State that requires more regularity of the free bound-
ary. Then; we show that our problem has at least one solution, which is to show that the
set of the solutions of the shape optimization problem is compact and the cost functional
is semi continuous inferiorly.

The second section is devoted to physical model and presentation of the mathematical
formulation of the boundary detection problem. In section 3; we formulate the problem
in a shape optimization problem. Section 4 presents the existence of the optimal solution
of the problem based on the principle of J. Haslinger & P. Neittaanmdaki.

2. MATHEMATICAL FORMULATION

2.1. The physical model. We consider a perfect dielectric materiel damaged, repre-
sented by a bounded domain in two dimension ( Q C R?).

0%} is the boundary of Q, where 9Q2 =Ty UT U 3.

I'1 and ¥ are the known parts of the boundary 0f2,

Iy is the unknown part of the boundary 952,

I'p,I'; and ¥ are disjoints.

To determine material loss occurring on the part I'y C 0f), measurements of tension are
taken on the accessible part of the boundary 0f2. i.e. We want to calculate the electric
field in the concerned domain. The problem is modeled by Maxwell’s equations that are
written in the form:

divD=p (1.1) .
{ rotE =0 (L2) »¢ (1)
where p is the density of electric charge E and D is the induction electric (or electrical

displacement).

We add to these two equations, the constitutive law for a perfect medium: D = eF,
where ¢ is the constant that characterizes the medium in question called dielectric permit-
tivity of the medium. We can reduce the problem (1) into scalar problem by remarking
that (1.2) implies the existence of a function u called potentiel such that:

E = —grad u.

Substituting this equation in (1.1) and taking into account the constitutive equation, we
get:

—div(egradu) = p
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since € is a constant, we obtain the Poisson equation:

_ )
Au—s

which becomes a Laplace equation in the absence of electrical source,(i.e. p=0)
whether;

—Au=0 in (2)

In this equation, we add boundary conditions:

Assuming that the part of the boundary I'y bears a given density of electric charge p(x)
and the outside domain of 2 is a perfect conductor, leads to boundary conditions (trans-
mission condition):

EAvp, =0 (3.1)
{ D.v :F—p(a:) (3.2) on Iy (3)

where v is the unit outward normal vector I'y.

(3.1) shows that the tangential component of w in I'y is zero, i.e. that w must remain
constant on I';. Hence an inhomogeneous boundary condition on I'; (u = f).

(3.2) expresses that the normal component of u is continuous at the traversal of I';. Hence
an inhomogeneous Neumann condition on I'y (% =g).

On ¥ and I'y, we consider a mixed condition which expresses that the given potential by
the system is proportional to the difference between the potential of the system and that
of the external environment.

Hence;

o

{aou—i-ﬁoa“:h on X
au+pigy=q on I

where o; and (3; , for i = 0,1 are the exchange coefficients.

2.2. Formulation of the inverse problem. In this study, the boundary detection prob-
lem considered is governed by the two-dimensional Laplace’s equation. The governing
equation and the corresponding boundary conditions are demonstrated as follows:

For f € L2(Ty), g € L3(Ty), h € L¥(S), g € L3(Ty);

—Au=20 in Q
u:f,%:g on Iy
a0u+,6’oa%f:h on X

aju+ Bz, =q on I

where f, g, h,q, ag, o, a1 and [y are a given functions.

Ou/0n is the normal derivative of u,  is the computational domain and 9Q = T'yUT'1UX
(T'1, Y and T’y are disjoints).

The spatial position of I'g is unknown apriori. Then, the purpose of the boundary detec-
tion problem is to find the solution of the Laplace’s problem u, and the spatial position of
the boundary portion I'y .
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3. SHAPE OPTIMIZATION FORMULATION

We propose a formulation in a shape optimization problem which consists in including
the Neuman condition on I'; in a cost functional and in varying the domain €2 in class of
domain, which will be define later by 4.

A formulation of the problem (5) in shape optimization can be written as:
Find Q* € 0,4 solution of:

( (") = mingey,, () where 5(Q) = [1. (52 — g)%do
and uq solution of :
U éuf_ ’ g; ? (6)
(PE) ou !
agu+ Bog, =h on X
aru+ Py, =q on I

The problem (6) is well-posed if for any element of 6,4 , the state equation (P.E) has a
unique solution and if 3(£2) is well defind.
7(€2) is well defind assuming that g—z € L?(09).

3.1. Study of the state problem. We will show that the state problem (P.E) has a
unique solution.

3.1.1. The variational form: Let D be a bounded open domain in R? such that Q C D
and u the solution of the problem (P.E).
We take h! = f on I'y and suppose that f € H%(Fl).
By utilizing the trace application in H%((?D), it exist Uy € H'(D) such that U° = h! on
I'y.
We define the space Hp(Q) = {v € H'(Q) /v, = 0}.
Assume that v € H'(Q) , by applying Green’s formula, we get:
Yu € HD(Q),

Jo Vu.Vudzdy + % Js w.vdo + % fl“o u.vdo = [, B—}g.vdo + fFo %.vda.
Then, the problem (PE) is equivalent to:

{ Find u such that u — U® € Hp(2) and )
Jo Vu.Vodzdy + B Js u.vdo + e fFo uvdo = [ %.vda + fFo 3--vdo

if we set w = u — U?, we obtain the problem:
Find w € Hp(Q) such that
Jo Vw.Vudrdy + 5 Js w.vdo + e fl“o w.vdo (8)
= — Jo VU Vudzdy + 5 [5,(h — aoU%)wdo + 5 [i (¢ — a1U°).vdo

3.1.2. Ezistence and uniqueness of the solution: We consider the bilinear form:

a(w,v) = [ Vw.Vudzdy + e Js w.vdo + 5 Jp, w-vdo (9)
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and the linear form:
l(v) = — [, VU Vudzdy + % Js:(h — agU?).vdo + é Jr, (@ —a1U).vdo (10)

For showing the existence and the uniqueness of the problem (8), we use the Lax-Miligram
lemma. Then, it suffices to show that the bilinear form a is continuous and coercive;
and the linear form [ is continuous in Hp(f2) equipped with the norm |¢|; o where

1
oo = ([ |Ve|?dz)z.

4. EXISTENCE OF THE OPTIMAL SOLUTION:

The schematic diagram for the boundary detection problem

We suppose that I'y is defined by a graph of a continuous function y = p(x).
Let To = {(2,9)/y = ¢(x),z € [0,1]}

We define 2 by: Q = Q(p) ={(z,y)/0 <z <1,0<y < ¢(x)}
and 7 is in the form of: 3(Q(g)) = [ (%2 (z,0) — g)%dz = [ (%2 (z) — g)*dx
we define the space U,q and the family of domain 6,4 by:

peCl0,1]/er S p(x) <o for w€[0,1],9(0) =a;p(1) =b
0,1

]
Uad: , ., ’g@l(ﬂj‘)‘gff fO’F .CCE/[, ]
o (@) —¢ (@) <colz—a| for zax €[0,1]

Oad = {Q(SD)/SO € Uad}
where ¢y, c; and K are a given strict positives constants.

4.1. Compacity of Fi. We define the set:
Fi1={(Qw())/Q € 6,5 and w(Q) is solution of (8) in N} (11)
Then the shape optimization problem is as follows:
Minimize 7(2,w(Q2)) for (Q,w()) € Fy (12)

The existence of the optimal solution of (12) is assured if F'; is compact and if the func-
tional 7 is semi-continuous inferiorly in F;.
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We define a topology in 6,4 by:
Definition 1: Let €2, = Q(py) a sequence in 0,4 and Q = Q(¢) element of 0,4
Q, - Q < v, — ¢ uniformly on [0, 1] (13)

The domains of family 6,4 are Lipschitz boundary; we can uniformly extend any function
w of Hp(Q) in a function @ on H(D) [3].

Proposition 1: It exist a constant ¢ such that V) € 0,4,Vw € Hp(Q2). It exist @
extension of w in H'(D) that verify:

lol,p < cllwl,n in W/ =w p.p on Q.

For any sequence (92,,), of 6,4, we associate the sequence of solution w, = w(£2,) of (8)
on 2, for all n. We define the convergence of wy, to w = w(§2) such a weak convergence of
the uniform extension of w,, to the uniform extension of w in H!(D), and we can write:

Wy — W & @y — @ in HY(D)-weak (14)
Then, we can define a topology on F; by:

Definition 2: let (Q,,w,) a sequence of (,,wy) and (2, w) element of F;. We define
the convergence of (€2, w,) to (2, w) by:

Q, — Q in the sens of (13)

wp — w in the sens of (14) (15)

(i) = () & {

We use the following theorem that give the existence and the solution of the problem
(12)[6].

Theorem 1: If F; is compact and the functional J is semi continuous inferiorly, then
(12) admits at least one solution.

4.2. Compacity of Fi. For this, we should study the compacity of 6,4 for the conver-
gence (15) and the continuity of the state equation.

4.2.1. Compacity of 04q. It suffices to show that U,q is compact in C([0, 1]).

Indeed; let (¢n,)n a sequence of Ugyg.

According to Ascoli-Arzela theorem [6], it exists a subsequence that we note (¢,,), and a
continuous function ¢ in [0, 1] such that ¢,, — ¢ in [0, 1], in addition, ¢ is K-Lipschitzienne.
More; (¢p,) € Uqq, then (4,0;1) is equicontinuous, therefore, relatively compact. It exists then
a continuous element ¢* and a subsequence of (¢,,) also noted (¢,,) that converge to ¢*.
Otherwise; (¢,) is a sequence of derivable function in [0, 1], (¢n(.)) converge to ¢ and
(4,0;1) uniformly converge in [0, 1]. According to the theorem of derivability of sequence, we
deduce ¢* = .

And we has ¢ (z) = ¢(z) in [0, 1] since ¢, (0) =a = ¢(0) =a

and ¢n(1) =b= ¢(1) =b.
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We deduce that ¢ € Uyq
Thus; U,y is compact in C1([0, 1]).

4.2.2. Continuity of the state: Whether (€2,,),, a sequence in 6,4, we can extract a subse-
quence, denoted again (2,,) such that: €, — Q (Compacity of 0,4).
We define: Hp(Qy,) = {v e HY(Qy)/vr, = 0}.

Whether w, = w(,) solution of (8) on €, we have:
W, € HD(QH) , Y, € HD(Qn)

an Vw,.V vydrdy + % fEn wpUpdo + % fFO,n WnUndo
=~ Jo, VU Vupdady + 5; [5, (h = aoU°)vndo + 5. [r, (a— a1U°)vpdo

We cite the following results that will be useful later:

(16)

Proposition 2:[7] If 0, is a sequence of 6,4 and ) element of 6,4 such that : Q,, — Q
then:
X, — xo in L®(D) — weakx
in addition, :

limy, 00 fD(XQn - XQ)2fdiU =0,Vf € L (D)
x4 denote the characteristic function of a measurable set A.

Theorem 2: For €2, € 0,4 and for w,, € Hp(Qy,), it exists @, extention of w, in H'(D)
and c constant such that: ||w,|l1,p < c.

We define Hy(D) = {v € Hl(D)/vplu(aD\ag) = 0} equipped with the norm induced
by H'(D).

Lemma: Hy(D) is dense in Hp () for the norm H'(Q).

Theorem 3:(Theorem of continuity) There exists an extension @, of w, in H!(D)
which converge weakly in H!(D) to a limit which we denote & such that its restriction on
2 is a solution of (8) in €.

i.e. There exists @, uniform extension of w, in H'(D) such that:

@n — @ weak - HY(D) and @,q = w € Hp(Q)
and w satisfies the variational formulation of (8) Vv € Hp(Q).
Therefore; J,, + U° —w+ U% in HY(D) weak.

Uy, = @n + U (resp. U =@ + U) is solution of (7) in (€2,) ( resp. in )

Proof. From the previous theorem (@,,), is uniformly bounded.
So; we can extract a subsequence, still noted (@), which converges weakly to a limit
denoted @.
That, it suffices to show that: w,q = w is a solution of the variational formulation.
To do this, we will show that both assertions are true:
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(Z) (Z)/QZWEHD(Q)
(i) [q Vw.Vodady + 5 Js w.vdo + e fFo w.vdo

= — [ VU . Vvdady + 5 [s,(h — agU ) vdo + 5 [ (¢ — a1U°)vdo, Vo € Hy(D)

(i) We have @/q =w € H'(Q).
In addition; we have:

Qn — @ in HY(D)- weak.

and using the continuity and the linearity of the trace application from H'(D) to L*(T;)
we have:

(,Jn/rl -7 (:)/1'*1 in L2<F1)—Weak.

i.e.
fFl Wpvdo — fFl Q.wdo | Yv € HY(D)
and since;
fFl Wn.vdo — 0 then fFl w.vdo — 0
we have;
(:)/Fl = 0
and then;
w € HD(Q)

(77) Remain to prove that w verifies the variational formulation for v € Hy(D).
For every v € Ho(D) and any n, we have v € Hp(Qy).
Therefore we have:

(67

/ V&Jn.Vvda;dy+0/<I)n.vda+al/ Gon.vdo
Q, Bo Jx B Jro.,.

1 1
=— | VU Vudzdy + — / (h — apU%).vdo + — / (¢ — a1 U°).vdo,
Qi BO > Bl FO,n

Yv € Ho(D)
By passing to the limit, when n — oo, we get: wWq solution of :

/V@.Vvda;dy—l—ao/@.vda—l—al w.vdo
Q Bo Js 1.J1g

= —/ VU . Vodzdy + 1 / (h — aoU°).vdo + L (¢ — a1U%).vdo,
Q Bo Jx b1 Jr,
Yv € Ho(D)
Indeed; Yv € Hy(D) , we put:
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L = [ VonVvdzdy — [ Vo.Vudady

L, = fz W vdo — fz w.vdo

I3 = fl‘o,n Onvdo — fl‘o @.vdo (17)
an VU Vudzdy — Jo VU Vudzdy

fFO,n (¢ —aU%)wdo — [; (¢ — 1U).vdo

s
I

It suffices to prove that:

limyoody =0 5 Limy sools = 0 (18)

e For (I); we have :

I, = fD(XQn — xa)Vo,.Vodzdy + fD xo(Va, — Vo).Vodxdy
Then :

1| < | [p(xa, — x) Vo, Vodzdy| + | [ x(Va, — Vo). Vodrdy|
On the one hand by Holder’s inequality;
|fD(XQn — xa)Vo,.Vodedy| < fD IxQ, — XIQ||Vch|]VU|d:L‘dy 1
< Up VP12 fp(xen — x0)?IVeldudy)?
< Na@nlholfp(xe, — xa)?Vo|*dedy)2

According to the previous proposition and using the previous theorem, we have:

lim [ (xo, — xo)Van.Vodedy =0

n—oo

Moreover; since we have the convergence: &, — @ in H!(D)- weak
And using the linearity of the application of gradient H'(D) in L?(D), we also
have :

V&, — V@ in L?(D)- weak ;
And since xoVv € L%(D), we have:
fD xa(Va, — Vo).Vodzdy =0
Accordingly;
limy, ool = 0.
e For (Io):
We have: I = [y @p.vdo — [g@vdo = [¢(@n —©).vdo.

Then, according to the continuity and the linearity of the trace application of
HY(D) in L?(X); we have:
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e For (Iy):
Applying the inequality of Holder to the following inequality:

L] < | [p(xe, — x)VU°.Vudady|
‘We obtain:

|Iy] < [|UO )2|Vo|2dzdy)2

And since U° € H(D) it exists ¢ such that: [|[U°||1p < ¢
And according to previous proposition, we have:

e For (I3) ,we have :

I3 = fr Op.vdo — fr w.vdo
= fr —@).vdo + fr WOn.vdo — fFo O vdo
Using the linearity and the continuity of the trace application of H'(D) in L?(I),
we have:
‘:jn/L2(F0) - (D/LZ(F()) in LQ(F())— weak
hence;

lim,, 0o fFo (@n, —@).vdo — 0
on the other hand,
fFo On.vdo — fF Jjn vdo

—fownxgon( NV1+ ¢ (x dﬂs fownxcp N1+ ¢ (x)2dz

= fy @nl@, on(x )) (w N(V1+ ¢ () \/1+s0
+ Jo (@n(@, n(@)0(a, son< >> — @l p(x) \/71 o @)da
Let:
I3 = fol O (x, on(z))v(z, \/1 + ¢ (z \/1 +¢'(
and,

Iso = [y (@n(@, on(@)0(x, gn()) — @n(z, o(@))v(z, o(2))) /1 + ¢ (2)2dz
We have:

Il < supacoy(9n(2) =& @) Jo @na, onl@)v(z, ¢ <>>d:c 1
< supaeio(en(@) — & @Dy @nle. on(@))2dn)3 (f (v(z, on(2))?da)2

According to theorem of the mean;

It exists z € [0, C] such that fl ~2 (z,z)dx = & fo fo (x,y)dxdy
then:

B B en(z) 6&_)”
anlpnla)) =)+ [ Pr )y

T



C. TAJANI, J. ABOUCHABAKA, N. SAMOUH: ON THE EXISTENCE OF SOLUTION FOR ... 43

From which :

2(@2 (z, ) + f”"(x % (g y)dy) ]
2[02 (2, ) + ( fwn

w1 (2, on (@)

IN N

,Y))*dy)]

then :

fo (z,Z)dx 4+ C fo f“on(x O, o (, y))?dydx]
sznHL2(D) +2C" |[@all1,p

I (@n(2, on()))2dz

IN N

Using the Poincare inequality, we have:

Jo @n (@, on(@))2dz < C"||@nll1p < K

As far as;

fo (z, on(x))2dx < k'

And since: SuP;ce[o,l](W,n(@ — ¢'(2)]) = 0 pour n — oo; then: lim, oI35 = 0.
and we have:

[I32] < !fo n (@, on(2)v(2, on (7)) = Wn (2, @(2))o(z, o(2))) V1 + ¢ (z)?d|
= Cfo |On (2, on(x))0(z, pn(2)) — Wn (2, p(2))v(z, ())|dz
< fo !wn x son( )(v (96 pn()) — v(z, 0(2)))]

+ g 1@n(a, 9n(@) = Gn, 9(@)e(z, 9(@))
e fy @n(@, pule ))f“""” ) oute 2o dy)da + [ ([557 i dy)o(w, ¢(z))da)

By using Holder, we will have:

32> < 2¢° suPgefo,1) [¢n(2) = o(@)[([0n (. en( Dl 2o vlh,p
(e z20,17)

< ¢ supgep,len(@) — ()]

The Uniform convergence of ¢, to ¢ in [0,1] then: lim, oclz2 =0
Hence :

And similarly, we show that: limy, oI5 =0

4.3. Semi-continuity of the cost functional. Considering (2x); a minimizing sequence
of 7 on 6,4
ie.

limkﬁooj(Qk) = ming*egad j(Q*)
Based to the above, there exists a subsequence still noted (£2;); and an element 2 € 0,4
such that Q — Q.
The functional j definied on 6,4 by: () = fl“1 )2do is semi-continuous
inferiorly on 6,4
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Indeed;
() —9(Q) = [r (5% - Zda—fpl — g)%do
= Jp.( % TN T 1
< (Jp, (B — 8u)2dg)3 fr (52 + Gn — 29)%do)>
< ) —ﬂHLm (fr, (5 auk + 95 _ 9g)2do)2

We have: || (G — 55)| 12, < ellix — ll i (p)
And since @y — @ in H'(D)

then ||(%2 — 9%)[| 2(r,) — 0

On the other hand;

Jo (G 4+ 92 — 29)2do < 3[ [, (%2)2do + [, (92)%do + [, 4g%do]
And since

frl auk )?do 2”1“1(% —g)*do + fm g*do]

ININ

frl % — g)%do = 5(,) is bounded et g € L?(T'1))

and
ot 8 d
Jo (G2)2do < 2[ ) ( %—* )2do + [p, (G%)?do]
201G = G212y + 1T 132 ry)
< 2e9
o ot
( || T *HL2 F1) — 0et H Sk HL2(F1) < 02)

then; [p. ( au’“ + —29)%do < C
Hence;

I(%) —2(82) =0

Hence; the semi-continuity inferior of the cost functional.

5. CONCLUSION

In this paper, we have considered a boundary detection problem governed by Laplace’s
equation, with a Cauchy conditions in the accessible part of the boundary and Robin
condition on the inaccessible part and the other part of the boundary. We have proposed
a formulation of the problem in a shape optimization problem by introducing the Neumann
condition of the accessible part in a cost functional to be minimized. The existence of the
problem has been shown.
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