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ABSTRACT. The paper is concerned with a second-order abstract semilinear
evolution equation with infinite memory and time delay. With the help of the
semigroup arguments and under suitable conditions on initial data and the
kernel memory function, we state and prove the global existence of solution.
Then, we establish the decay rates of the energy using the multiplier method
by defining a suitable Lyapunov functional. This work extends previous works
with time delay for a much wider class of kernels. We give also some applica-
tions to illustrate our results.

1. INTRODUCTION

Let H be a real Hilbert space with inner product and related norm denoted
by (.,.) and || . ||, respectively. Let A : D(A) — H and B : D(B) — H be a
self-adjoint linear positive operator with domains D(A) C D(B) C H such that
the embeddings are dense and compact. Let C': H — H is a self-adjoint linear
operator and h : R — R, is the kernel of the memory term. 7 > 0 represents
a time delay and F' : D(A?) — H is function satisfying some conditions to be
specified later. We consider the following second-order abstract semilinear evolution

equation with infinite memory and time delay

ue () + Au(t) — 0+°° h(s)Bu(t — s)ds + Cu(t — 7) = F(u(t)), t € (0,400),
w(t—7) = folt = 7) te (0,7),
u(—t) = uo(t), w(0) =, teRy,
(1.1)
where the initial datum (ug,u1, fo) belongs to a suitable spaces.
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In absence of time delay term, a large number of works are available, where
various decay estimates were obtained, see [7), 14, 2T]. For the particular case of
the wave equation with finite memory, see [2] [24].

In many cases, delay is a source of instability and even an arbitrarily small delay
may destabilize a system which is uniformly asymptotically stable in the absence
of delay. Nicaise and Pignotti in [I5] considered a wave equation with a linear
damping and delay term and they proved that the energy is exponentially stable
and some instability results are also given by constructing some sequences of delays
for which the energy of some solutions does not tend to zero, see also [3] [17].

When the memory term is replaced by a frictional damping Bu(t):

uge () + Au(t) + Buy(t) + pug(t — 7) = 0, t >0,

where p, 7 are fixed constants and B is a given operator, there exist in the literature
different stability results. These results show that the damping Bu(t) is strong
enough to stabilize the system in presence of a time delay provided that |u| is small
enough, see [10, 16, [17].

Guesmia in [II] considered the following second-order abstract linear problem
with infinite memory and time delay terms

uee(t) + Au(t) — [7° h(s)Au(t — s)ds + pu(t —7) =0, >0,
U(—t) = uO(t)v t e R+
Ut(O):ul, ut(th):fO(tiT)a te (037_)7

He proved that the unique dissipation given by the memory term is strong enough
to stabilize exponentially the system in presence of delay. In this work and others,
the condition h/(s) < —dh(s) for all s > 0 and some § > 0 is assumed to prove
exponential decay of the energy, see [1L[4]. In [I3], the previous condition is replaced
by

K (s) < —C(H)h(s), Vs >0, (1.2)

where ( is a positive nonincreasing differentiable function. The authors established
the existence and the general decay results of the energy. Dai and Yang in [§] con-
sidered the same problem in [I3] and solved the open problem proposed by Kirane
and Said-Houari. Recently, Boukhatem and Benabderrahmane in [5] considered a
variable coefficient viscoelastic equation with a time-varying delay in the bound-
ary feedback and acoustic boundary conditions and nonlinear source term. They
established a general decay results of the energy via suitable Lyapunov functionals
and some properties of the convex functions where the kernel memory satisfies the
equation . In [6], the same results have obtained in the case of constant delay.

Tatar in [23] introduced a new class of admissible kernels which lead to a wide
range of possible decay rates. More precisely, He consider kernels satisfying

+o0o
h(t—s) > f(t)/t hx— $)dr, 0<s<t,

for some £(t) > 0. This class contains the polynomial type functions and the expo-
nential type. He proved that the last assumption on the relaxation in a viscoelastic
problem ensuring uniform stability in an arbitrary rate.
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For the case of distributed time delay, Guesmia and Tatar in [12] considered the
following class of second-order linear hyperbolic equations

w(t) + Au(t) — 7 h(s)Bu(t — s)ds + 7 f(s)ue(t — s)ds =0, >0,

u(—t) = uo(t), teRy

ut(o):ula t€R+7

where the function f is of class C*(R,,R) and satisfies, for some positive constant
a?

[f(s)] < ah(s), and |f'(s)] < ah(s), VseR,.

They given well-posedness and stability of the system and they proved that the
infinite memory alone guarantees the asymptotic stability of the system and the
decay rate of solutions is found explicitly in terms of the growth at infinity of the
infinite memory and the distributed time delay convolution kernels.

Nicaise and Pignotti in [I8] considered the following system

{ Uit)=AU@t) + F(U(@t)) + kBU(t — 1), te€(0,400),
U(0) = uo, BU(t — 1) = f(¢), t e (0,7),

where A generates a Cy-semigroup (S(t)):>o that is exponentially stable, i.e., there
exist two positive constants M and w such that

1Sl ey < Me ™Vt >0,

and L(H) denotes the space of bounded linear operators from H into itself. For
a fixed delay parameter 7, a fixed bounded operator B from H into itself and
for a real parameter k and F' : H — H satisfies some Lipschitz conditions, the
initial datum Uy belongs to H and f € C([0,7]; H). They showed that, if the
Co-semigroup describing the linear part of the model is exponentially stable, then
the whole system retains this good property when a suitable smallness condition
on the time-delay feedback is satisfied, see also [19].

Motivated by previous works, we study the well-posedness and the stability result
of a semilinear abstract viscoelastic equation with infinite memory in presence of
a time delayed damping and a nonlinear source term. Our results extend the
decay results in previous works to kernels i which do not necessarily converge
exponentially to zero at infinity. Moreover, our problem generalizes the linear
problems to those with a nonlinear source term and to problems with more general
time delayed damping term.

The paper is organized as follows. In Sect. [2] we prove the well-posedness
by using the semigroup arguments under some assumptions on A, B, C, h and F.
Then, we state and prove the stability result of solution by using the energy method
to produce a suitable Lyapunov functional with arbitrary decay on h. Section {]is
devoted to some concrete examples in the aim to illustrate our abstract result.

2. WELL-POSEDNESS

In this section, we state some assumptions on A, B, C' and h and prove the
well-posedness result by using semigroup theory.
For studying the problem (1.1)), we introduce a new variable z as in [15]

z(p,t) = w(t —p7), p€(0,1), t>0.
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Thus, we have
Tze(p,t) + 2p(p,t) =0, pe(0,1), t > 0.
Moreover, as in [9], we define
n'(s) = u(t) —u(t—s), t,s>0.
Therefore, problem takes the form

up(t) + Au(t) — hoBu(t) + [,7°° h(s)Bn'(s)ds
+C2(1,t) = F(u(t)), t € (0,+00),
T2 (p,t) + 2p(p, t) = 0, pe(0,1), t>0,
1 (s) = uy(t) — ni(s), t,s >0,
Z(pv 0) - f0(7p7)7 pE (Oa 1)7
2(0,t) = w (1), t >0,
u(—t) = ug(t), u(0)=uq, t>0,
1°(s) = uo(0) — uo(s), s> 0.

We will need the following assumptions:
(A1) There exist positive constants a and b satisfying
2 2
b||ul|? < HB%UH <a HA%U ] Vu € D(A?).

(2.2)

(A2) The kernel function h : R, — R, is of class C' nonincreasing function

satisfying
+o0 1
ho = / h(s)ds < —.
0 a
(A3) There exists u € R* such that
ICull® < lulllul®, Vu € H.
(A4) F : D(A2) — H is globally Lipschitz continuous, namely

3y > 0 such that [|[F(u) — F(v)]| < v HA%(U - v)’ . Vuved

Let us denote U = (u, us,n', z)T, the problem can be rewritten:
Ui(t) = AU(t) + F(U(t)), Vt>0,
{ U)=Uy = (uo,ul,no,fo(—T.))T,
where the operator A is defined by

¢o
01 ~(A = hoB)g1 — [, h(s)Bes(s)ds — Cpa(1)
.A ¢2 _ 3
6 | = O
3 S
3 1003
T Jp

and

Flp1,¢2, 03, ¢4)" = (0, F(¢1),0,0)"
The domain D(A) is given by

(61,02, 63,04)T € H, (A—hoB)g1 + [,"™ h(s)Bes(s)ds € H,

1

i, 0
DA) = 6 € D(AD), % ¢ [2(R, D(BY)),

S
%4 € L*(0,1; H), ¢3(0) =0, ¢4(0) = ¢2

(2.3)

(2.4)
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where ) )
H =D(A?) x H x L?(R;,D(B?)) x L*(0,1; H).
The sets L3 (R, D(B?z)) and L%(0,1; H) are respectively defined by

L2(R.,D(B})) = {¢ .R, — D(B?), /O+oo h(s) HB%¢(3)H2ds < +oo},

equipped with the inner product

+oo
<¢1,¢2>L5(R+,D(B%)) :/o h(s) <Bz¢1(5)732¢2(5)> ds.
And L
2oum ={s 01> [ lo)Pd < +o0}.
0
equipped with the inner product

(@1, P2) L2(0,1;H) Z/O (91(p), P2(p)) dp.

The Hilbert space H equipped with the following inner product. For all & =
(¢1, P2, 3, 04)" and W = (w1, wa, w3, wq)” in H, we have

(@, W)y = <C/>17w1>D(A%) - h0<¢1’w1>D(3%) + (2, wa)
T03,03) 12 g, D(ab)
The well-posedness of problem (2.5)) is ensured by the following theorem:

Theorem 2.1. Under the assumptions (A1)-(A4), for an initial datum Uy € H,
the system has a unique mild solution U € C(Ry,H) satisfies the following
formula,

+ Tl P4, wa) £2(0,1;H)-

Ut) =St)Uy + /Ot S(t—s)F(U(s))ds.

Moreover, if Uy € D(A) and F € C*(H), then the solution of satisfies (clas-
sical solution)
UecCRL,DA)NCHR,,H).

Proof. To prove Theorem we use the semigroup theory. The problem
can be seen as an inhomogeneous evolution problem. It’s clear that F is globally
lipschitz continuous, let show that the operator A generate a linear Cp-semigroup
(S(t))i>0 on H. Indeed,

e First, we prove that the linear operator A is dissipative.
Take ® = (¢1, ¢2, @3, ¢4)T € D(A), then

o0 a¢
<A(p7 (I)>'H = <¢27¢1>D(A%) _|_/Ov h(8)<¢2 - 87837¢3>D(B%)d8
L, —10¢
_h0<¢27¢1>D(B%) +T|M|A <?67p47¢4>dp
+o0o
(A= aB)or+ [ hs)Boa(s)ds + Con(1).6).
0

Using the definition of A% and B? and the fact that H is a real Hilbert space, we
conclude

(A= hoBor, ¢2) = (A2 o, AZ1) — ho(BZ o, B2 1) (2.6)
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using the Cauchy-Schwarz and Young’s inequalities and by (2.4]), we have

— (Ca1).62) < B (a1 + o). (27)

(" h<s>B¢3<s>ds,¢2> = [ H) 62,09 1

Integrating by parts and using the definition of D(A) (¢3(0) = 0), we obtain

+oo 8¢3 1+OO / %
[ ne (=GR, ds<g [ HOIB GG 28

Also using the fact that ¢4( ) = ¢2, we obtain

Al / (5t ou)o = (16O = 1620)1) = ] (1021? ~ Noa(w)?).
(2.9)

Consequently, inserting (2.6), (2.7)), (2.8) and (2.9) in (2.6) and using the fact that

h is nonincreasing, we find
1 [+ 1 1 2 2 2
(AR, @)y, <5 [ () [Bios(s)| ds+ lullucl < @2, (2:10)
0

which means that the operator A — |u|I is dissipative.
e Let us now prove that A\I — A is surjective. Indeed, let (f1, fo, f3, f2)T € H,
we show that there exists ® = (¢1, o, ¢3, d4)T € D(A) satisfying

¢1 f
b2 I2
AM—-A = ,
W=, :
P4 fa
which is equivalent to
Ap1— g2 = f1
Ao + (A — goB )o1+ [ h(s)Bos(s)ds + Coa(1) = fo
Moy — do + 022 = (211)
] 5(;54 0s
Apa+ — = = fu.
Suppose that we have found ¢1 with the appropriate regularity. Then, we have
P2 = Ap1 — f1. (2.12)
We note that the third equation in (2.11)) with ¢3(0) = 0 has a unique solution
ps(s) = e_AS/ N (fa(y) — fi+ Adr) dy. (2.13)
0

On the other hand, the fourth equation in (2.11)) with ¢4(0) = ¢2 = A¢1 — f1 has
a unique solution

p
ba(p) = (m e f4(y)e“ydy> e e (0.1). (2.14)
0
In particular,

1
$4(1) = ()\¢1 - fi+ T/o f4(y)€”ydy> e

It remains only to determine ¢;.
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Next, plugging (2.12) and (2.13)) into the second equation in (2.11)), we get
(A—aB+Xe™MC+N) ¢ = f, (2.15)

o0 S o0
a=hy— )\/ h(s)e (/ e’\ydy> ds = / h(s)e *ds,
0 0 0

1
f = ft+ri+e™C (fl —T/O f4(y)67ydy)

where

and

_/°° h(s) /S e B (fs(y) — f1) dyds.
0 0

We have just to prove that 1) has a solution ¢, € D(A%) and replace in 1)

(2.13) and (2.14) to obtain ® € D(A) satisfying (2.11)).
We have a < hg, by (2.3) and (2.2)), we deduce that A — aB is a positive definite
operator. Then, we take the duality brackets (., '>D(A%)/xD(A%) with w € D(A%) :

((A—aB+Xe™C + N\ ¢1,w) 2.16)

D(AZ)xD(A%) <f’w>D(A%)/xD(A%)' (
Consequently, the left-hand side of (2.16]) is bilinear, continuous and coercive on
D(A%). Since, applying the Lax-Milgram theorem and classical regularity argu-
ments, we conclude that 1} has a unique solution ¢, € D(A%) satisfying. Using

2.13),
+oo
<(A — hoB)¢y +/0 h(s)qug(s)ds) € H.

In conclusion, we have found ® = (¢1, 2, #3,¢4)T € D(A), which verifies (2.11)),
and thus A\ — A is surjective for all A > 0 and the same holds for the operator
M — (A —|p|D).

Then, the Lumer-Phillips theorem implies that |u|] — A is a maximal monotone
operator, A—|u|I is an infinitesimal generator of a strongly continuous semigroup of
contraction in H. Hence, the operator A generates a strongly continuous semigroup
(S(t))t>0 in H. Consequently, by using Theorem 1.2, Ch. 6 of [22], the problem
has a unique solution U € C([0, +00), H). O

3. STABILITY RESULT

The stability result of the solution of (2.1) holds under the following additional
assumptions:
(A5) There exist a positive constant d satisfying

HA%uHQ <d HBu‘ * Vue D4}, (3.1)

(A6) Moreover, we assume that F(0) = 0 and there exists a continuous and
differentiable mapping ¢ : D(A2) — R satisfying

Dy=F and (F(u),u)>2¢(u), Yue D(A?). (3.2)
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(A7) The function h satisfies (A2) and there exists a positive function £ €
C(R4,RY) satisfying lims_, o &(s) exists such that

h(t—s) > £(t) /+Oo h(r — s)dr,  VteR,, Vs e 0,1,

’ (3.3)
R (s) <0, Vs € Ry

The first inequality in (3.3)), introduced in [25] and [23], implies that h converges
to zero at least exponentially but it does not involve the derivative of h. This class
contains the polynomial (or power) type (h(t) = (1 +¢)~%, a > 1) functions and
the exponential type (h(t) = ¢7%!, a > 0) functions.

Let establish some several Lemmas needed of our main result. We define the
modified energy functional E associated to problem (2.1]) by

0 = Y1 o] e [ ]
—2(u) + rlul / 1 ||z<p,t>||2dp). (3.4)

Lemma 3.1. Assume that (A1)-(A4) hold and let Uy € D(A). Then, the energy
functional defined by satisfies

1

+oo L 2
B < g / W) | Bt o) ds + Il (3.5)

Proof. Multiplying the first equation of (2.1) by u;. Using (A6) and repeating
exactly the same arguments to obtain (2.10)). O

Remark. Note that, from , the energy of solutions to problem is not
decreasing in general. Indeed, the second term in the right-hand side of ,
coming from the delay term, is nonnegative.

Now, as in [20], for n € N*, let consider the set
A, ={s €Ry, h(s)+nh'(s) <0},

and put h, = [,. h(s)ds. We have h,, > 0, otherwise, A5 = (). Furthermore, by
the second inequality in (3.3]), we have

lim AS = Npen-AS =0, and then  lim A, = 0.

n—-+oo n—-+o0o
In order to state our results, we need the following four lemmas.

Lemma 3.2. Let U be solution of (2.1). Then the functional

Ii(t) = <ut(t), /;Oo h(s)nt(s)d5>, (3.6)
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satisfies, for e1,e9 > 0,

2
+(2hn oy M) /;oo h(s) HB%nt(s)H2 ds

dh,, 2R3 2
L) < (hoel)nutnu(aﬁv )HA%UH 18 gt

2 2
ho [T°
2 Jo

dnhe  h(0)\ [T NPT
—(2 — 7 B2
( nho + e + 4b51>/0 h'(s) H n (S)H ds

. 2
+ h(s)HBfu(t—s)H ds

—|—<Cz(1, 1~ Flu), /0 = h(s)nt(s)ds>, (3.7)

Proof. Differentiating (3.6)) with respect to ¢ and using the third equation of
we find

10 = ~(uato). | - ' e ) + (o), [ - (e (s ) ~ Dol

Integrating by parts with respect to s the second term in the right hand side of the
previous equality and using the fact that lims_, 1 h(s) =0, n*(0) = 0, we obtain

10 = ~(vato). | - ') ) = (o), [ ” (o (9 ) — ol .

On the other hand, by the first equation of (2.1), we have
(oatt. [ st oyas )+ (e, [ misi (o)
- mo{Bute), [ - s+ ([ " h(s) B (s)ds, / - e () )
+ {cawn - F, [ aon'sds) =0
using the definitions of A2 and B?, we get
) = ol +(Ca0.0 - F, [ ' o)as)
oy m W (s ) + (Abue), [ ” At (s)ds )

’ 2

Let estimate the last three terms in the right hand by using Cauchy-Schwarz and
Young’s inequalities and the definition of A,. Then, using (2.2)), (3.1) and (2.3)),

we get
<ut<t>, / - h'(S)nt(S)dS> <alul? - 52 [ ) ’ ds>,

1

/O+°° h(s)Bzn'(s)ds|| — ho<B§u(t)7 /0+00 h(S)Bént(S)d8>. (3.8)

|Bh'(s)
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1 oo 1
<A2u(t),/ h(s)AZnt(s)ds>
0

= <A%u(t),/An h(s)A%nt(s)ds> + <A§u(t),/% h(s)A%nt(s)ds>.

dhg dh,, 1|2
deo Ja, 2 “ H

IA

2
52HA2uH 4+ — S)HB%nt(s)

AL

st o

afatel -2 [ s

dh, [T
T
2 0

Vdhy,
2

1

2

IN

. 2
s) HBfnt(s)H ds

2

2

An
2
QH/ h(s)B%nt(s)ds h(s)B%nt(s)ds
A, Ac

2 2
< 2h0/ h(s)HB%nt(s)H ds+2hn/ h(s)HB%nt(s)H ds
An ’?L

+o00 2 +o00 2
< —2nh0/ h’(s)HB%nt(s)H ds+2hn/ h(s)HB%nt(s)H ds
0 0

And for the last one, we have

h0<B%u(t),/0+oo h(s)B%nt(s)dS>

1

—h2HB2uH +h0< B? (t),/0+mh(s)3%u(t—s)ds>

2
_ _J"B%UH +£/ his) [ Bt — )| ds
2 2 Jo
—+o0

IN

.

h 2
o S)HB%nt(s)H ds. (3.9)
2 Jo
Inserting these four inequalities in , we get . ]
Lemma 3.3. Let U be solution of (2.1] . Then the functional
I(t) = (i (t), u(t)), (3.10)
satisfies,
+o0 . 2
L) = ful? - HAuH 4o ’BzuH +1 / (o) ||Brutt — )| s
0

;/Om h(s)

[BLy(s)|

ds — <C’z(1,t) +F(u),u>. (3.11)
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Proof. Differentiating (3.10]) with respect to ¢, we find
L(t) = [l + (uge(t), u(t)).
On the other hand, multiplying the first equation of by u(t), we have
+o0o
(it + (A = HaByu(0)u(0) + ([ o)y ()as,ult))
0
+(Cz(1,t),u(t)) =0,
By the definitions of A2 and B2, we have
1 2 1 2 Foo t
(uge (1), u(t)) + HAuH ~ ho HBuH + </ h(s)Bn (s)ds,u(t)>
0
+(Cz(1,t),u(t)) = 0.
Consequently,
/ 2 1112 112 e t
() = [lud —HAzuH +ho HBQUH _</ h(s)Brt(s)ds, u(t) ) —(C=(1, ), u(t)),
0

By using the inequality (3.9)), we get (3.11]). a

Similarly to [I5], we introduce the following functional.

Lemma 3.4. Let U be solution of . Then the functional
Ly(t) = 7627/1 =20 2(p, 1) 2ds, (3.12)
0
satisfies,
I3(t) < —27/01 I2(p, 1) [P ds + €7 [|ug]|* — [|2(1, ). (3.13)
Proof. By using the second equation of , we get
I3(t) = 2re™ /01 e 2P (zi(p,t), 2(p, 1)) dp

1
= 2 [ () (00

o [T 9rp 0 2
= 2 [ e o) P
0 dp
Then, by integrating by parts and z(0,t) = u(t), we get
1
() = =27 [ a0 ds+ 6 sl = (1, 0)
0

which is (3.13) by using the fact that e =277 > e~27, for any p €]0, 1]. O

Now, we consider two functionals J; and J> and we give their derivatives in the
following lemma.

Lemma 3.5. Let

Jl(t)/ot (/:oo h(ﬂ's)dﬂ') HB%nt(s) ’

ds, VteR,, (3.14)
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and
t 400 ) 2
J2(t):/0 (/ h(w—s)dw) Hmnf(s)” ds, VteR,. (3.15)
t
Then, for any A €]0,1],

Ti(t) < hOHB%uHQ—(1—A1)§(t)J1(t)—A1 /Oth(s)HB%u(t—s)HQdS
A /tm h(s)HB%uo(s—t)HQdS, W ER,, (3.16)
and
Ty(t) < hOHA%uHZ—(1—A1)g(t)J2(t)—t%}th(s)HB%u(t—s)HQdS
Fds /tm h(s)HB%uo(s—t)HQdS, VtC R, (3.17)

Proof. The functional J; is well-defined. Indeed, by using the fact that n €

1

L?(Ry,D(Bz)) and (3.3), we have
0= = [ 16— ) |Bru)| ds < 2 [ 06 |Brute— )"
Ji(t §—/ t—sH 5usH sg—/ SH Eut—sH s < +00.
§(t) Jo £(t) Jo
By , we conclude that Jo also is well defined.
Then, differentiating J; with respect to ¢ and using the definition of ug and (3.3)),

we obtain
+oo . 2 t ) 2
J(t) = </ h(ws)dw) HBfu(t)H f/ h(t — s) |Bau(s) ds
t 0
1 2 t 1 2
= o Bt —(1—/\1)/ (i ) [ BEu(s)|[ s
0
t N 2 0 ) 2
_)\1/ h(t—s)HBiu(s)H ds—i—)\l/ h(t—s)HBEu(s)H ds
—o0 —o0
1 2 +oo 1 2
< hOHBqu —(l—Al)g(t)Jl(t)—)\l/ h(s)HBfu(t—s)H ds
0
+oo . 2
+a/\1/ h(s)HBfuo(s—t)H ds,
t
which is exactly (3.16)). A similar argument yields the relation (3.17)). O

In this case, the Lyapunov functional L we will work with is
L(t) = E(t) + e(N1I1(t) + Nolo(t) + I3(t)) + My Ji(t) + aMy Jo(2), (3.18)
where €, N1, No, My > 0 are positive constants to be chosen later.

Now we are in position to state and prove the decay result of solution of problem

E1).

Theorem 3.6. Assume that (A1)-(A7) hold. For any initial datum Uy € H.
Assume that h satisfies

+o0 ,)/2
/ h(s)ds < —, (3.19)
0 b
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and there exists a positive constant dg independent of pu such that, if
|ul < do, (3.20)

then, for any Uy € H, there exist positive constants 61 and do such that

+oo
E(t) < Gy~ <1+/ / ‘B?uo s H dwds) VteR., (3.21)

if limy 100 £(2) > 0, and

R t . —+o0 N 2
E(t) < fpe 0180 (1 —|—/ %180 / h(m) HBEuo(ﬂ' — S)H d7rds>, vVt e Ry,
0 s

(3.22)
if limg_, 1 o £(t) = 0, where

s) :/0 E(m)dm, VteRy. (3.23)

Proof. In order to proof the decay estimates, we start by the derivative of the
function L. On the other hand, by using (A6) and ( @, we have

~(re. [ wonteas) < qear+ 2] [
S P Y HBZ @) s

Combining (3.5)), (3.7, (3.11)), (3.13]), (3.16|) and (3.17]), we obtain

L) < —e[ml—";')mt2+02HAsqu+cghoHBéuHQ—zr /Olnz(p,t)n?dp

2

IN

+A%xM$(GWB%ﬂ$W+‘%Wﬁ““‘”w>“_2Mwmﬂ
i N G DAV ARl

2
+(; - ec6> /;oo B (s)

+oo 2
+C8/t h(s)HB%uo(s—t)H ds — el|z(1,1)]|?

Cds — CHE(t) (I (8) + (1))

By (s)

+e<C’z(1, t), N1 /OJ”’O h(s)nt(s)ds — N2u>, (3.24)
where
Cr = (ho —e1)Ny — N — 7, Ca = Ny — (g2 + b)N1 a}ZOMh
CSZ%N“%_%’ Cy = @N1+]\2]
Cs = &Ml - %]\ﬁ - %, Cs = <2nh0 + dj;;o ZESE)Nl, (329)

07 = (17)\1)M1 min{l,a}, Cg :M1>\1(1+ad)
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At this point, we choose the different constants to obtain some results. First, we
select Ny = (1 + ahg)e?™ and we choose My, Ni such that

ENQ 62T
— < M < —.
31 +ahg) 1S 2e
b M, 1 ) 1 oM,
max {bh()—2fy2<2(1+ah0)€_N2>7h()(N2+e )}<N1<hO<N2+€>

Note that M; exists as a result of the selection of Ny for certain value of € to be
choose later and the choice of M; and N, guarantees the existence of N;. Now, let
pick €1, €5 and A; such that

N2+627
0<e <h—77
1 0 N,

and
€

4M1 (NQ —+ hQNl) < )\1 < 1,

€9 and A exist by the previous selection of N1 and Ny. Consequently, it result that
Cy >0,Cy =—C3,C3 <0 and C5 > 0. Moreover, it’s clear that Cy > 0, so, we
have

_6[01|ut||2+c2(HA%uH2 ~ ho HBéuH2> — 2Nu(u)
+00 2 2
+/0 h(s)(C4HB§‘nt(s)H +C5HB%U(tfs)H >ds}
L2 L2 +oo ) 2
< —eC’g<||ut|2—|—HA2uH —hOHBiuH —21/)(u)+/0 h(s)HBint(s)H ds)
where

1 .
Cy = ~ min {Cy, Ca, Cy }.

Observe that Cy is positive and independent on p. Next, using Cauchy-Schwarz’s
and Young’s inequalities for estimate the last term in the right hand in (3.24).

Then, by (2.2)) and (2.4)), we get

+oo
e<C’z(1,t),N1/ h(s)nt(s)dsN2u>
0
1 2 +oo 1 2
< el 0 +6|M|Clo(HA2uH + [ nes) B ds),
0
where

1
Cio = % max{aNZ, hoN?}.
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Inserting the above inequality and (3.26) in (3.24)), we obtain

L,(t) < feCnE(t) + <4hn+2\/m>€N1E(t)

+(3-ccn) [ w6 Bt ds - et + )

+o0 N 2
+Cg/ h(s) HBEuO(s - t)H ds, (3.26)
t
where
2
Cll = 2min {Cg - M, 7709 - 6,U/|C110}~
€ ul
Finally, we assume that |u| satisfies (3.20)) under the following choice of dy
. [Cy 09\/5}
§p = min ¢ —, . 3.27
‘ { Cs vCho (3.27)
Then, we can choose n big enough and we fix € such that
|1l 1 1
il < < 2
2¢: <S35 < (3.28)
where

2 2T
M:Nlmax{l,ho}—&—]\fgmax{l,a}—i— ¢ .
b b [l

which imply that E is equivalent to E + ¢(N1I; + NIy + I3). Indeed, by using
Cauchy-Schwarz’s and Young’s inequalities, we have

1 ho [+ L 2
L) < 2<||ut2+b | ne [pri)| ds) (3.29)
0
ho
< max 1,? E(t) (3.30)
and
1 a 1|12 a
L) < 2<||ut||2—|—bHA2uH )gmax{Lb}E(t). (3.31)
From ([3.12)), it follows
1 1 2627'
I(t)] = e / 70| 2(p, 1) |2ds < e / 2| x(p. ) ds < < E()
0 0
(3.32)

Combining (3.4)), (3.29)), (3.31) and (3.32)) and by using (3.28)), we have
E ~ E+ e(N1I; + Nols + I).

Moreover, the third term in the right hand of (3.26)) is non-positive. Note that
dp is a positive constant independent of . Under the condition (3.20)), we conclude
that C1; is a positive constant and by using the fact that lim,_, . h, = 0, we get

4hy, + /dhy,
2

Ciz =€eCh1 + < )eNl > 0.
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Consequently, we obtain, for all t € Ry,
L/(t) < —ClgE(t) — C7§(t) (Jl (t) + Jg(t))

+Cy /:oo () || B 2o s - t)Hst. (3.33)

Let distinguish two cases corresponding to the limit of £ at infinity.
» If lim; o &(t) > 0, there exist ¢y > 0 and £ > 0 such that £(t) > &, for all
t > to. Therefore, using (3.18]), we find

+oo 1 2
L'(t) < —61L(t) +08/ h(s) HBEUO(S ft)H ds, VteR,, (3.34)
t

where

51 — min Cia  Cr& Cré
! 1+eM’ M, ab [

Then, integrating the differential inequality over [tg,t], we obtain
L(t) < et <e‘51t0L(to) + O /0 s / ) |BHuotr — )| dwds>, Vi € Ry.
So, using and , we get, for all ¢ > tg,
1
< oo t®
T ex {07, e‘sltOL(tO)} X
t +00 2

X (1 —|—/0 e‘sls/S h(m) HB%UO(T( — S)H d?TdS). (3.35)

For ¢ € [0, o], we have
Bt) < —

T 1—-eM
Inequalities (3.35) and (3.36) gives (3.21) with

E(t)

IN

Lt 61t —51t < L d1to —(51t- 336
e et < T ma L (3.30)

1
by = outo L(s) p.
2 1_€M{C7,e Jnax (S)}

> If lim; o0 £(t) = 0, there exist tg > 0 such that £(t) < Cia, for all ¢ > to.
Therefore, using (3.18)), we obtain, for

01 = min ! ﬂ Cr
e L+eM’ M, aM [’

+o0 2
L) < —5 () L) + 08/ ns) |Brugts o) ds, vieR,,  (337)
t
By integrating the above differential inequality over [to, t], we get, for all ¢t € R,

. . t N “+oo 2
L(t) S 67515(15) <€515(t0)L(t0) + 07/ 6615(5)/ h(T() HB%uo(ﬂ' — S) d'Tl'dS) .
0 s
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Then, using (3.18)) and (3.37)), we get, for all ¢ > tg,
. max {07, eélé(tO)L(to)} X

t “+o00 N 2
><<1+/ 6618/ h(ﬂ)HBiuo(ﬂ—s)
0 s

For t € [0, 0], we have

_ 1
1—eM

E(1)

d7rds> . (3.38)

E(t) < L(t)e‘slé() =814t < ! max (L(s)e‘;lg(;))e‘slé(t). (3.39)

1 —eM selo,to]

Inequalities (3.38) and (3.39)) gives (3.21)) with

1 ~
8o = L 81€(s) .
5 1_6M{O7,Sg%3§]< (s)e

Thus the proof of Theorem [3.6]is completed. O

4. APPLICATIONS

We can seek our results in some problems. In this section, we consider only three
illustrative problems. In the whole section, €2 is a bounded and regular domain of
R”, with n > 1.

1-: Abstract linear problem

we(t) + Au(t) — 7% h(s)Au(t — s)ds + Cuy(t — ) = 0, (0, +00),
ut(t_T):fO(t_T)v ( 77-)3
u(—t) = ug(t), ut(0) = u, t>0,

(4.1)

where the operators A and C' are a self-adjoint linear positive operators satisfy the
assumptions (A1) and (A3), respectively. The memory kernel h satisfying (A2) and
(AT).

2-: Let us consider the semilinear problem

u (t) + Au(t —|—f $)Au(t — s)ds + b(x)us(t — 1)
= F(u(t)), t € (0,+00),
u(z,t) =0, z € 99, (4.2)
w(z, —t) = uo(x,t), u(z,0) =wui(z), reQ, t>0,
u(t —7) = fo(t — 1) te(0,7),

with initial data (ug,u1, fo) € [H*(R2) € NH(Q)] x H () x HY(0,7; L*(Q)). The
constant 5 > 0 satisfies a suitable restriction to be specified below. The memory
kernel h satisfying (A2) and (A7) and b € L™(2) is a function such that

b(x) >0 a.e in .

The source term F be globally Lipschitz continuous functional such that F(0) =0
and satisfies ([3.2]).Our results hold with H = L?(2) and the operators A, B are
given by

A:D(A) — H :ur—s — Z 8( (x)é‘?;), B:D(B) — H :ur~ —Au,

i,j=1



24 HOURIA CHELLAOUA, YAMNA BOUKHATEM

where D(A) = D(B)) = H%(Q) N HE(Q). a;; € C1(Q), is symmetric and

ElCLQ >0’ Z al](x)CJClZa’O|C|27 erﬁ, C:(Ch aCn) GRTL
i,j=1
The operators A and B are a linear, self-adjoint and positive operators in H such
that D(Az) = H}(Q) with HA%UH = (a(u,u))'/? and HB%uH = ||Vul|2, where

Jdu Ou
’LL U Z / a” T%%dw
,j=1 J
Moreover, by using Poincare’s inequality and the Sobolev’s embedding theorem, we
get (Al) and (A5). Then, the assumption (A3) holds with Cu(x,t) = b(x)u(z,t).
3-: Coupled systems

+o0
wy(t) — aAw(t) —|—/0 h(s)div(ai (z)Vw(t — s))ds
Fuw(t = 1) + dv(t) = fi(w(?), t € (0,400),

vn(t) — BAV(E) + / h(s)div(as (2)Vo(t — 5))ds

(
)

+po(t — 1) + dw(t) = fa(v(t)), t € (0,400),
w(z,t) =v(z,t) =0, x € 01,
w(z, —t) = wo(z,t), v(z,—t)=wv(z,1t), xreQ, t>0,
wi(z,0) = wi(x), v(z,0)=wv1(x), reQ, t>0,
w(t—7)=folt—7), v(t—7)= folt —7), t e (0,7),

where « and 3 are positive constants, a1, az € C1(Q), ai(z), az(x) > 0 with
The memory kernel h satisfying (A2) and (A7). The above system is equivalent to
(1.1) where u = (w,v), fo = (lo,mo) and H = (L?(Q))? with

(w1, v1), (we,v2)) = / wiwse + v1v2d.
Q

We take D(A) = D(B)) = (H?*(Q) N H(2))? and the operators A, B are given
by
Au = —(aAw, BAV) + d(v,w),
Bu = —(div(a1(x)Vw), div(az(z)Vw)).
The function Fa(u(t)) = (f1(w(t)), f2(v(t))) satisfies (A6).
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