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SCATTERING BY A MOVING PEC PLANE AND A DIELECTRIC
HALF-SPACE IN HERTZIAN ELECTRODYNAMICS

B. POLAT' §

ABSTRACT. For a demonstration of the predictions of Hertzian Electrodynamics in scat-
tering problems, a general formulation is provided which is followed by various appli-
cations of the presented methodology to 2-D canonical problems involving a Perfect
Electrical Conductor (PEC) plane and a dielectric half-space in uniform and harmonic
motions under plane wave incidence.
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1. INTRODUCTION

With the wide acceptance of Special and General Relativity Theories (SRT, GRT) as ex-
perimental facts in early 20th century, problems of electromagnetic wave propagation and
scattering for moving bodies have been handled and solved mostly in a relativistic frame
in literature till date. While it is impossible to provide an entire account of the immense
literature in this area, a considerable number of works with relevance to electromagnetics
engineering applications handled in this work can be reached at ([1],[2],[3],[4],[5],[6],[7],[8])
and the references cited therein.

In the present work we provide a demonstration of the predictions of Hertzian Elec-
trodynamics (HE) in scattering problems. It is structured as a sequel of [9] where we
reviewed and extended certain aspects of the mathematical foundations, axiomatic struc-
ture and principles of HE. In Section 2 a general formulation of the scattering problems
for material bodies with an arbitrary velocity is provided. Specifically, we consider the
scenario in Figure 1 where, according to an observer in Cartesian reference configura-
tion Oxqxoxst, the incident electromagnetic wave with fields (Einc(F; t),ﬁmc(f’; t)) and
sources (prs(7;t), Jrz(7;t)) generated by a stationary transmitter in an ambient medium
I is impinging on an object occupying a region D and in arbitrary relative motion with
instantaneous velocity v(7;¢). This is followed in the subsequent sections by various ap-
plications of the presented methodology to 2-D canonical problems involving a Perfect
Electrical Conductor (PEC) plane and a dielectric half-space in uniform and harmonic
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Figure 1. An illustration of a scattering problem

motions and under plane wave incidence. Finally, we provide a theoretical comparison of
the results derived with HE and SRT for the special case of uniform motion. The reader
is assumed to be already familiar with the terminology, definitions, postulates, theorems,
etc. in [9] so that many of them shall not be repeated herein for practical reasons. In
particular we shall frequently use the terms “E-frame” and “L-frame” as abbreviations of
Eulerian and Lagrangian frames from fluid mechanics for denoting reference (spatial) and
current (material) configurations for brevity.

2. THE GENERAL FORMULATION OF A SCATTERING PROBLEM

The frame indifferent structure of Hertzian field equations require that the field expres-
sions in E- frame in any scenario of moving bodies can be obtained via the maps of the
end results obtained in the corresponding Maxwells theory of stationary media (in other
words, in L- frame). Therefore we can solve a scattering problem from an isolated moving
body formally by “frame hopping”! following the steps below:

I) Map the incoming field from E- to L-frame

IT) Solve the scattered field from the associated boundary value problem in L-frame

IIT) Map the scattered field back from L- to E-frame

In constructing the boundary value problem in L-frame, the corresponding spatial /temporal
jump and edge conditions are obtained from the distributional investigation of the field
equations along with complementary conditions such as radiation condition, periodicity,
boundedness, etc.

2.1. The Incoming Wave. In E-frame the incident fields satisfy the Maxwell equations
of stationary media

curl Eje (7 1) + gtémc(ﬁ t) =0, curlHjpe (1) — gtﬁmc(ﬁ t) = Jro(7t)  (2.1a,b)
divDine(7: 1) = pro(7:t), divBine(7:t) = 0 (2.1¢,d)

Let us assume medium I simple and lossless with constitutive parameters (e, ). Then
the incident time domain (& phasor) fields in E-frame satisfy the stationary wave (&

1A methodology first employed by Van Bladel for relativistic scattering problems (cf.[1]).
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Helmholtz) equations

- 52) () - (Wm8me0)

Ei'méf) ) _ < (1/¢) gr%dﬂTx(f’) ) (2.2b)

where ¢ = 1 / VHE is the phase velocity and k = win./c = 2m/X is the wave number with
angular frequency wine = 27 fin. and time dependence taken as exp(—iwipt). For an
observer in L-frame Oz x4 x%t, which is not necessarily Cartesian, the object is stationary
and the surrounding medium I is in relative motion with an instantaneous velocity v/ (#; ¢).
Accordingly, in L-frame the incident fields satisfy the Hertzian field and wave equations

B (5 + 2 B 7) = 0 ennl (1) = 2 D (750) = Jp(758) (230.0)
div' D}, (7;t) = plp, (73 1), div' B, (7;t) =0 (2.3c,d)

wmc

@m_1§;><ﬁﬁ§%>:<0ka?hwm>. o)

In (2.3) the comoving time derivative of a vector A7 (#;t) is given by

Oy 0 ; ,
@ ;'nc - aA;nc ' grad,A;nc - A;nc - gra 'V + Agnc
When the incident fields and sources in L-frame are monochromatic with an arbitrary time
dependence, say exp (—iw’;pct), then their phasors satisfy the reduced field equations (see

[9], Section 7)

curl/ E;nc(f' ) — zwmcéénc(

div'¥. (2.5)

) = 0, curl’H{nc( )+ iwincﬁgnc(f) = f’Tm(f’) (2.6a,b)
dlv/D;nc(F’) - pT:r:( ) div B;nc( ) =0 (26C7d)

and the Helmholtz equations

(mHkg(%A?>:<ﬂMg?%ﬂm). o

2.2. The Scattered Wave. Let us express the total field in space in E- and L-frames
respectively as

(Et t ﬁt t) = (E,inc’_,ﬁlnc) (ESC7 Hsc) in medium I
o (Eq, Hy),in region D
(Ez/nc’ H'Llnc) (Egc’ H;c), in medium I

and (E! ,ﬁ 1) =

(Etot: Hior) { (E(’i,H) in region D

In L-frame of the scattered wave, i.e., with reference to the motion of region D, an L-
observer senses the entire space (constituting the ambient source free medium I and region
D) in motion with instantaneous velocity —v'(7';¢). Accordingly, the scattered fields in
medium I satisfy the Hertzian equations

) L & -
Curl,Egc( ) ) + <>7,B/ ( ) ) =0, CuI‘llH;C(fl;t) - @D;c
div' D (#;t) = 0, div' B’ (7;t) = 0 (2.8¢,d)

(7;t) =0 (2.8a,b)
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1 <*>/2 E"/ (7:1. t) .
lap’ — == sev’ ) =0 2.9
(v~ Sr7) ( o 2
where the accompanying comoving time derivative of a vector fi’sc is defined as
N
. o - . . .
@Agc = EA;C — V' - grad’ A}, + A, - grad’' v/ — A} _div'V/ (2.10)

When the scattered fields in L-frame are monochromatic with an arbitrary time depen-
dence, say exp (—iw’s.t), then their phasors satisfy the Hertzian equations

curlEy(7) — iwineBa(F) = 0, curlHy(F) 4 iwineDa(F) = Jy(7) (2.11a,b)
divDy(7) = pa(F), divBy(7) =0 (2.11c,d)

and the Helmholtz equations

(lap + k) < %((2 ) _ < (1/e4) ggadpd(F) ) (2.12)

When the incident fields in L-frame are not monochromatic but possess arbitrary wave-
forms which can be expressed as a superposition of monochromatic components in terms
of a Fourier series or integral representation, then their each (discrete or continuous) com-
ponent satisfies (2.7) individually, while similar arguments also hold in (2.12), (2.16) and
(2.21).

It should be noticed that the wave numbers &, kg remain invariant in E- and L-frames.
Since the canonical examples in the present investigation are restricted to rigid bodies
with ¥ = ¥(t), one may set div'v' = 0, div¥ = 0, gradv = 0, grad'¥ = 0 in (2.10) and
(2.19).

2.3. Total Field inside the Moving Object. In L-frame of the fields (E&,ﬁ&) and

sources (p/;, J:’l) inside the moving object, the region D is sensed as stationary since the
ambient medium I is observed as source-free. Therefore in region D the field equations of
stationary media

curl By (7 ) + gtégl(f'; t) =0, curl’ H,(7; 1) — ;ﬁg(ﬂ;t) = Jh(;t) (2.13a,b)
div/ Dy(7; 1) = ply(7; 1), div By (73 ¢) = 0 (2.13¢,d)

are satisfled. When the region D simple with constitutive parameters (¢4, g, 04), (2.13)
yield the stationary wave equations

102 d E(7:1) (1/eq) grad’pl,(7'; 1)
lap’ — — — — — d\T o = — Pd\ 2.14

<ap 2 o2 Ud“dat) < H (73 1) 0 ’ (2.14)
with ¢y =1 / VItgEqd- When the transmitted fields in L-frame are monochromatic with an

arbitrary time dependence, say exp(—iw/t), then their phasors satisfy the reduced field
equations

curl' E(7) — iwine BYy(7) = 0, curl Hy(7) + iwineD,(7) = J4(7) (2.15a,b)
div' D}y (7) = ply(7), div' B)(7) = 0 (2.15¢,d)

—

and the Helmholtz equations

(lap’ + £2) < 1%(7;) > _ ( (1/eq) grad’py(7) ) (2.16)

0
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with k2 = w2, .£aftd+iwincoaia. For E-observer the field and wave equations (2.13), (2.14)
read

curl E4(7 ) + <<>>t§d(77;t) = 0, curl Hy (7 t) — <<>>tl_jd(77;t) = Jy(7:1) (2.17a,b)
divDy(7: t) = pa(7:t), divBy(7;t) = 0 (2.17¢,d)

12 O Eq(7: 1) (1/2q) gradpy (7 t)
lap — — ! = ~ ’ 2.18
(0~ 25 —owags ) (i 0 - e

where the accompanying comoving time derivative of a vector Ay is defined as

o . L .
2Ad —Ag+ V- -gradAy — Ay - gradvV + Ay divy. (2.19)
Ot ot
When the transmitted fields in E-frame are monochromatic with an arbitrary time depen-
dence, say exp(—iwy, t), then their phasors satisfy the reduced field equations

curl Eg(7) — iwineBa(7) = 0, curl Hy(7) + iwine Da(7) = Jy(7) (2.20a,b)
divDy(7) = pa(7), divBy(F) = 0 (2.20¢,d)

and the Helmholtz equations

(1ap + K2) < ]%Eg > _ < (1/ea) ggadpd(ﬂ ) . (2.21)

When the incident fields in L-frame are not monochromatic but possess arbitrary wave-
forms which can be expressed as a superposition of monochromatic components in terms
of a Fourier series or integral representation, then their each (discrete or continuous) com-
ponent satisfies (2.7) individually, while similar arguments also hold in (2.12), (2.16) and
(2.21).

It should be noticed that the wave numbers k, kg remain invariant in E- and L-frames.
Since the canonical examples in the present investigation are restricted to rigid bodies
with vV = V(¢) , one may set div'V'= 0, divv= 0, gradv=0, grad’v'=0 in (2.10) and (2.19).

2.4. Boundary Relations on the Moving Object. In the context of the scattering
problems investigated in the subsequent sections we shall assume the enclosure S = 9D of
the moving medium a simple interface, which might be a PEC or a dielectric interface sup-
porting surface charges and currents ply(7; t), J! (7;t). In these cases the distributional
form of stationary field (Maxwell) equations in L- frame respectively read

A X | Bp(7sit) + Eo(7si )| =0 (2.22a)
[H’ (T t) + Bl (70| = Ts(7st) (2.22)
W [ Dine(Fsit) + Dicl7s )] = pls(731) (2.22¢)
i | Bhue(sit) + Bl )] = 0 (2.22d)
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and
A x| Bpe(sit) + Blo(Fsi )| = 2 < By ) (2.23)
x| e 117 t)| = 2 x HY(7s: 1) (2.23b

)
7o t)| =i/ - Dly(7g;t) (2.23¢)
Foit)| = a' - BYy(fg:t) (2.23d)
Along with constitutive relations and radiation, edge, tip, periodicity, boundedness etc.
type complementary conditions, the associated boundary value problem can be solved

uniquely to yield the L-fields (E;C, H !.) and (E&, H /), whose maps also yield the E-fields
(Ese, Hse) and (Eq, Hy).

3. TE PLANE WAVE SCATTERING BY A MoVING PEC PLANE

In this section we shall investigate the scattering of uniform homogeneous TE plane
waves by a PEC plane as depicted in Figure 2 for four different modes of motion of
practical interest. Common to all cases is the expression of the incident wave in half-space

'
- 4 X
s X5 2

|~ V(1)

PEC Plane

Figure 2. An illustration of TE plane wave scattering by a moving PEC plane

x1 < 0 (medium I), which propagates along 7, = (cos a, sin «v) direction in (z1, z2) plane
with fields represented by

Eine(Fit) = &3f (Rine - 7 — ct), Hine(7:t) = (1/2) fine X Eine(7:1) (3.1a,b)

with A - 7= 21 cos a + x2 sin «, where o € [0, 7/2) is the incidence angle and Z = \/pu/e
stands for the characteristic impedance of lossless medium I. For the special case of a
monochromatic source the incident electrical field is assumed to have the general form
Einc(F; t) = i‘gg(kﬁmc ST — wmct) (31C)
while (3.1b) still holds.
In the first two special cases below we carry out the investigation for general time
harmonic and monochromatic waves simultaneously.
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3.1. Case I: Uniform Motion Parallel to the Plane. For E-observer we assume the
PEC plane at 1 = 0 in uniform rectilinear motion with velocity Vv = Gs, G = const. G
is assumed to take negative values for motion along —Z9 direction.

For L-observer the PEC plane is stationary and it is half-space —Z5 (medium I) moving
with linear velocity ¥/ = —G4,. Incorporating the Galilean transformations zo = 2, + Gt,
r13 = T 3; & = 2}, i = 1,2,3, the incoming fields in L-frame read

Ez/’nc(r_‘l; t) = jg (ﬁ{inc 7 — anct) = i‘gg(kﬁ;nc 7 — w;nct)7

H! (7:t) = (1/2) 7. x E} (7:1) (3.2a,b)

inc inc inc

: a1 o /o
with 7, -7 = 27 cosa + x5 sin o and
/

inc

froe = fine(1 — Bsina) (3.2c-e)

where = G/c . While the wave number k remains invariant in E- and L-frames as
mentioned in Section 2, the phase velocity and the angular frequency of the incident wave
as observed in L- frame are scaled proportionally, obeying k = wipc/c = w},,./Ch .-

One observes

Cine =€ — Gsina = ¢(1 — Bsina),w),, = winc(1 — Bsina),

ey Wines fine >0, ie., 1 — Bsina > 0or < 1/sina (3.3)

Ciner Wi

as a kinematical upper limit on for the the incident wave to catch the moving plane. (3.3) is
satisfied for Vo, 6 <1 & a € [0, sin~! (1/ﬁ)) , B > 1. Unless this condition is satisfied the
incident wave is observed to propagate away in L-frame in the direction (— cos «, — sin «).

Let the scattered? field be given in the form
E_’gc(fj; t) = ‘f”IBRTEf(ﬁ;c 7= C;Ct) = jj/BRTEg(kﬁ/sc 7 — w;ct)ﬂ (3 4)
H{(751) = (1) 2) A, x B (751) |

with AL, -7 = —z) cos age + 24 sin ag.. The unknown quantities ¢

from the boundary value problem

/

< Ose, RrE are solved

(1o’ = 385 B (ol 1) = 0, in medium

Boundary Condition : E/ (0, z}:t) 4+ E'(0,2}:t) = 0, Vah, t (3-5a-c)

wmec
Radiation Condition as zj — —o0

The wave equation (3.5a) in medium I, namely,

1O\ 5 1/0 o\ ...
<lap/ - CQ<_>/t2> E;c = l’g <lap/ - 072 (m + G(‘)xé) f(n/sc : 7_! - C/sct)

1 "
= 7 <1 - CQ(—C’SC—FGsinasc)Q) f=0

requires
e =c(1+ Bsinage), wh, = wine(l + Bsinas.), (3.6a,b)
while w../c,, = k. Boundary condition (3.5b) requires
f(ahsina —d,,.t) + Rrp f(rhsinag. — cit) = 0,Vah, t (3.7)
from which one uniquely obtains

2We use the terminology “scattering” in the general sense, by which a merely reflection mechanism
should be understood in the cases scrutinized in Sections 3.1, 3.2, 4.1 and 4.2.
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I) phase invariance:

dahy [dt = ¢, /sina = ¢, /sin o, (3.8a)
or
(1 —psina)/sina = (14 Bsinase)/sin age (3.8b)
which reads
sin age = sina /(1 — 28 sin ) (3.8¢)
IT)full reflection:
Rrp = —1 (3.8d)
Substituting (3.8¢) into (3.6) reads
e =Cipo(1=28sina),wl. = wl (1 —2Bsina) (3.8¢,f)
The maps of (E/., H,) into E-frame read
Eue(71) =~ (Rse -7 Cuct) = —23g (Ritse -7 — wact), 39)
Hye(75t) = (1/2) fise X Ese(T5 1)
with 7ige - 7= —1 COS (uge + o Sin g and
cse =c(14+28sinag.) =c¢/(1 —2Fsina) (3.10)

Wse = Wine (1 + 268in age) = wine/(1 — 25 sin av)

revealing a Doppler effect due to the component of the incident wave parallel to, i.e., in
the same direction with the motion of the boundary, while wgs./csc = k.
It is seen that the realization of a scattering phenomenon requires

CseyWsey Qse > 0, 1.e. 1 —2Fsina > 0, or f < 1/(2sina) (3.11)

which is satisfied for Va, 5 <1/2 & a € [O,Silrf1 (1/26)), B > 1/2. Depending on « and
B, there are two different scattering wave mechanisms observed:

4
Space wave mode :

0 <sinag < 1,1 —2Fsina > sin «,

ieVa,B<0& a€ [0,sin™!(1/(28+1))),8>0

Evanescent wave modes :

sinag. > 1,0 <1 —28sina < sina,

ieac€ [sin ! (1/(2841)),7/2),-1/2< B <1/2
| &a e [sin™ (1/(28+ 1)) sin~ L (1/(28))) . 8 > 1/2

while, in space wave mode, the parameters of the scattered wave are related to those of
the incident wave through the relations

sin age < sina, age < a < /2, Wse < WineyCse < ¢ when 1 —2Fsina > 1,ie., 5 < 0;
sin age > sina, @ < Qge < /2, Wse = WineyCse > ¢ when sina < 1 —2Fsina < 1,
ie,0< B < (1/2)(1/sina —1)

The special case as. = a only occurs for the stationary case § = 0. When we express the
frequency of the scattered wave as

fsc = finc + Af (3.12&)
we get
Af/fine =2Bsina/(1 —2fsina) (3.12b)

which indicates that Af is directly proportional with o and 8 parameters.
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Figure 3. An illustration of (3.12b) for o = w/4. Evanescent wave mode starts at
8 = 0.207.

When a monochromatic incidence is considered, in the evanescent wave mode we observe
scattered evanescent (surface) waves with a pattern

eik(—x1 COS e tT2 sin age) _ ek::vn/ sin2asc—1eika:2 sin ase L1 < 0

In the limiting case o = sin~! (1/2/) the scattered evanescent wave totally vanishes. In
TM mode the angle and the frequency of the scattered wave are the same as in TE mode,
while the reflection coefficient is calculated as Rpas = cos a/cos ase , which provides

Rry <1 when age <a<7/2,ie,5<0
Ry > 1 when o < age < w/2,1e.,0 < 8 < (1/2) (1/sina — 1)

in space wave mode. For both TE and TM modes, the parallel motion of the plane has
no influence on the scattered wave under normal incidence o = 0.

aza , o zo ,R_<1 a<a. , o <o ,R_=1
= ne ES ™ = ine £ ™
. o,

@ @
nc nc

o (& (74 o

> .\'1 > x1
PEC «— p=0 PEC —— 0<4<(1/2)(lfsina-1)
L X L X

N

Figure 4. An illustration of scattering mechanism for opposite directions of uniform
motion parallel to the plane

3.2. Case II: Uniform Motion Perpendicular to the Plane. For E-observer we as-
sume the PEC plane at x1 = 0 in uniform rectilinear motion with velocity v = Gz,
G = const., while for L-observer the PEC plane is stationary and it is half-space 2} < 0
(medium I) moving with linear velocity v/ = —G#. Incorporating the Galilean transfor-
mations x1 = 2} + Gt, T23 = 7y 3; &; = 2}, i = 1, 2,3, the incoming fields in L-frame have
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the same form as (3.2a,b), while

/ / /

Cine =€ — Gcosa =c(1 — feosa), wi,. = Winc(1 — Bcosa), fine= finc(1 — P cosa)
(3.13a-c)
with the requirement
s Wiy [ >0, ie., 1 — Bcosa >0, or < 1/cosa (3.13d)

as a kinematical upper limit on § for the the incident wave to catch the moving plane.
(3.13d) is satisfied for Vo, 8 < 1 & o € (cos™' (1/8),7/2), 8 > 1. Unless this condition
is satisfied the incident wave is observed to propagate away in L-frame in the direction
(—cosa, —sina). Similarly, the scattered fields in L-frame have the same form as (3.4),
while the unknown quantities .., as., Rrp are solved from the same boundary value
problem as (3.5).

The wave equation (3.5a), namely,

102N & 1/0 a\°\ , .
<lap/_62<_>/t2>E;c:x% <1ap/_02<8t+G6[BI1> f(n;c'fl_cisct)

= 1% (1 — i(_c"gc - Gcosasc)2> f=0

C

requires
c. = c(l — Beosase), wh, = wine(1l— Bcosas) (3.14a,b)

while w’./c.. = k. From the boundary condition (3.5b) one uniquely obtains
I) phase invariance as in (3.8a), which reads

(1 —pBcosa)/sina = (1 — cosas:)/sin ag. (3.15)

IT) full reflection as in (3.8d). (3.15) can be written equivalently as sin o, — sina =
Bsin(ase — a). Setting & = cos ase € (0,1] and using basic trigonometric relations shapes
(3.15) into the quadratic equation

(14 B%A4) € —2BA6+A—1=0 (3.16a)
with A = sin?a / (1 — Bcosa)?. In virtue of (3.3), the square-root of the discriminant of
(3.16a) reads v'A = 2(cosa — 3) /(1 — Bcos ) > 0 and one obtains the roots as

12 = [ﬁsin2a + (1 — Beosa)(cos o — B)] /(1 — 2B cosa + ﬁQ). (3.16b)

The only root that falls in the described range £ € (0,1] is the one with upper plus sign,
which exactly reads

£ =cosa, i.e. as = a. (3.16¢)
Substituting (3.16¢) into (3.14) reads
C{SC = C;nc’ w;c = wgnc' (3'16d7e)

It is observed that in L-frame the wave is reflected with the same phase velocity and
frequency when the motion is perpendicular to the plane.
Finally, the maps of (E’., H.,) into E-frame read the same equations as (3.9), where

Cse =c(1=2Bcosa), wse = Wine (1 —28cosa), Af/fine = —2Bcosa (3.17a-c)

revealing a Doppler effect due to the component of the incident wave in the same direction
with the motion of the boundary, while ws./csc = k. (3.17¢) indicates that Af is inversely
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proportional with «, while it is linearly proportional with —3. It is seen that the realization
of a scattering phenomenon requires

Cseywse >0, 1.e. 1 —2Fcosa >0, or B < 1/(2cosa) (3.17d)

which is satisfied for Vo, < 1/2 & a € (cos™' (1/28),7/2), B> 1/2.
In TM mode, as in Section 3.1, the angle and frequency of the scattered wave is the
same as in TE mode, while one also observes full reflection since Rpps = cos a/cos age = 1.

3.3. Case III: Harmonic Motion Parallel to the Plane. We consider the special
case of harmonic motion

V(t) = G(t)z2, G(t) = G cos(wt), G = const (3.18)
with coordinate transformations

zy = ah + F(t), F(t) = (G/w)sin(wt), z1 = x|, z3 = x5, 3; = 1}

79

i=1,2,3 (3.19)

Eine(Fit) = @3 FineTem@imet [T (7 1) = (1/Z) fuine X Eine(7t) (3.20)

In virtue of the well known Bessel property

zQsm wt) Z J zmwt (321)

the map of (3.20) into L-frame can be written as

’(m */(M) —zw’””) t
mc it Z Emc Z Emc e

Eé&?(ﬂ) = @l ()™ (3.22a)
. l('m)
Hip (75t ZHm’C”) 7o) ZHmZL) Wit
A0 = 0/2) e B P (3.220)
with 7, .- 7 = 2 cosa + ahsina and Q@ = (G/w)ksina. Based on the principle of

superposition for sources and fields, the incident wave (3.22) can be considered as an
infinite sum of hypothetical plane wave modes with amplitude J,,,(€2), angular frequency
/(m)

Wipe = Wine — mw, while for each mode the plane moves with a uniform velocity #m) =
1(m)

GMiy = ¢8Mzy. which is determined via (3.2d) by writing w,,.) = Wine — Mw =
Wine(1 — Bm) gin a) to get Blm) — mw/wmc / )/sin . Then the scattered fields in L-frame

can be written directly by substltutmg w , B(m for w) ., f in the available results in
Section 3.1 to get

B () = —ﬁzéJm(Q)R(Tm) i

— t) _ iﬁé(cm Z —zwg(cm) t’

H ™ () = (1/7) ! xE’(m)(F’) (3.23b)

(3.23a)
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AI(m) oy / (m) (m)

with fge * -7 = —2) cosage’ + o sin e 7, Rg%) = —1 and
sin (™ = sin a/(l — 28(M) sin a) =sina/(1 — 2mw/winc) (3.24a)
WM = wggg) (1 — 28 sin a) = w;(zz) (1 = 2mw/winc) (3.24b)

while in E-frame one has

ZE(m 7 ZE ,,;*)8 zwsc)t

EG(F) = —i3Jm (Q)ei’“ﬁgc )‘F (3.25a)
Z A (i) = 3 A (7)e =,
H() = (1/2) Al < EGY(7) (3.25b)
with Al - 7= —I'1 COs all + X9 sin al™ and
wgcn): winc/(l - 25(m) sin Oé): wz‘nc/(l - 2mw/winc) (326)

In TM mode the angle and the frequency of the scattered wave modes are the same as in

TE mode, while the modal reflection coefficient is calculated as R(T A} = cosa / cos agc ).

For both TE and TM modes, the parallel harmonic motion of the plane has no influence
on the scattered wave under normal incidence o = 0. The special case w = 0 coincides
with Case I.

Evanescent modes are observed for sina > 1 — 2mw/wine or m > (wine/2w) (1 — sina),
while only space waves occur under normal incidence.

3.4. Case IV: Harmonic Motion Perpendicular to the Plane. In this example we
consider the special case of harmonic motion

V(t) = G(t)z1, G(t) = Gcos(wt), G = const (3.27)
with coordinate transformations

v =) + F(t), F(t) = (G/w)sin(wt), zo = x5, 3 =25, &; =3}, i=1,2,3  (3.28)

and under monochromatic TE plane wave incidence as in (3.20). In L-frame the incident

electrical field is expressed by E! (7;t) = &} eFine™ isin(w) with 7 . -7 =
xj cosa + zhsina, while Q = (G/w) kcosa. The scattered electrical field satisfies the

boundary value problem

<lap/ (Bt +G(t )EM ) > E!, (7;t) = 0,0r (lap’ + k?) E..(7;t) = 0, in medium I

Boundary Condition : mc(O zhit) + E. (0, zh; t) = 0,Vah, t
Radiation Condition as zj — —oo

/
19

—iWinct

(3.29)
o L ) G o L o
A solution in the form E (7;t) = &% Rppe™™sc™ 25wl e=iwscl wwith 7/ -7 = —z| cos ass,
To Sin o directly requires Rrg = —1, w.,. = Wine, 0se = o, Which reads
+ 2 directly R 1, wl, , , which read
_ VR o
E;C(F’;t) — —ch ezknsc 7 ezﬂsm(wt)e 1Winct (330)

The same result can also be obtained by expanding the incident field in L-frame into

1(m)

an infinite sum of hypothetical plane wave modes and substituting w;,,.” = wine — mw,
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B = (mw /wine)/cos a for W), , B in the available results in Section 3.2. Then in E-frame
one has

ESC(F; t) — _'%3 eikﬁscﬂ’_"eig Sin(QWt)e_iwinct (331)

with fig. -7 = —x1 cosa+xgsina. In virtue of (3.21), (3.31) can also be expressed in terms
of plane wave harmonics as

Eooit) = —ig Y T (Q)e/Fhoc Temilwine2me)t, (3.32)

In TM mode the angle and the frequency of the scattered wave modes are the same as in
TE mode, while the modal reflection coefficient is calculated as Rppsr = cos a/cos age = 1.
The special case coincides with Case II.

4. TM PLANE WAVE SCATTERING BY A MOVING DIELECTRIC HALF SPACE

In this section we shall investigate the scattering of uniform homogeneous TM plane
waves by a lossless dielectric half space for the same four modes of motion as in Section 3
in a similar fashion. Therefore the same quantities already described for the corresponding
problem in Section 3 will not be repeated.

We assume the incident wave propagates along 7, = (cos «, sin «) direction in (z1, z2)
plane in half-space 1 < 0 (medium I) with fields represented by

ﬁmc(f"; t) = j?gf(ﬁmc 7= Ct), Einc(F; t) = Zﬁmc(ﬁ t) X ﬁinc- (4.1a,b)

For the special case of monochromatic source the incident magnetic field is assumed to
have the general form

Hmc(F; t) = i’gg(kﬁmc . 77— wmct). (4.10)
Without losing generality, let us assume the half-space x; > 0 (region D) lossless with
constitutive parameters (gq4,444), characteristic impedance Z; = \/pq/€q, wave number

kq = Winer/Eaftq and refractivity defined by n = , /sdud/, fen = c/cqg = kq/k.

4.1. Case I: Uniform Motion Parallel to the Plane. For E-observer we assume the
dielectic half-space in uniform rectilinear motion with velocity v = GZo, G = const. Based
on the same coordinate transformations as in Section 3.1 the incoming fields in L-frame
read

H’L{nc(fj; t) = ‘,%/3 (ﬁ;nc : 7_,1 - anct) = 'ﬁgg(kﬁ;nc ' 7:( - wgnct)ﬂ (4 2)
E_"L{nc("j’;t) = Zﬁz/nc(rﬁl’ t) X ﬁ‘;nc

while (3.2c-e) still holds. Let the scattered field in medium I and the total field in region
D be given in the form

ﬁf@c("ﬂ; t) = iéRTMf(ﬁ;c - C;ct) = i‘éRTMg(kﬁlsc - w;ct)’ (4 3)
E’;c(f(; t) = Zﬁ;c(r_‘/at) S ﬁ;c
Hy(t) = a5Tra f (R - 7 — cyt) = 25Trarg(kaivy - 7 — wit), »
E(75t) = ZaHYy(7;t) x il '
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with 7}, -7 = —a cos age+ah sin age, -7 = 2 cos ag+a4 sin ag. The unknown quantities

Cher Qse, Cyy gy R, T are solved from the boundary value problem

lap’ — C%g’;) ﬁgc (), 2h;t) = 6, in medium I
lap’ — é%) ﬁ:i (2, 2h;t) = 6, in region D
HY (0,2 t) + H! (0,2 t) = HY(0, ahys 1), Vah, t

mc

2 [Hy (0, 2 ) il + HL(0,0:8) x il ] = Za5(0, ahst) x ), W ¢

wmc wmc

Radiation Conditions as z}j — £oo

The wave equations (4.5a,b) require

. =c(1+ Bsinage), wh, = wine(l + Bsinag), ¢ = cq, Wi = Wine

while the boundary relations (4.5¢,d) read

f(xhsina — c,.t) + Ry f (2 sinage — ciot) = Ty f(ah sinag — cjt)

Z [cosa f(zhsina — ¢, t) — cos age Rppg f (2 Sin aise — ¢ t)]
= cos ag ZqTrp f (2 sinag — cjt)
for Vab, t, from which one uniquely obtains
I) phase invariance:
dwy/dt = ¢, [sina = d,, [sin e = ¢ /sinay
or
(1 —Bsina)/sina = (1 + fsinage)/sinas. = 1/(nsinay)
which reads
sinag. = sina/(1 — 28sina), sinag = sina/[n(l — Bsina)]
as well as
¢ = Ce(1 = 2Bsina), wl. = wl,.(1 —2Bsina)
IT) the reflection and transmission coefficients:
Z cosa — Zgcosag Z(cos a + cos age)

T™ =
Z €08 Qge + Zgcos g

Ryy =
7 coS Qge + Zgcosag’

The maps of (E;C, ﬁgc) and (E&, ﬁ&) into E-frame read
ﬁsc(ﬁ t) = £3RTMf(ﬁsc ST — Csct) = £3RTMg(k7¢Lsc ST — wsct)a Esc(F; t)
= ZH (P t) X fre
Hy(7;t) = &3Trar f (g - 7 — cint) = 23Tparg(kahia - 7 — wipt), Ea(7:t)
= Zdﬁd(f"; t) X ﬁd
with 7ige - 7= —x1 cosa + xosina, ng - ¥ = T1 COS g + X2 sin ag and
cse =c(1+2Bsinas.) =c¢/(1 —2Fsina),
Ed(ﬁ t) = Zdﬁd(F; t) X de

Af/ fine =2Bsina/(1 — 2Fsina)

(4.5a.e)

(4.7b)

(4.8a)

(4.8b)

(4.8¢,d)

(4.8¢,f)

(4.9a,b)

(4.10)

(4.11)

(4.12a,b)

(4.12¢)
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ctr = cqg+ Gsinag = cg(1+ fnsinay) = ¢g/(1 — Bsina) (4.13a)

Wiy = Wine + kG sinag = winc(1 4 Bnsinag) = wine/(1 — Bsina) (4.13b)

while wge/cse = k, wir/ctr = kg. In (4.12) one observes the same Doppler effect as in
Section 3.1 for a PEC plane regardless of the constitutive parameters of the dielectric
half-space.

The Brewster angle ap for which one has zero reflection coefficient (Rpy; = 0) is
calculated from the equation

Z cosap = Zg4Cos oy (4.14a)
which, upon substituting (4.8d), shapes into the transcendental equation
n? (Zfl - Z2c082a3) (1 - Bsinap)? — Z3sin’ap = 0. (4.14b)

A change of variables { = sinap € [0,1) provides a compact closed form representation

(Za/)2)? [n2(1 - B&)? - 52} —n?(1-86*(1-¢) =0 (4.14c)

For Vn, 8 there is always one and only one root of the quartic (fourth order) polynomial
(4.14c) that falls into the described range of £. For the special case pg = p one has
Z|Zg=n and (4.14c) simplifies as

n?(1—B&)° [1-n?(1-€*)] -2 =0. (4.14d)

While the roots of (4.14¢,d) can always be obtained analytically through Cardanos formu-
las, under the asymptotic condition

n1p%et << 218 n*€3, namely |3 € << 2, (roughly equivalent to 5] < 0.2), (4.14e)
(4.14d) can be approximated by the cubic polynomial

—2B8n% + (B2(1—n?) +n® —1/nH)E =28 (1+n?)E+1—-n*=0 (4.14f)

The limiting case § = 0 yields the classical result £ = n / vn? + 1. As depicted in Figure

5, one observes an opposite variation in Brewster angle with increasing values of 3 for
n<1landn > 1.

In TE mode the angle and the frequency of the scattered and transmitted waves are
the same as in TM mode, while the reflection and transmission coefficients are calculated
as

 (1/Z)cosa—(1/Z3) cosaq B (1/Z)(cos a + cos asc)
Rrp = (1/Z) cos ase + (1) Zg) cos ag’ Tre = (1/Z) cos ase + (1) Zy) cos aq (4.152.D)

In this case (4.14d) is replaced by

B2t —2B8% + (n® — 1)(B*€* —2B£+1) =0

the roots of which do not permit the Brewster angle mechanism for any 5 value.
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Figure 5. A MATLABTM calculation of Brewster angle from (4.14d)

4.2. Case II: Uniform Motion Perpendicular to the Plane. In this case the incident
wave has the same expression as (4.2) along with (3.13). We may assume the scattered
field in medium I and the total field in region D in the form (4.4), where the unknown
quantities ., ®se, ¢, g, Rrar, T are solved from the same boundary value problem
as (4.5) which reads

. = c(1 — Beosas.), W = wine(l — Bcosase), ¢ = cq, Wi = Wine (4.16a-d)
ase = @, sinag =sina/[n(l — S cosa)) (4.17a,b)
and the same Rpps, Trpr values as in (4.9) which read
Z cosa — Z4CoS oy 27 cos
Rry = ; =
Z cosa + Zgcosay Z cos o + Zgcos ag
. In E-frame the fields have the same expressions as (4.10) where
Cse = (1 =2Bcosa), wse =wine (1 —2Bcosa), Af/fine =—28cosa (4.18a-c)

ctr = cq+ Geosag = cg(1+ fncosay), wy = Wine + kG cos ag = wine(1 + Bn cos ay)
(4.18d,e)

In (4.18a-c) one observes the same Doppler effect as in Section 3.2 for a PEC plane
regardless of the constitutive parameters of the dielectric half-space.
The Brewster angle ap is calculated from the same equation as (4.14a), which, upon

substituting (4.17b), shapes into the transcendental equation
n* (23 — Z*cos*ap) (1 — B cos ag)? — Z3sin®ap = 0. (4.19a)

A change of variables { = cosap € (0,1] provides a compact closed form representation
(Za/2)” [n?(1 = B)* — (1 - €3)] —n2?(1 - BE)? = 0.

For Vn, 8 there is always one and only one root of the fourth order polynomial (4.19b)
that falls into the described range of €. For the special case g = p one has Z/Z; = n and

(4.19b)
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(4.19b) simplifies as
n?(1—B€)* (1 —n*?) — (1- &) =0. (4.19¢)
While the roots of (4.19b,c) can always be obtained analytically through Cardanos for-

mulas, under the asymptotic condition (4.14e), (4.19c) can be approximated by the cubic
polynomial

26n'¢® + (=n* + 0?67 + 1)€* — 26n +n” ~1=0. (4.19d)

The limiting case 8 = 0 yields the classical result £ =1 / vn? + 1. Again, as depicted in

Figure 6, an opposite variation in Brewster angle is observed with increasing values of 3
forn <1and n > 1.

o
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=
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Figure 6. A MATLABTM calculation of Brewster angle from (4.14c)

The angle of total reflection arrg is observed for Rryr = 1 and ag = 7/2 and calculated
from the relation sin arr = n(1 — S cosarg). Taking the square of each side and setting
& = cos arp reads the quadratic equation

(1+n?B%) € —2Bn*¢ +n® —1=0. (4.20a)

The nonnegative discriminant requirement brings the physical restriction

ng1/\/1—/3257§1 (4.20D)

on refractrive index and a lower limit on 8 as —1 < 8 < min (1,1/(2cos «)). The positive
roots of (4.20a) yields the angle of total reflection uniquely as

cosarp = {BnQ + m} /(1 +n?p%). (4.20c)

From Figure 7 it is observed that is inversely proportional with varying in the interval
arp € <O,COS_1 (;Z;))
In TE mode the angle and the frequency of the scattered and transmitted waves are

the same as in TM mode, while the reflection and transmission coefficients are calculated
as

Ryp = (1/Z) cosa — (1/Z4) cos ag o = (2/Z) cos
(1/Z)cosa+ (1/Zg) cosayg’ (1/Z)cosa+ (1/Zg) cos ag
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Figure 7. A MATLAB™™ calculation of total reflection angle from (4.20a) for n = 0.5.
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In this case (4.19¢) is replaced by
Bt =268 + (1 —n?B)E? +2Bn°¢ + 1 —n” =0
the roots of which do not permit the Brewster angle mechanism for any £ value.
4.3. Case III: Harmonic Motion Parallel to the Plane. In this case we consider the

velocity field and coordinate transformations given in (3.18) and (3.19). Then the fields
of the incident TM plane wave are written as

(m) 1! =4

Hine(3t Zﬂm’?) ZHmZ”) el N (i) = BT ()€ T
(4.21)
m) —l t E/(m ,w}’(m)t E( m) ZH( m) 199
'mc ’ Z inc Z mnc e znc( ) mc ( ) znc( )

with ), .- 7 = &) cosa + zhsina, @ = (G/w) ksina and wl,-g?) = Winc — mw. Then it is
satisfactory that one substitutes wg:g) = Wine — mw, BM) = (mw/wine)/sina for W, ., B
in the available results in Section 4.1 to get

© — © — . 1(m) — m m)
i) = S0 AL ) = 3 e ) = i ) R

(4.23)
it) = i E/M(7: 1) Z B0 ()b e B (1) = 7 {00 () pl07) - (4,24)
with
Al L7 = 2 cos al™ + 2 sin o), ﬁ;(m) -7 = 2 cos agm) + o sin ozglm) (4.25)
sin o™ = sin /(1 — 2mw /wine), sin aém) =sina/[n(1 — mw/winc)] (4.26)
WM =Wl (1= 2mw fwine) , wi™ = Wine (4.27)
R(THX/)[ _ Z cos 2;)— 74 COS agl”:) . TT(TX/[) _ Z(CO(S 0; + cos agT))(m) , (4.28)

Z coSQuge ' + Zgcos adm Z cos age’ + Zjcos a,
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while in E-frame one has
oo

ZH (7 t) = S B A7) = (@) R
) (4.29)
Eo(it) =Y EQV(rt ZESC ~el B () = ZHG @) < Al (430)
Hyt) =Y H (7 ZH et B () = g (T eiband”
) (4.31)

Ey(7t) ZE ZEM) (Pe=it B (7) = 28 (7)< 2™ (4.32)

with

A 7 = —zy cos al™ + zy sin o™, ﬁ((i ™) . = 1 cos oz( ™) 4 2y sin ozgl ™) (4.33)

w§§"> = Wine/ (1 — 2mw/wine), wt(T m) _

= Wine/ (1 — mw/wine). (4.34)
In TE mode the angle and the frequency of the scattered and transmitted wave modes
are the same as in TM mode, while the modal reflection and transmission coefficients are

calculated as

(1) Z)cosa—(1/Zg)cosa™ o (1/Z)(cos a + cosall)
Rrp = o), COMREY o) )
(1/Z)cosase’ + (1/Zg) cos ay (1/Z)cos e’ + (1/Zg) cos ay

(4.35)
For both modes, the parallel harmonic motion of the plane has no influence on the scattered
wave under normal incidence o = 0. The special case w = 0 coincides with Case I.

4.4. Case I'V: Harmonic Motion Perpendicular to the Plane. In this case we con-
sider the velocity field and coordinate transformations given in (3.27) and (3.28). The fields
of the incident TM plane wave are given as (4.21) and (4.22), while Q = (G/w) k cos a.
Then it is satisfactory that one substitutes 8™ = (mw/winc)/cos a for B in the available
results in Section 4.2 to get the same scattered and transmitted fields as in (4.23), (4.24),
(4.27)-(4.30) where

o™ = o, sin 0‘((1 ™) — sin af [n(1 — mw/wine)] (4.36)
ﬁ;(c m L = —x') cos Oz(m) + x sin a§?> = —1) cosa + zh sin (4.37)
ﬁ/d( ™ = ') cos aé ™) + Sinaém)
w;(cm) = Winc — Mw wd( ™ = Wine (438)
R _ Zcosa—chosaé m) (m) _ 27 cos (4.39)
™M (m)’ " TM (m) '
Zcosa—l—chosad Z cosa + Zgcosay
ﬁg’?) -T'= —r1cosa+ xasinaq, ng m = 1 COS agm) + 9 sin aglm) (4.40)
wgzn) = Wine — 2Mw, wt(;n) = Winc(1 + B cos afim)). (4.41)

. . g, o(m) o _ Jsin2 o™ 1 . L (m)
Evanescent transmitted modes with pattern e*dfa ™ = g~Faz1ysin®ay =1 ikqza sinay
(m)

x1 > 0 are observed for sina,; ’ > 1, i.e., m > (wWinc/w) [1 — (sina) /n].

)
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In TE mode the angle and the frequency of the scattered and transmitted wave modes
are the same as in TM mode, while the modal reflection and transmission coefficients are
calculated as

pony _ (Y Z)cosa = (1/Zy)cosay™ oy (1/Z)(cosa + cosale) (4.42)
- (m)> " TE — (m) '
T (1/Z)cosa+ (1/Zg) cos ay (1/Z)cosa+ (1/Zg) cos oy

The special case w = 0 coincides with Case II.

5. A COMPARISON WITH SAME RESULTS DERIVED WITH SPECIAL RELATIVITY
THEORY

In Table 1 we provide a theoretical comparison of the results derived with HE and
SRT? for the special cases of plane wave scattering by a PEC plane and a dielectric half
space in uniform motion as in Sections 3.1, 3.2, 4.1 and 4.2. In these cases the Euclidean
transformations of HE for rigid bodies reduce to the Galilean transformations

P=x-Gt, t' =t (5.1a)
while SRT assumes the standard Lorentz transformations

=~ —-Gt), t' =~(t - Bz/c) (5.1b)

with v = 1/\/1 — (2. Here the axes 2/, signify a%,z9 and z/,x; when the motion is
parallel and perpendicular to the plane, respectively. A first order approximation in [
reads first order Lorentz transformations

¥=x-Gt t' =t- pz/e, (5.1c)

which also indicates that a first or higher order departure in should be expected between
the physical quantities to be calculated with HE and SRT.

The different nature of frame indifferent and form invariant formulations reveals itself
dramatically in both cases of the motion parallel and perpendicular to the plane:

When the PEC plane (or dielectric half-space) moves parallel to its own plane, SRT
predicts that the reflected wave is not affected by motion with as = @, Wse = Wine,
while HE indicates an increase/decrease in age, wse values w.r.t. «, win. with the same
scaling factor 1/(1 — 28 sin «), which yields a first order departure in 8 between the results
calculated by these two methods. On the other hand, in both theories the transmission
angle ag4 is predicted to differ from its value at rest.

When the PEC plane (or dielectric half-space) moves perpendicular to its own plane,
HE predicts that as. = «, i.e., the angle of reflection is unaffected from motion, while
SRT indicates an aberration ags. # «, which yields a first order departure in 8 between
the results calculated by these two methods. On the other hand, both methods predict
a Doppler shift wg. # wine, while the departure inbetween the corresponding results is of
order 2.

3Plane wave scattering by a PEC plane and a dielectric half space in uniform motion constitute the most
basic canonical problems in the context of electrodynamics of moving bodies and it has been investigated
intensely in literature by SRT as initiated in the original paper of Einstein [10]. The results given in Table
1 are adopted from ( [11], Section 7.5) and [2].
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6. CONCLUDING REMARKS

With the scope of reviving interest in HE, the present work is planned to be extended to
demonstrate the predictions of HE for a broad set of canonical problems with important
applications. (cf.[12]). Of primary interest are

i.the study of Doppler spectrum of moving sources;

ii.3-D radiation and scattering problems of practical interest for various combinations
of different types of sources, propagation media, scattering objects with/without edges,
and modes of Euclidean motion;

iii.the predictions of HE for various rotating electrical devices as well as for interferom-
etry and GPS experiments, etc.;

iv.the investigation of progressive derivatives, the field equations and solutions to bound-
ary value problems of practical interest for bodies in non-Euclidean motion, especially
involving radial expansion/contraction mechanisms with nonsolenoidal and irrotational
velocity fields.
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TABLE 1. A comparison of the results derived with HE and SRT.

Canonical Solution by HE Solution by SRT
Problem
Section RTE/TM =F1 RTE/TM = Flase = @, Wse = Wine
3.1 sinase _ Wse _ 1 No Doppler shift
sin o Wine 1-28sina

(sinase/ sina) g — (sinase/ Sin @) gpp = (Wse/Wine) g — (Wse/Wine) spr
=28 sin a 4+ higher order terms in (3

Section | Rrg/ry = F1 (a=0) Rygrm = F(1—6)?/(1—57) (a=0)
3.2 Qe = Q, :i =1-—2Bcosa | wsee _ 172Bcos§z+52
wmc wv.nc 1_
— (1+B%) cosa—28
COS rsc = 120 cos a+f32
(cos age — cOs @)y p — (COS Qg — COS Q) gpp = —2Bsin” a + h.o.t.
(Wse/Wine) gg — Wse/Wine) spr = —28% + h.ot
(RTE/TM)HE_ (RTE/TM)S T::FQB-Fh.O.t. (O[ZO)
Section | Spfse = Hsc — P%ﬁ Qse = O, Wse = Wir = Wine
4.1 wer 1. sinag _ 1
wWine  1—fBsina’ sin o \/yz(nQ—l)(l—Bsina)Q—&—l
) B ) .
S = (—Fsna) No Doppler shift
(sinavse/ sin @)y — (Sin Qse/ SN @) gpp = (Wse/Wine) g — (Wse/Wine) spr
= 2@sina + h.o.t.
(sinag/sina) yp — (sinag/ sin &)SR.T =n"3Bsina + h.o.t.
(Wer /Wine) g — (Wir /Wine) gpp = Bsina + h.o.t.
2
Section | age =« COS Qlge = %
4.9 sinag 1 1/2]
: sina ~ n(l-Bcosa) sinZov -1/
) 1 _ sinag _ B(l_BCOSO‘)
Wse/Wine = 1 — 2[ cos a sina ) 442 | x [B(1 - Beosa)
2
Wtr/winc =1 5 +2Q] T4a
20 Wse 41*25100;2a+6 Wi Alfﬁlco%ngﬁq
+/Bn\/1 _ ____smra 5 Winc - P Wine -
[n2(1—ﬁcos @) ] [72(n2—1)(1—,8cos a)2—sin2a] 1/2
= 72
+(1 — Bcosa)?
(cos age — cOS @)y p — (COS Qg — COS Q) gpp = —2Bsin” a + h.o.t.
(Wse/Wine) pg — Wse/Wine) spr = —28% + h.ot

Burak Polat, for a photograph and biography, see TWMS Journal of Applied and Engi-
neering Mathematics, Volume 1, No.2, 2011.




