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THE HYPERBOLIC SYSTEM OF EQUATIONS WITH NONLOCAL
BOUNDARY CONDITIONS

A. ASHYRALYEV!, R. PRENOV? §

ABSTRACT. The initial value problem for the hyperbolic system of equations with nonlo-
cal boundary conditions is studied. The positivity of the space operator A generated by
this problem in interpolation spaces is established. The structure interpolation spaces of
this state operator is studied. The positivity of this space operator in Holder spaces is es-
tablished. In applications, the stability estimates for the hyperbolic system of equations
with nonlocal boundary conditions are obtained.
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1. INTRODUCTION.

Various local and nonlocal boundary value problems for partial differential equations
can be considered as an abstract boundary value problem for the ordinary differential
equation in a Banach space with a densely defined unbounded space operator. As is well-
known that the study of the various properties of partial differential equations is based on
the positivity property of the differential operators in Banach spaces [1]-[3].

The method of operators as a tool for the investigation of the solution hyperbolic dif-
ferential equations in Hilbert and Banach spaces, has been systematically developed by
several authors (see, e.g., [1]- [11]). It is known that (see, e.g., [12]- [16] and the refer-
ences given therein) many applied problems in fluid mechanics, other areas of physics and
mathematical biology were formulated into nonlocal mathematical models. However, such
problems were not well investigated in general.

In present paper, we consider the initial value problem

Qi) | () 24E2) 4 §(u(t, x) — v(t,2)) = fi(t @),

O<ze<l, 0<t<T,

Bvétt,x) B a(x) 6@(%1;06) + 5v(t,x) _ fg(t,ﬂf),
O<ax<l, 0<t<T, (1)

u(t,0) = yu(t,1),0 <y <1, Bo(t,0)=0(t1),0< B <1,
0<t<T,
u(0,z) = uo(z), ©v(0,2) =vo(z), 0<zx<I
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for the hyperbolic system of equations with nonlocal boundary conditions. Here
a(x) > a >0, (2)

uo(x), vo(z), (z € [0,1]), fi(t,x), fa(t,x), ((t,x) € [0,T] x [0,(]) are given smooth functions
and they satisfy every compatibility conditions which guarantees the problem (1) has
a smooth solution wu(t,z) and v(t,z). Note that the problem of sound waves (see [19])
and the problem on expansion of electricity oscillations (see [20]) can be replaced to the
problem (1).

Let E be a Banach space and A : D(A) C E — E be a linear unbounded operator
densely defined in E. We call A positive operator A in the Banach space if the operator
(M + A) has a bounded in F inverse and for any A > 0, and the following estimate holds:

M
-1
IAT+ 4) Mlsop < 55 (3)
Throughout the present paper, M denotes positive constants, which may differ in time
and thus is not a subject of precision. However, we will use M («, 3, - - -) to stress the fact
that the constant depends only on M («, 3, -+ ).
For a positive operator A in the Banach space F, let us introduce the fractional spaces

E,=EL(E,A) (0 < B < 1) consisting of those v € E for which the norm
[v]l £ = sup A (JA + A) " ollg + [lv]lg
A>0
is finite.
Let us introduce the Banach space C*[0,1] = C ([0,1],R) x C*([0,]],R) (0 < a < 1)
of all continuous vector functions u = < Zlgg > defined on [0,1] and satisfying a Holder
2

condition for which the following norm is finite

HuHcca[o,Z] = HUH(C[O,Z]
ap MEED Wl ) )
z,z4+7€[0,]] ’T‘ z,x+7€[0,l] ‘T|
T#O T#0
Here C[0,1] = C ([0,{],R) x C([0,{], R) is the Banach space of all continuous vector
functions u = i; defined on [0, ] with norm
o = e fus ()| + e (o).

We consider the state operator A generated by problem (1) defined by the formula
dul( ) .
A — a(z) =g~ + dui () dué(u%( x) )
0 —a(z) =5 + duz(x)

with domain

D(A) = {( u () > (), P ®) 0. R) m = 1,2

uz(x) dx

u1(0) = yua(l), Buz(0) = u2(l)} -
We will study the resolvent of the operator —A, i.e.

() (2)-(2)
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or

a(x)dzlgf) + (0 + AN u(z) — dv(z) = ¢(x), 0 <z <,

—a(x) P (54 M) v(e) = ¥(2),0 <z <1, (6)

u(0) = yu(l), Bv(0) = v(l).
will be investigated. The Green’s matrix function of A is constructed. The positivity
of the operator A in the Banach space C ([0,[]) is estabhshed It is proved that for any

€ (0,1) the norms in spaces E (CJ0,1], A) and (C [0,{] are equivalent. The positivity

of A in the Holder spaces of (C [0,1], « € (0,1) is proved. In applications, the stability
estimates for the solution of the problem (1) for the hyperbolic system of equations with
nonlocal boundary conditions are obtained.

2. THE GREEN’S MATRIX FUNCTION OF A AND POSITIVITY OF A IN C

Lemma 2.1. For any A > 0, equation (6) is uniquely solvable and the following formula

holds:
(x) @\ _ | (5
u(x) \ _ -1 »@) | _ . PSS
<U(x) ) =(A+)) (¢($) > —/G(:c,s,)\) < 0(s) )ds, (7)
0
where
o Gll(x737)‘) Gl?(xﬂst)
G(:U’S’)\) < 0 GQQ(.%‘,S,/\)
Here
@exp{_(5+x)g‘cfg)},o<s<x,
Gu(z,s0) =Q - z - (8)
a&)exp{—(é—i-)\) {¢1§3+{c13)>}7x<351’
l s
a’(gs)exp{—(5+/\) (f,fg)+f@>},0<s<x,
Goa(x,8;)\) = P S 0 9)
\ a(s)exp{ (5+)\){(fz)},x§s§l
GIQ(:CaS;)‘):5'/G11(x>p;)‘)'G22(p>3;)\)dp7 (10)
; —1
P=|1—-0-expg —(6+A) /dy ,
a(y)
0
. -1
Q=|1—v-expg —(0+N) /dy
a(y)
0
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Proof. Using the resolvent equation (6), we get

—a(x)ah)d(;) + (0 +Nov(z) =¢(x),0 <z <, pv(0)=v(l).

Applying the Cauchy formula, we get

l
v(x)exp{wH)/;(l;}va)

x

l s
1 dy

x xT

From this formula and nonlocal boundary condition Sv(0) = v(l) it follows that

l s
LI Y\ evds
xo/a(s) p{ <6+A>0/ay)}w<>d
l s
1 dy

Using the resolvent equation (6), we get
d
a(a:)l;f) + (0 4+ N u(x) —dv(z) = ¢(x), 0 <z < l,u(0)=~yu(l).
Applying the Cauchy formula, we get

=exp{ — xﬂ U
u(z) = p{ <6+A>0/a(y)} 0

T 1 z dy
+0/a(8)exp{(5+)\)/a(y)} (6v(s) + ¢(s)) ds.

S
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From this formula and nonlocal boundary condition u(0) = yu(l) it follows that

u(x)’y-Q-exp{((S—l—)\)/;(lz)}

0

dy} (60(s) + () ds

ﬂ vis S S
a(y)}w (5) + p(s)) d

l
= /Gn(x,s;)\) (0v(s) +¢(s))ds
0
l l
_/Gll(x,s;)\)go(s)ds—i-/Gll(-%'ypS A)(S’U(p)dp
s 0
!
— / G (@, 5 A)p(s)ds
0
1 l

+9 | Gui(z,p; A) | Gaa(p, s; \)p(s)dsdp

[outmn ]

l

l
= /Gn(x,s;)\)cp(s)ds+5/G12(x,8;)\)¢(s)ds.
0 0

Lemma 2.1 is proved. O

Lemma 2.2. The following pointwise estimates hold:
1

1 —exp{—@}’

1

e ()

1Pl 1Q| <

|G11(z, s;\)| <
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exp{—%a(:vﬂ)}’oSSS:C7
x{ exp{_w}7$§s§l7

a

1
|Gaa(z, 80| < (13)
a <1 — exp {— (‘p;w })
exp {_((H-/\)(é—x—i-s) } 0<s<u,
X
exp {_((H-)\a(s—ar } r<s<l,
|G12($,S,)\)| < (14)

Proof. 1t is easy to see that estimates (11), (12) and (13) follow from the triangle inequality
and the condition (2). Applying the triangle inequality and the condition (2), we get

Gra(o.si V| £+ [ [Guapi N [Gaatpys: V)] d.
If 0 < s < z. Then, using estimates (11), (12) and (13), we get

Gia(z, 53 V)| < 5/ 1G11 (2, p; V)| - |Gaa(p, 5 V)| dp

+5/\G11(90,p; A - \G22(p75;/\)’dp+5/\Gu(%’ap; A - |Gaz(p, 53 N)| dp

5 Sex G+N@ts=2))
p{ STV (/ p{ a }
/ { 5+)\(Z—|—:E+s—2p)}dp

{ (6 4+ X ( 21+:c+82p)}dp)

i e ] TN (@ —5)
S2(1((54—/\)(1—exp{—(5+aA)}) ( p{ a }

COEN@E)) N ts-a)
{ ’ {(5}+)\)(I;—i{—xs)} ' }

<

(1—ex

— exp

a

+exp{_(6+A)(az+s)}_exp{_(5+/\)(2l—x+s)}>

a



160 TWMS J. APP. ENG. MATH. V.2, N.2, 2012

oo (Y L)

exp {_ (6+A)a(:c—s) }

I )

If x < s <. Then, using estimates (11), (12) and (13), we get

<

(15)

(Gia(z, 53 V)| < 5/ 1G11 (2, p; V)| - |Gaa(p, 5 V)| dp

+5/|G11($,p; A - \Gzz(p,S;A)ldp+5/\G11(w,p; )| - |Gaz(p, 53 A)| dp

) (1—expz }) (/xexp{ (6+)\)($a+5_2p)}dp

+/ {5+)\(l+x+s—2p)}dp

(2 -2
N exp{ 0+NQ2l+z+s p)}dp)

5 (5+/\)(s—1:)}

2a(d + ) (1—exp{—@}) (exp{— .

_exp{_<6+%>a<w+s>}+exp{_<6+x><Z+x—s>}

a

{_(5+)\)(l+s—x)}

a

{_(5+/\)(x+s)}_eXp{_(5+)\)(2l+x—s)})

a

<

(1= ()Y

Estimate (14) follows from estimates (15) and (16). Lemma 2.2 is proved. O
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Theorem 2.1. The operator (A + A) has a bounded in C|0,!] inverse for any A > 0 and
the following estimate holds:

My
I+ X
Proof. Using the formula (7) and the triangle inequality, we get

(17)

I A+ A llepg—coa<

!
/ |G11(x, s; M) \dsor1<1a§l\go( s)|
0

4 / (Grae, s: V)] ds ma (). (18)
0

l

(@) < /|G22(x s;A)| ds max |ip(s)| . (19)

0<s<l

[e=]

for any = € [0,]. Using estimate (12), we get

1

O/\Gn(x,s;)\)]ds <- o [

N9, leX ENETED S)
I e e e

(1o ()
O LR B LA B A

Using estimate (13), we get
l

= 8

1

/|G22(x,s;)\)]ds <- o (5T

0

(/exp{ (G4 (2x+s)}d8+/lexp{(5+>\)a(sx)}ds)
0

T

(21)

1

R )
(oA [N U0 [ GENE-0) )
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Using estimate (14), we get

1
/|G12(x,s;>\)]ds < (22)
a (1 — exp {— ((p;)‘)l })
x l
y /exp{_M(fC—S)} dH/exp{_M(S—l‘)}ds
a a
0 T
1
<
a(&-(il-/\) (1 — exp {7(6-;/\)1})
a a
2
< —.
T+ A
Using estimates (18), (19), (20), (21) and (22), we get
1 2
< -
£%§]|()|*6+/\()123<1| ()|+(5—|—)\0<<z| ’5—1—/\H< >(C[0l
2112 755 (2]
Then, we have that
|G Moo= 55102 )L
v Jllepy =5 + A o]

From that it follows estimate (17). Theorem 2.1 is proved. O

3. THE STRUCTURE OF FRACTIONAL SPACES GENERATED BY A AND POSITIVITY OF
A IN HOLDER SPACES

Clearly, the operator commutes A and its resolvent (A + \)~!. By the definition of the
norm in the fractional space E, = E,(C|0,!], A), we get

1A+ )Mz ma < A+ M) Mlepa—coa-

Thus, from Theorem 2.1 it follows that A is a positive operator in the fractional spaces
E,(C[0,1], A). Moreover, we have the following result
Theorem 3.1. For « € (0, 1), the norms of the spaces E,(C|0,1], A) and the Hélder space

o
C [0,1] are equivalent. Here

¢ 0,1 = {( zgg ) € Co0,1] -

©(0) = vp(1),0 <y < 1,8(0) = ¥(1),0 < B < 1}.
Proof. For any A > 0 we have the obvious equality

o (3)- () (38
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By formula (7), we can write

l
A(A+)\)‘1<zg;> < > /\O/Ga:s)\ ( )ds (23)
_ ( (1)\0fG11(x,s;)\)ds> o) —

A G (a5 Mdsi () )
0

[ Gaa(a, 5 ) dsth(0) + (1 A [ Gl 5 A)ds) (@)
+ 0 @
—AJ‘Gm(m,S;)\)dS’Lﬁ(CII)

x l
.\ ( M G, 553) (p() = 9l ds + A ] G a,:0) (1) = (5) ds
0

l
A bf Gra(x, 5, 0) (P(2) — (s)) ds

T l
/\({Ggg(x, $;A) ((0) — (s)) ds + X [ Gaa(z, 55 ) ((x) — (s)) ds

Applying formula (23) and the following obvious equalities

1AZG11(x,s;A)ds1Q-)\O/xa(18)exp{(5+)\)s/x;(lz)}ds
;AQ({M)H)})
=27 exp{(HA)O/Zjé}miAQ.exp{(5+A>jj?;)},
Ax/lGn(x,s;)\)ds Q-)\x/lazs)exp{ /
(ol ool f2])
- /GQMSA AP la(s)exp{(é—i—)\)x/sadz)}ds
_1—5+)\)\P (lexp{((S—i-/\)/ladz)})
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l
) dy
0

—)\/Glg x,8;\)d )\/(5 /G11 x,p; A) - Gaa(p, s; N)dpds
0

= —/\/5'/G11(957p§ A) - G2a(p, 53 N)dpds
—)\/5'/G11($7p; A) - Gaa(p, s; N)dpds
0

/\/5-/6*11(56,29; A) - Gao(p, s; N)dpds

[
Y / 5 / G (2 p: \) - Goa(p, 53 \)dpds

xT

—)\/5'/G11($7p; A) - G2a(p, s; N)dpds

T

!
—)\/ '/Gn z,p; A) - Gaa(p, s; A)dpds

! 2
_ —expd - Ay
B 6+)\ ((1 p{ (MA)O/a(y)})
; dy dy 2
0

+ﬁ’y(lexp{ 6+ A) /ac(ly;)})
0
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Y !
o i) (e
0 x
L x
+(1exp{(5+)\)/a(§z)}) (1exp{2(5+)\)/;§z)})
! O 2
+’Yexp{ (0+ ) U/ay} (1exp{ (0+A) /a(y)})

1 2
+5’Y€XP{2(5+)\)/J§3)} (1exp{ (04N /ac(lz }) )
0

and using nonlocal boundary conditions

©(0) = y(1), B(0) = (1),

we get
l
5.Q_7.Q-exp{ (5+)\)fy} o(x)
5 ()
A(A+>\)_1<$Eg>: <+A 0 l 2
_2(515»2@'13' ((16Xp{(5+)\)0f;(?’) )

) 5@ exp { = 6+ 2) [ 85} (ol) — (0
Bexp{ ((5+)\){a(y)}(1—exp{—((5+/\)bf
M@exp{ <5+A>0fla(z)}w<z>
B’y(lexp{(5+)\)
) (M P-§.P. exp{ 6+ 0] 2 ><w<x>—w<o>>
)

xexp{ (0+N) fad?;} (1—exp{
0
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/\OfG ,8:7) (Y(x) = 1(s)) ds
+1 . :
A Of Gaa(z, 5 A) (Y(1) — (s)) ds + A fl Gaz(x, 5, A) (Y (2) — (s)) ds

Using this formula, the triangle inequality, estimates (11), (12), (13) and (14), the

definition of spaces E,(CJ[0,1], A) and C2*[0,1], we get

H)\O‘A A+/\)_1<z> o
clo,l

T e I

{ (5+CLA)}$QOS< lsO(x);l@(O)!

5+>\

FipylQlew{- ““”}wrw_e {-C2 o)

+<5/\+6/\’P|+|P|)\ { mﬁ)})x sup. rw<x>—w<0>r

+225+§)2|Q||P|<<1—e {0 })
+ exp W | —exp{ 0T
{ 5+{)\ }) { 6}+<)\)}<1{exp{2%6>+)\)(lx)}>
+(1 (T (2051
re p{ }( { MM})Z
e {2 }< - W})jgg&gllmﬂ
N At /z(x_S)aexp{_(aﬂ)(gg—s)}ds

a (1 —exp{—@}) 0

_ l+a _
% sup p() ¢§8)| N A sup (1) w£8)\
0<s<z (=) a (1 — exp {—@}) o<s<t (=)

X/l(l_s)aexp{_(5+/\)(2+x—5)}d8
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l
+a(1—exj)l{+_(5+k)l}> /(s—x)aexp{_W}ds

e - v Lo = ()
JBSSI;Z (s —2)" " a (1 — exp {_W}) OSSIS)Z (=9
[0 e [ G+NU+a—s)
x [ (Il—s)"exps — ds
Ji e ey
1+«
L 0(z) — 0(s)

(e () e
/|x s%e {5“ ‘}ds
0

SJH<w> {ca[o,l].

J = <M\Q|+IQ|A p{ IV 4 2 Qe { IR e
5+A { ((Stt/\)l}+/\a6Xp{ ((H)‘)l}
+<5)\+5)\ "ex { ShEAL })

o ({252}
+eXp{_MM}<1_eXp{ (64X z}>
RS T P TS T AN R AV
A (RS ECE)
ol 2 ol 202
o }f)
( 6+>\)l )/ { O+ )}ds

0

( 6+)\ /l { O {ite- )}ds
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l
+a(1—exj{+_<a+w}) /<s_x>anp{_W}d8
+a(1_exj)1{+iw}) /(l—s)o‘exp{_(5+>\) (i+x—s)}ds
e 0
l
1+« -
ey

Since
)\aél—a )\l—l—a(sl—a
<1, - <
3+ A 6+ A)

Aaexp{—“*j”} < e I (1 —exp{—“*a”l}f <1,

Y

T o0

o /< e [N g / oo o).
»+ax/jls>aexp{<6+k><;+“ bis <o / o ).
o f/(waexp{w}dm / oo ).
R e I [

0
/ 5+ A i
)\1+a/|x—s|aexp{—(+)a|m}d <2@1+a/y exp{—y}dy
/ 0

we have that

Then

J < M(a,9).
WAA+A*<¢> <M ﬁH<¢)

AN ()], =M@ (7
for any A > 0. This means that

“0 <] 7)
‘<¢> Ea(C[0,0],A) (@9) (&

Let us prove the opposite inequality. For any positive operator A we can write

_ > -2
f_A A+ A)2fd.

From this relation and formula (7) it follows that

(3 oo (2

¢ [0y

BNe?

o
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_ /OOOO/lG(:v,s;)\)A(A+A)1 < 58 )dsd)\.

(s10)-(36)

/OOOO/l(G(x—i-T,S;/\) G, 5 0) A+ A)! ( 228 )dsd/\,

Consequently,

whence

l
wx+ﬂw@><(/ [ 16u(e + 7,5 = GG, si ) s
0
0

l

+/Ooo/)\_a|G12(x+T,s;)\) Glg(x,s;/\)dsd/\) H( i >

0

i

E.(CJ0,l],A)

l
(@ + 7) — v(@)| < /0 /A—a (Gl + 7,5 \) — Gan(x, 51 \)| dsd\
0
(%)
(0

!
P=|r™ (/0 )\_a/\Gn(w—i-T,S;/\)—Gu(:c,s;)\)|dsd)\
0

X

E«(C[0,l],A) ‘
Let

l
+/ )\_a/Glg(x+h,s;)\)—Glg(az,s;)\)|dsd)\
0
0

1
+/ )\_O‘/|ng(m—|—7,5;)\) — GQQ(ZJ,S;)\)de)\) :
0 0
Then for any x 4+ 7,z € [0,(] we have that

h\”ﬂx+ﬂ—@@N+h!”Ww+ﬂ—¢@MSPH<5>

Now let us estimate P = P; + P> + P35, where

l
P = m—a/ )\_a/\Gu(ac—i—T,s;/\)—Gu(:ﬂ,s;/\)]dsd/\,
0
0

l
P = |T\a/ AT / |G12(x + h, s;\) — Gha(z, s; \)| dsd A,
0
0

E+(C[0,1],A) .

169
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P, = m—a/ )\_a/\Ggg(x—i—T,s;/\)—Ggg(x,s;)\)|dsd)\.
0
0

Note that it suffices to consider the case when 0 < 7 < L. Let us estimate the expression
X
o0
P = T_a/ AT¢ / |G11(x + 7,8, A) — Gi1(x, s; \)| dsd A
0

T+T
—i—TO‘/ ATE / |G11(z + 7,8 X) — Gii(z, s; \)| dsdA
0

x

+7_a/ A ¢ / ’Gll(l’ +T,8; )\) — Gn(a:,s; )\)| dsd\ = P11 + P1o + Pis.
0 T+T
Using formula (8) and estimates (11), (12), we get

00
PHST(X/ 1)\04
0 a

[ GEN@HT=9)) f (G+N (@)
| oo |

dsd

a a

/ /M (64 \)7)* dsd\
+o0r a/a i(6+A) (1—exp{ (HGA)T})
o {-EENEI

0

< M(a,d) + Mi(a, )7 /500 CEDY <1 — exp {—WD dA.

a

T
X/
0

Making the substitution z = @

[ el 252

<a ¢ /600 (%>7Q71 (1 —exp{—=z})7d=.

T

, we get

Then
1 —exp{—=z}
Za+1

*©1—exp{—z} ® dr s o0 dz
/0 Za—f—l a1 4z = / Zl—f—a / ds = / / Zl-l—oz (24)
1 s —
:/ e ’s C“als——G(l—oz)g
0 «

(%

P11 < M(a,0) + Ms(a, 5)/ dz.

Since

(1—a>
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we have that

Using formula (8) and estimates (11), (12), we get

T+T

%1 A -
ngT—a/ A / exp{—(x_'—cjs)}dsd/\

0 X
= 7—_0‘/ ATl <1 — exp {—)\T}> dA.
0 a

Making the substitution A = 22, we obtain
& —(1+a) d
Pp < T_a/ <%> (1 —exp{—2}) ==
0 T T
o [ 1—exp{—z}
=aqQ QA sz

Using formula (24), we get

M4(CL, (5)
all —a)’
Using formula (8) and estimates (11), (12), we get

o]
P13 S Ta/ 1)\70‘
0

Pip <

a
l
" / <6Xp{_(5+/\)(l+x—s)} _exp{_(5—|—)\)(l+x—|—7—s)}> dsd)
a a
T+T
l
o1
ST”‘/ -\ / M(a) ((6 +X) 7)* dsd\
a
0 T+T
+2°‘T°‘/ ! (6+N)"° (1 — exp {—W}>
Fy a a
l
X / exp{—(5+>\)(l+x_s)}dsd)\
a
T+T
< M(a,d) + Ml(a,5)7'a/ 6+t (1 — exp {—M}> d\.
FY a
Making the substitution z = @, we get

o0 1 _ _
Py < M(a,) +M3(a6) [~ 122
0

Using formula (24), we get

all —a)’
Combining the estimates of expressions Pi1, Pio, P13, we get
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Now, let us estimate the expression
0 T
P; = T_O‘/ ATe / |Gaa(x + T, 85 \) — Goa(x, 85 A\)| dsd\
0
0

T+T
—{—T_a/ ATY / |Goa(x + T, 8;A) — Gaa(x, s;\)| dsdA
0

T

!
+77¢ / AT / ’GQQ(QZ +T,8; )\) — GQQ(J}, S; )\)| dsd\ = P31 + P3o + Pss.
0

T+T
Using formula (9) and estimates (11), (13), we get

00
P31 S 7_—04/ 1)\_0[
0 a

exp{_(6+)\)(l—x—7+s)}_exp{_(5+)\)(l—x+s)}‘dsd)\

a a

g
<o /Oéik_“/zM(a)((éJr)\) ) dsd
0

e [ 57

X/"”exp{_((SH)(z—x—7+s)}deA

a
0
o )
< M(a,d) + Ml(a,é)ra/ R (1 — exp {—HA)T}) dA.
FY a
Making the substitution z = @, we get
o0 1 _ _
P < M(a,) +M3(a6) [~ 122
0 z

Using formula (24), we get
M4(CL, 5)

all —a)’
Using formula (9) and estimates (11), (13), we get

x+T
P32§T_"‘/ 1)\_a/exp{—/\(l_x_T+s)}dsd>\
0 a a

T

< T—a/ ATe <1 — exp {—ATD dA.
0 a

Making the substitution A = £z, we obtain

* raz\ —(1+a) adz
Py < TO‘/ (*) (1 —exp{—2})
0

P3 <

T T

—a | Tloewiza,,
0

za+1
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Using formula (24), we get

My(a, o)
all—a)’
Using formula (9) and estimates (11), (13), we get

o]
P33 S T_a/ 1)\_Oé
0 a

) / <exp{_(5+>\)(z—:1:—r)}_exp{_@—i—/\)a(s—x)})dsd)\

l
1
< o / %A—a / M(a) (5 4+ \) 7)™ dsd
0
T+T

t90r0 /500 2 G+ N <1 ~exp {—(5?)7})

x /Zexp{—(“A)(s_x_T)}dsdA

a

Py <

T+T

< M(a,d) + Ml(a,é)ra/ (64171 (1 — exp {—M}) dA.
FY a

5+ N7

a

Making the substitution z = , we get

*©1-— exp{—z}dz

P33 < M(av 6) + MQ(a7 5) / yat+1

0
Using formula (24), we get

M5 (a, (5)
all —a)’
Combining the estimates of expressions Ps1, P32, P33, we get

P33 <

Mﬁ(d,&) (26)

Py < a(l—a)’

A

Now, let us estimate the expression
P, = Ta/ AT / |G12(z + 7, 8;\) — Gha(x, s; \)| dsd\
0
0

T+T
oo
+7'_a/ ATY / |G12(x + T, 8;\) — Gia(x, s; \)| dsdA
0

T

l
—I-T_O‘/ ATC / |G12(z + 7, 8;X) — Gha(z, 53 \)| dsd\ = Pay + Pag + Pas.
0 T+T
Using formula (10) and estimates (11), (14), we get

o0
1
Py < T_O‘/ A
0 a
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o [N @rT=9)) [ 6N =9)],
[l oot j

a a

<r / 0/ ((6+2)7)" dsd
+2%a/001(5+x> <l—exp{ (HGA)T})
/ exp{ A=) }dsd)\

0

< M(a,5) + Ml(a,5)7'_a/§ (64 A1 <1 ~exp {_(‘5“)7}) dx.

DH

a

(5+)\)

Making the substitution z = , we get

©1—exp{— z}

Py < M(CL, 5) + MQ(CL, 5) / o+l

0
Using formula (24), we get
My(a,o
P21 < 4(&, ) )
a(l —a)
Using formula (10) and estimates (11), (14), we get
T+T

oo )\ _
Pyy < 77 / Iy / exp {—M} dsd\
0 a a

xT

< T_a/ Aie <1 — exp {—)\T}> dA.
0 a

Making the substitution A = £z, we obtain

® raz\—(1+a) adz
Po<r [T(E) T - e -

T

=a ¢ /OO —1 — &b {_Z}dz.
0

Za+1

Using formula (24), we get

Using formula (10) and estimates (11), (14), we get

00
P23 S T_a/ 1)\_0[
0 a

) / <exp{_(5+>\)(2—x—r)}_exp{_(5+/\)a(s—x)}>dsd>\

T4+T

l

o [P1 a
<7 /0 E)\ /M(a)((5+>\)7') dsd\

T+T
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49070 /600 2 G+ N (1 ~exp {—(HGA)T})

X /lexp{—(5+)\)(s_$_T)}dsd)\

a
T+T
o 0+ A
< M(a,d) + Ml(a,5)7_a/ CEPY (1 — exp {—W}) d.
0
Making the substitution z = (52)‘)7, we get

Py3 < M(a,5) + Ms(a, ) / Loexpizz},

0 o+l
Using formula (24), we get
M,
}53f§ 5(&,5).
a(l —a)
Combining the estimates of expressions Pa1, Pao, Pa3, we get
A46(a75>
P < —. 27
2= a(l —a) (27)
Applying the triangle inequality and estimates (25), (26), (27), we get
p < Mrla,9)
~a(l-a)
Thus, for any x + 7,z € [0,(] we have that
—a —a A4é a,5
1" et 1) = ol + 1 ol +7) — vt < 20D () .
a(l —a) Ea(C[0,1],A)
This means that the following inequality holds:
(2w 4302)
) IgN0y T el —a) Ea(C[0,1],A)
Theorem 3.1. is proved. ]

Since the A is a positive operator in the fractional spaces E,(C[0,[], A), from the result
o«
of Theorem 3.1 it follows also it is positive operator in the Holder space C [0,!]. Namely,

Theorem 3.2. The operator (A + A) has a bounded in C [0,1] inverse for any A > 0 and
the following estimate holds:

_ A4é(a 5) Afl
A 1 o o™ < 7’ .
A +4) H(c 0-C [0 a(l—a)l+ A

4. APPLICATIONS

In this section we consider the application of results of sections 2 and 3. For A a positive
operator in E the following result was established in papers [17]-[18].

Theorem 4.1. Let A be a positive operator in E. Then obeys the following estimate

IRE (7 A)|psp < M,1<k<N,Nt=T, (28)
k

where M does not depend on 7 and k. Here Rq,q—l

exp(—z) near z = 0.

(z) is the Pade approximation of
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Putting ¢t = k7 and passing to limit when 7 — 0, we get ¢, — ¢ and
|exp{—tA}| g < M,0<t<T. (29)
We introduce the Banach space C([0,77], E) of all continuous abstract vector functions

u(t) = < Z; Eg > defined on [0, 7] with values in E, equipped with the norm

Il e = g, (Ol + mas fua(®)l -

Note that the problem (1) can be written in the form as the abstract Cauchy problem

S)()-(28)

0<t<T,<Z§8§ :<Z§>

in a Banach space E = C ([0,1],R) = C ([0,1],R) x C'([0,1], R) with a positive operator
A defined by (4). Here ( ggg ) = ( :}i;g::g is the given abstract vector function
defined on [0, 7] with values in E, ( Ho ) = < o) > is the element of D(A).

Vo vo(x)

It is well known that (see, for example [3]) the following formula

< i > - exp{—tA}< ) exp{ (t—s) A} ( e )ds (31)

gives a solution of problem (30) in C (][0, ] E) for continuously differentiable on [0, 7]
vector function h(®) and smooth given element uo
fa(t) vo

Theorem 4.2. For the solution of problem (30) the stability inequality holds:

IO M= MO A )

The proof of Theorem 4.2 is based on the positivity of operator A, the formula (31) and
estimate (29).
Applying results of Theorem 2.1 and Theorem 4.2, we get the following theorem.

<M

C([0,7],E)

Theorem 4.3. The solution of problem(1) satisfy the following estimate

max max |u(t,x)| + max max |v(t,x)]
t€[0,T] z€[0,]] t€[0,T] z€[0,]]

<M t, t
v luo(z)| + m[%%\v( )I+tgfg§];g%>§]!f1( x)l+tgg§];g%§]!f2( ;7))

Applying results of Theorem 3.2, Theorem 4.1 and Theorem 4.2, we get the following
theorem.

Theorem 4.4. Assume that

fl(tvo) = f)/fl(tJ)vO <7< 17 Bfg(t,()) = f2(t7 l)70 < /8 < 17t € [OvT]
Then the solution of problem(1) satisfy the following estimate
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t — u(t
max | max |u(t,z)]+ max [ult, 2 +7) — ult, 2)]
te[0,T] \ z€[0,]] z,x+7€[0,]] ||
T#0

t —u(t
+ max | max |v(¢,z)|+ max vtz +7) = vlt, @)
te[0,7] \ z€[0,] zz+rel0,l] ||
T7#0

< M | max |ug(z)| + [uo(@ + 7) ~ uo(2)
z€[0,] z,z+7€[0,]] |7-|a
T#0

F P 1 B s e
z€[0,]] z,x+7€(0,l] ||«
T#0

t — f1(t
+ max [ max |fi(¢,z)|+ max |fi(t,z+7) = fi(t, z)]
te[0,7] \ z€[0,]] z,2+71€[0,]] |7-|o¢
T#0

t — fa(t
+ max | max |f2(t,x)|+ max [fo(t, x4+ 7) — fa(t, @)
te[0,7] \ z€[0,]] z,z+7e0,]] ‘7-|oz
T#0
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