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ON SOME INTEGRAL INEQUALITIES FOR (s,m)-CONVEX
FUNCTIONS
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ABSTRACT. A new identity has been handled in this paper. It allows to derive new
inequalities referring to upper estimation of the Jensen functional in the class of (s, m)-
convex functions. Also some applications for special means are given by using new
inequalities.
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1. INTRODUCTION

Convexity has become a very interesting topic for many researchers since antiquity be-
cause it has applications in many areas of pure and applied mathematics. Unsuspectingly,
the following definition is well known in the literature.

Definition 1.1. The function f : [a,b] — R is said to be convez, if we have

fQz+ A=Ay <Af(2)+ (1 =X)f(y) (1)
for all z,y € [a,b] and X € [0,1].

Also different classes of convex functions namely m—convex functions, s—convex func-
tions, h—convex functions, (a, m)-convex functions, etc., and relations between them have
been established (see for example [1]-[11] and references cited therein). Many important
inequalities are established for the class of convex functions, but one of the most impor-
tant inequalities is Hermite-Hadamard inequality (or Hadamard’s inequality). This double
inequality is stated as follows in literature:

Theorem 1.1. Let f: I CR — R be a convex function and let a,b € I with a < b. Then
the following double inequality holds:

f(“+b><b1aa/bf<x)dw<w )
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The above inequality holds in the reversed direction if f is concave. G. H. Toader put
forward a new definition in [10] as the following:

Definition 1.2. Let f : [0,b] — R with b > 0.The function f is said to be m—convex on
[0,b] if the inequality
fQz+m1=Ny) <Af(x)+m(1 =) f(y) (3)
holds for all x,y € [0,b] and (\,m) € [0,1]%.

In [3], W. W. Breckner defined a new class of functions that are s—convex in the second
sense:

Definition 1.3. f:[0,00) — R is said to be s-convex function in the second sense if
fAz+ 1 =Ny) <Nf(2)+ 1 -1)"f(y) (4)
holds for all z,y € [0,00), A € [0,1] and for some fized s € (0,1].
It is clear that the ordinary convexity of functions defined on [0,00) is obtained by
choosing s =1 in (4).
J. Park asserted a new definition given in the following and gave some properties about
this class of functions in [6].

Definition 1.4. For some fized s € (0,1] and m € [0,1] a mapping f : [0,00) — R is said
to be (s, m)- convex in the second sense on I if

flz+m(1—t)y) <t°f (x) +m(1—1)° f (y)
holds for all x,y € I and t € [0, 1].
Proposition 1.1. Any positive m-convex function is an (s,m)- convex function since
t<t*and (1—1t) < (1—1t)* for all s € (0,1] and t € [0,1].

In this paper, some new upper bounds for integral variant of Jensen functional has been
gathered for some special cases. With this aspect, discrete form of Jensen functional is
given in the following (see [11]):

Definition 1.5. Let f : I — R be a function and x1,...,x, € I and py,...,pn € [0,1] with
Yo pi = 1. The Jensen functional is defined by

S(fra,p) =Y pif ()= f (szxl> .
=1 =1

In this paper, a new integral identity and some new upper estimations of the Jensen
functional in the class of (s, m)-convex functions are handled. Then some applications for
special means are given.

2. NEw REsuLTS FOR (s, m)- CONVEX FUNCTIONS

The following identity will be useful to gather new results obtained in this study.

Lemma 2.1. Let f: I =[0,b*] C R — R be a twice differentiable function on I° (interior
of I) where a,mb € I° and b* > 0. If f” € L[0,b*], then we have

f(a) —i—2f (mb) f <a —|—2mb)

(5)

1/2 1
(mb—a)2 L "
=" ffta+m@A—-t)b)dt+ | (1—¢t)f"(ta+m(1—1t)b)dt
? 0/ 1//2
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Proof. Integrating both integrals by parts twice, we have

I :1//2tf//(ta+m(1t)b)dt: 1 f,(a+mb>+f(mb)_f(a+2m,)
1 0 Q(a—mb) 2 (mb_a)Q
and
1
_ _ " _ _ 1 , [ a+mb f(a)—f(%mb)
121//2<1 t) [ (ta+m (1 —t)b)dt = 2(a—mb)f( : )+ -1 )

By adding last two equalities we get

(mb — a)*

I ) =
5 (I1 + I2)

This completes the proof. O

Corollary 2.1. If we choose m = 1 in (5) we obtain the following identity for convex
functions:

f@)aﬁm_f<a+g

2 2
s [
S tf" (ta+ 1 —t)b)dt+ [ (1—1t) f" (ta+ (1 —t)b)dt
2 0 1/2

Theorem 2.1. Let f: I = [0,b*] = R be a twice differentiable function on I° such that
" € L[0,b*] where a,mb € I° and b* > 0. If | f"| is (s,m) —convex on I, for s € (0,1],
m € [0,1] the following inequality holds

oo (o) e

)2
([ (@) +m[f" (®)])

where
25t — 1

s+1)(s+2)2o

T=1

Proof. Using the triangle inequality for the equality in Lemma 2.1, we can write

J(a)+ f(mb)  (a+mb
s () ©
mb—a” | [ 1
<Y N ta+m (= )b)|dt+ [ (1= t) [ (ta+m(1—t)b)|dt
|/ /
2
9 1) + 1)

2
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Since |f”] is (s,m) —convex on I we have

1/2 1/2

L < \f”(a)\/t8+1dt+m\f”(b)\/t(l—t)%zt
0

B 1 " 2572 — s -3, .,
__®+2ﬂ“20f(@MHn g 0
and
1 1
|b\§]f%@}/}Su-—ﬂdr+nﬂf%my/ﬁ(l—@ﬁ“dt
1/2 1/2
1 2572 — 53
= Grore < o) |f”(aﬂ-+7n\f"(bﬂ>
Adding the last two inequalities we obtain
\L|+ || < o f" (@) +m[f" (0)]) (7)
where
25+1 -1
T= G611 (s+2)2°72
Taking into account (6) and (7), the proof is completed. O

Corollary 2.2. In Theorem 2.1 if we choose s =m = 1, we have

a a —a)? 1 1"
OO p(220) < Ot )+ )

Corollary 2.3. If ||f"||.. = sup|f” (z)| be a real number and s =1,m =1 we have

TS0y (a0) < Ol

2 2

2
1/l - (8)

On the other hand by reorganizing the Hermite-Hadamard integral inequality we have

fla)+ f(b ) f(b) a+b
! L / o<t -1(%5°) Q
From (8) and (9), we obtained a trapezmd rule as:
+ 1"

Theorem 2.2. Let f : I = [0,0*] — R be a twice differentiable function on I° such
that f" € L[0,b*] where a,mb € I° and b* > 0. If |f"|? is (s,m)-convex on I, for
s € (0,1],m € [0,1] and ¢ > 1 with % + % =1, the following inequality holds

Fla)+ f(mb) <+mb>

2 2
h— 2
< P {17 @[ | )+ ] @)+ 0]
1/p 1/q
where p = |G| s v = [ | and v = (277 - 1),
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Proof. Using triangle inequality and the well-known Holder’s integral inequality on equal-
ity (5) we have

J(@)+ f(mb)  (atmb
S (4 )] (10)
) 1/2 Up /19 1/q
S(mb;a) /tpdt /]f”(ta+m(1—t)b)]th
0 0

1 p s 1/q
+ (1—t)Pdt |/ (ta+m(1—1t)b)|"dt

/ /

(mb — a)? 1 e 1/ 1/
T2 (p+1)2r+ (I 4 12')

Taking into account the fact that the function |f”|? is (s, m)-convex, we consider each
of the integrals separately as:

1/2 1/2 .

" 9s+1l 1 " (py|4

Hﬂévwwﬁ/ﬁﬁ+mﬁﬂwf/u_wﬂﬁzv(@‘i?inyﬂ)ﬁ(ﬂ
0 0

and
1

1
L < |f" (a)\q/tsczt+m}f" )" [ (1—t)dt =
1/2 1/2

@2 =) [f" (@] +m|f” (D)
(s+1)2stt '

By adding the last two inequalities we get

1/q
LY |1 < (W) {7 @[ +mE =1 @1 ay

+ [(23+1 _ 1) ‘f” (a)}q +m |f” (b)ml/q} ‘
Taking into account inequalities (10) and (11), the proof is completed. O
Corollary 2.4. In Theorem 2.2 if we choose s=m =1 and p = q = 2 we have

b @b sl o]+ sl @ + 1 oF]

Theorem 2.3. Let f: I =[0,b*] — R be a twice differentiable function on I° such that
" € L[0,b*] where a,mb € I° and b* > 0. If |f"|? is (s,m)-convex on I, for s € (0,1],
m € [0,1] and ¢ > 1, the following inequality holds
fl@)+f(mb)  fa+mb
2 2

< 9(3-44)/q (mb — a)2 { [77 ’f” (a)‘q +me ’f” (b)’q]l/q I [C }f” (a)‘q + mn ‘f” (b)‘q] 1/!1}

25+2_5_3
2512(s+1)(s+2)

<

where n = m and ¢ =
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Proof. Using the triangle inequality for the equality (5) in Lemma 2.1, we can write

’f(a) ) <a+mb>)

2
9 1/2 1
h—
< M /t}f”(ta+m(1—t)b)}dt+ / (L—=20) |f" (ta+m (1 —t)b)|dt
0 1/2
mb — a)?
Using the power mean inequality and (s, m)-convexity of |f”|? on [a,b] we get
1/2 1_(1/(1) 1/2 l/q
I < /tdt /t\f”(ta+m(1—t)b)\th
0 0
1/2 1/2 1/q
< 930-0/a || 7 (q)| / Nt 4 m | (b)) / 1 0)° dt
0 0
So we have
30-q) 1
1—1 S2 [n‘f// (a)|q+Cm‘f” (b)‘(I] /q (13)
where n = m and ( = Wm Similarly for Is we can write
3(1—q) 1
L2 o [Clf @] +nmlf” ®)]" (14)
Substituting these inequalities for (13) and (14) into inequality (12) and rearranging we
complete the proof. O

Corollary 2.5. In Theorem 2.3 if we choose s = m = 1, we have

{UESU _f<a—2w)

2#(() —a)?

< o {[0.5|f//q + |f//q:| 1/q + Uf/lq + 0‘5|f//q} 1/¢1}

3. APPLICATIONS TO SPECIAL MEANS

We now consider the means for arbitrary real numbers o and S.
We now consider the means for arbitrary real numbers o and g

a+f

1. Arithmetic mean : A = A(a, B) = 5 a,BE€ER
. 2a8
2.H :H = H = .
armonic mean (a, B) ot a,6>0

3.Quadratic mean : Q = Q(a, ) =/ a2+ 5% a,E€R

Now, using some results we give some applications to special means of positive real
numbers.
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Proposition 3.1. Let a,b € RT, a <b andn € Z, |n| > 2. Then, we have

(b—a)?
8

A(a",b") — A" (a,b) < nn—1)A (a”_z, b”_z) :

Proof. The assertion follows from Corollary 2.2 applied to the function f(z) = 2", x €
RT. O
Proposition 3.2. Let a,b € R™,a < b. Then, we have

(b—a)? 1 V3 V3 1

A(lna,Inb) —In(A(a,b)) < Q Pl +Q PURET)

- 16V3

Proof. The assertion follows from Corollary 2.4 applied to the function f (x) = lnz, = €
R*. O

Proposition 3.3. Let a,b € R™,a < b. Then, we have

B (a,b) = A7) (a,b) < 2o b= o) A ()~ A ()|

31/ S 1 T

Proof. The assertion follows from Corollary 2.5 applied to the function f(x) = 1/x, = €
RT. ]

4. CONCLUSION

New bounds for upper estimation of the Jensen functional in the class of (s, m)-convex
functions can be gathered by revealing a new lemma or using different techniques. Also
these inequalities have been gathered in the class of (s, m)-convex functions for some special
cases of the Jensen functional. Therefore these results can be generalized for normalized
Jensen functional or in the class of other classes of convex functions.
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