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IDENTITIES AND RELATIONS ON THE HERMITE-BASED
TANGENT POLYNOMIALS

B. KURT, §

ABSTRACT. In this note, we introduce and investigate the Hermite-based Tangent num-
bers and polynomials, Hermite-based modified degenerate-Tangent polynomials, poly-
Tangent polynomials. We give some identities and relations for these polynomials.
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1. INTRODUCTION

Many mathematicians have studied in the area of the Bernoulli numbers and polyno-
mials, Euler number and polynomials, Genocchi numbers and polynomials, poly-Bernoulli
numbers and polynomials, poly-Euler numbers and polynomials, poly-Genocchi numbers
and polynomials, poly-Tangent numbers and polynomials, Hermite polynomials, Hermite-
based Bernoulli polynomials, Hermite-based Tangent polynomials, modified degenerate
Bernoulli polynomials, modified degenerate Euler polynomials and modified degenerate
Genocchi polynomials (see [1]-[20]). In this note we define the Hermite-based tangent
polynomials, modified Hermite-based tangent polynomials and poly-tangent polynomials.
We obtain some relations and identities for these polynomials. Throughout this paper,
we always make use of the following notations: N denotes the set of natural numbers and
Zy = NU{0}. We recall that the classical Stirling numbers of the first kind S;(n, k) and
second kind Sa(n, k) are defined by the relations [15]

(@), =Y _ Si(n,k)a" and 2" =" S(n,k)(z), (1)
k=0 k=0

respectively. Here, (z), = z(x —1)--- (z —n + 1) denotes the falling factorial polynomial
of order n. The number Sy(n,m) also admits a representation in terms of a generating
function

(¢ ="

o0 t”
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n=m
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The Bernoulli polynomials B,(f) (z) of order «a, the Euler polynomials Eg) (x; ) of order
« and the Genocchi polynomials Gq(f) (z; A) of order «v are defined as respectively:

< ) ZB —, |t| < 2, (3)

2 " X - T tn
(o) e =L@ < (@)

n=0

and

<et+1> ZG —, |t < (5)

When z = 0, B (0) = B, BT (0) = E,(f) and Ggp (0) = GY are called Bernoulli num-
bers of order r, Euler numbers of order r and Genocchi numbers of order r, respectively.

The familiar tangent polynomials Tff) (z) of order r are defined by the generating
functions ([12]-[15], [17])

(thH) ZTW —, |2t| < . (6)

When z =0, T, ) (0) = 7" are called the tangent numbers.
2-variable Hermite-Kampéde Fériet polynomials are defined in ([5], [11]) as

> " 2
" Hy(a,y) — = e (7)

Khan et al. in [5] defined and studied on Hermite-based Bernoulli polynomials and
Hermite-based Euler polynomials as

o0

t" t 2
Z HBn<m7y)E = ﬂextﬂ/t , |t < 2w (8)
n=0 )
and
oo
t" 2 ot
Z Hgn(xay)il = tiex t ) |t| <m, (9)
= nl  et+1
respectively.

Carlitz in [1] defined degenerate Bernoulli polynomials which are given by the generating
function to be

t
ac//\ 2 :

When x =0, B,,(\) = B,,(0 | \) are called the degenerate Bernoulli numbers.
From (41), we can easily derive the following equation

Bule | =3 () B & | N2

=0
where (z | A),, =2z (x —A)---(r—A(n—1)) and (z | \),, =
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Dolgy et. al. [2] defined the modified degenerate Bernoulli polynomials, which are
different from Carlitz’s degenerate Bernoulli polynomials as

3 mt/)\

When z =0, B, \ = B, 1(0) are called the rnodlﬁed degenerate Bernoulli numbers. From
(42) we note that

t" . t xt/A
- lm—
/l\nn] B (x )n! )\IH%)( )\)t/A ( + )

ot tn
= G _T;)Bn(x)n!. (12)

Thus, by (43)
lim B, \(z) = By ().
A—=0 7

H.-In Known et. al. [8] defined the modified degenerate Euler polynomials as
2 xt/)\
—_— Eoa(x 13
(1+ N7+ 1 Z (13)
and T. Kim et. al. in [6] defined the modified degenerate Genocchi polynomials as
2t tr /AN _
—— (14X G —. 14
(14+ N7 + 1 Z (14
From (44) and (45), we get
/l\gn](‘c‘n,,\(x) = E,(x), ln}n)@n)\(x) = Gp(2).
For k € Z, k > 1, then k-th polylogarithm is defined by Kaneko [4] as

oo ZTL
Li(2) =) 5 (15)
n=1
Thus this function is convergent for |z| < 1, when k =1
L, (z) = —log(1 — 2). (16)

Kim et. al. in [7] defined the poly-Bernoulli polynomials and the poly-Genocchi poly-
nomials as

> t" L (1—e™)
(k) v My xt
ngo B, (x)n' = ¢ (17)
and
tn 2Lik(1 — e_t) ot
2“5 =T er1 O (18)
respectively.

For k =1, by use (47) in (48) and (49), we get
B (@) = (=1)""' By(x), 65 (x) = Gu(a).
Hamahata [3] defined poly-Euler polynomials by

o, T 20 (1—e7h)
2 &= ¢
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For k =1, we get (’3,(11)(37) = E,(x).
From (37), we obtain the following equalities easily

r =~ (n ) n—
T (z) = Z <k>T’§ ) gk,

k=0
B\ ~
(l)Té @)y,
0

e e = 3 ()i @

B

TV (@ +y) =
l

3

k
k=0

and
T (2(z+1)) =270V (22) .
2. HERMITE BASED TANGENT POLYNOMIALS

Khan et. al. in [5] and Ozarslan [11] introduced and investigated the Hermite-based
Bernoulli polynomials and Hermite-based Euler polynomials. They proved some identities
and relations for these polynomials.

By this motivation, we define Hermite-based Tangent polynomials of order r as

> . t" 2 " - 2
>t e by = () e (19)
n=0

Theorem 2.1. Let ri, ro € Z4. We have

T a n
W) = 3 (G0 0.0 s
HTé’”) (x4 u,y + v) (Z) HT T) (x,y) Hyp—(u,v)

and

gT U FT2) (1 4w,y +v) = Z <Z> Tl) (z,y) HTTE?;; (u,v).
k=

Theorem 2.2. Let r € Z4. Then we obtain
T (2 2 = ") g™ ") Hy(z,y)H
aTy” (2(z+u),2(y+v)) Z m ) Hin-m (x,y)z D p(@,y) Hin—p(@, ).
m=0 p=0

Theorem 2.3. There is the following implicit relation for the Hermite-based Tangent
polynomials as

n m
n m
it ) =3 (VY (M) 00 Wy o). 0
— \P/J 5\ 4
P q
Proof. From (50), we replace t by ¢t + u and rewrite the generating function as

2ev(t+u)” a(t+u) Z 7 tn £ u”
et +1 et ( n! m!’
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Replacing x by v in the above equation to the above equation, we get

tn 'LL t+u v :c tn "
Z H n+m ) 7[ m| - Z H TL-H’)’L ) | m|
n,m=0 n,m=0
which on using formula [19, Srivastava p 52]
x+y z"y™
Z f(N Z fntm) 5= (21)

n,m=0

The right hand side on (52) becomes

[ INe's) m
oyt ZZH D )
ll nm | |
noym
- Z Hn+m ’)nlml
n,m=0

By using Cauchy product and comparing the coefficients of both sides, we have (51). O

Theorem 2.4. There is the following relation between the Hermite-based Tangent poly-
nomials and the Hermite-based Bernoulli polynomials as

() (TTu ytv r—n—k " ( (r) (U U
B0 < e >__2 §:<:>HT $y)H%W%(274). (22)

Proof. From (50), we obtain

i P ON tu oyt (@)t (2x4 ” p(atu)t+(y+v)t?
vt " 4 7 16 n! et — 1

_ 2 ™) ooyt gr 2t (r) puttot?

ezt +1 et 1
_ (r Y oor u v (Zt)
- 3 G Sy (5.5) 4

By using Cauchy product and comparing the coefﬁments of both sides. We get (53). O

3. MODIFIED DEGENERATE HERMITE-BASED TANGENT POLYNOMIALS

Dolgy et. al. [2] introduced and investigated the modified degenerate Bernoulli poly-
nomials. Known et. al. [8] defined and investigated the modified degenerate Euler poly-
nomials. They proved some properties for these polynomials.

By these motivations, we define 2-variable fully degenerate Hermite polynomials and
the fully degenerate Hermite-based Tangent polynomials of order r

0 tn - 2
S Ha(wy: ) o= (140 (23)
and .
> tn 2 zttyt?
SoaT @A) = (| AN (24)
n=0 oA+ +1

respectively.
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From (54) and (55), we get

lim Hy, (z,y: ) = Hy (z,y), lim 5T (z,y: N = 5T (z,y).
A—0 A—0

Similiary, we define the fully Hermite-based Bernoulli poynomials and the fully Hermite-
based Euler polynomials as

- " t sttyt?
S aBu(zy:A) = ——(1+A) "~ (25)
n=0 N O
and
o0 n 2 wttyt?
S oHC (i N) = ——— (14N Y (26)
n=0 w (1 + )‘> A1
respectively.

From (55), we obtain the following relations easily

k n

WD (@t uy b N) =Y <n> HT (22 ) T (w0 N,
k=0

n n .,

T (,y ) = <k:> HTy (0,0 0) Ho o (0,5 2).
k=0

T (w4 2,y )+ mT (g ) =2 4T (2,y )

for r =1,
HTn($+27y:)‘)+ HTn($ay:A):2Hn($ay:>‘)

HTT(LT) (x,y:A) = Z (Z) HTAT) (270 : )\) Hy i <$ - 573/ : A) .

k=0

and

Theorem 3.1. There is the following relation between the fully degenerate Bernoulli poly-
nomials, the fully degenerate Fuler polynomials and the fully degenerate Tangent polyno-
mials as

g8, (x,y: ) 92n+l

.S @ ESTAEYY (Z) 1Bk (2,5 \)

q=0 =0
- 1%, (22, 14y = A). (27)

Proof. From (56), (57) and (55), we write as

> 4t)" 4t dtaty(at)2
ZH%n<$7y:)‘)( ) _< 1 ><1+/\) i

s n (1+ M) -1
- 1 zeactt\yzz t€wt+>\yt2 €2zt+;4yt2
2040 £1(1+NF —1(1+ M5 +1
1 o " P t4
= 52 Ly (z,y: N) ;Z a8y (z,y: )\)HZ 1€y (2x,14y : X) a
n=0 p=0 q=0

By using the Cauchy product and comparing the coefficient of tn!, we have (58). O

n



BURAK KURT: IDENTITIES AND RELATIONS ON THE HERMITE-BASED ... 327
Theorem 3.2. n € Z,, we have
HT (+2,y: N+ 5T, (z,y:A)

= n+1{H%n+1 ($+1 Yy )\)— H%n—i—l («77 y: )\)} (28)

Proof. By (55)

2t (14 A) 5 2t (14 A) 5
A A
HA+N 2 T yE ] = 20N (1+ M7 —1
(1+X)> +1 (1+X)x -1
(e+2)t+yt? wt4yt? (e+1)t+yt? wttyt?
(LX) 3 21+ C2(LEN) T v AN
1+ M) +1 1+ M) +1 1+ A% —1 1+ A% —1
tn
t T, ( 2 A T, A —
nz;){ aln(z+2,y:A) + #Ta (2,5 0)} 4
o0 tn
= 2;}{H%n(x+1,y:)\)— H‘Bn(:c,y:/\)}ﬁ
From the above equality we have (59). O

4. PoLy-TANGENT POLYNOMIALS

In this section, we define the poly-tangent numbers and polynomials and provide some
of their relevant properties.

Definition 4.1. We define the Hermite-based poly-tangent polynomials by

2L; -1 2
(e(%ﬂ S Z H T (29)

when © = 0, H7;1(k) = H771(k) (0,0) are called the Hermite-based poly-tangent numbers.
For k=1 and L;, (z) = —log (1 — z), from (60)

2L;, (1 — e_t) Tttyt? 2ertHyt? "
LA T L = E T —. 30
t (€2t 1) € €2t 1 ot H/n (.T, y) n' ( )

By (61), we get
Theorem 4.1. n, k € Z, we have

W ) = g 3 e D (") a0
m= 7=0

Proof. Consider

00 tn 00 e
Tk =2
nz:;] H/n ( z::o m+ 1 t(th + 1)
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—ti 2
e tjt+xt+yt

e g (mA 1) et
Ym0 ()

J

o (m+1)" = J ter+1
= J ImA41) — 1
- _1J . 7;1 — )
> (" )ZO<H CR)

oo 1 m+1 ) +1 o0 771 "y o
-3 kz(_l)%m’ )Z H +;f1 Jy)n!'

(m + 1) j=0 J n=—1
Comparing the coefficients both sides, we have (62). O

Theorem 4.2. There is the following relation between poly-tangent polynomials and the
Stirling numbers of the second kind and the Hermite-based Bernoulli polynomials as

n n n—l
=0 T 1=0

Proof. From (60), we write as

= tn 2L;, (1—¢) >
(k) o %W\ ) wttyt
nz% a7 (@) te2t+1)
_ (et — 1)7" 7;' t ’ ext+yt2 2Lik (1 — eit)
B rl ot \et—1 t(e2+1)
SN i BO) (2,4) i Fot )
= r! n:0 H n 7y n' q:O H q q‘ tr
(v~ (D) S ) » |t
- Z Z I+r 52 (l +T7T)Z H%z <$,y) H7:7,—l—z' g
n=0 \1=0 ( r ) i=0 )
Comparing the coefficients of %, we obtain (63). O

Theorem 4.3. There is the following relation between the poly-tangent polynomials, the
poly-Genocchi numbers and the Hermite-based tangent polynomials

1 n
o0 @) =5 <Z> G uTa @+ 1,9) + T (2,9)}. (33)
p=0

Proof. From (60) and (49)

= n 2L (1—e™t) 2
S T 2L (U —e) iy
H7;1 (xay) TL' t(€2t—|—1) e

n=0
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1 (2L (1—e
2 el +1

9e(a+1)t+yt?

—t)) 9 (et + 1) eTt+yt?

t(e?+1)

26xt+yt2

12L;, (1 —e7) (

2 et +1
o0

D

p=0

1 & t"
z E (k)
2 Cn n!

n=0

Comparing the coefficients of both sides,

)

tp
aTp(x+1,y)+ Hﬁ(%y)a

t(e2t+1)  t(e?t+1)

we have (64). O

The Bernoulli polynomials B (x) of order a, the Euler polynomials g (x; \) of order

« and the Genocchi polynomials Gg) (z; \) of order «v are defined as respectively:

()
()

()

B, EI(0) =

and

When z = 0, BY(0) =

E,(f) and GQ)(O)

Z B (2)=, |t| < 2m, (34)
ZEM)%, < (35)
n=0

Z Gl (z)=, |t| <. (36)

= GT(I) are called Bernoulli num-

bers of order r, Euler numbers of order r» and Genocchi numbers of order r, respectively.

2)-[15], [17])

()

functions ([1

When z = 0, T\") (0)

(r)

The familiar tangent polynomials T},

(z) of order r are defined by the generating

ZT —, 12t < . (37)

= qur) are called the tangent numbers.

2-variable Hermite-Kampéde Fériet polynomials are defined in ([5], [11]) as

[e's) m
n
n=0

Khan et al.

Hermite-based Euler polynomials as
o0 tn
> HBn(xay)E
n=0

and
o0 tn
> wEn(z, y)
n=0

respectively.

— 6xt+yt2 )

(38)

in [5] defined and studied on Hermite-based Bernoulli polynomials and

¢ t+yt?
=2 et g <, (40)
et +1
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Carlitz in [1] defined degenerate Bernoulli polynomials which are given by the generating
function to be

x — tn
— =0 .

When z =0, B, (A) = B,(0 | A) are called the degenerate Bernoulli numbers.
From (41), we can easily derive the following equation

Bale 10 = 3 () Bus @ [0 2 0

=0
where (z |A), =z (x—A)---(x —A(n—1)) and (z | A), =
Dolgy et. al. [2] defined the modified degenerate Bernoulli polynomials, which are
different from Carlitz’s degenerate Bernoulli polynomials as
;
1+ N7~

When z =0, B, \ = B, 1(0) are called the modlﬁed degenerate Bernoulli numbers. From
(42) we note that

(14 N2/ = Z%m ) (42)

. " . t B
lim Boa(r)—w = lim————F—— ( + )\)wt/
A—0 n! A=0(1 4 )\)t//\
= t et = OOE B (ac)ﬁ (43)
N -1 = e

Thus, by (43)
lim B, \(z) = By ().
A—=0 7

H.-In Known et. al. [8] defined the modified degenerate Euler polynomials as
2 xt/)\

_ Eoa(z 44
1+ 07+ 1 Z “

and T. Kim et. al. in [6] defined the modified degenerate Genocchi polynomials as
# 1+ M) = Zesm ) (45)
1+ 07 +1

From (44) and (45), we get
li = E,(z), im®&,, = Gp(x).
lim &, \(v) (), I, \(2) = Gn(2)

For k € Z, k > 1, then k-th polylogarithm is defined by Kaneko [4] as

o0 n

Li(:) =Y = (46)

n=1
Thus this function is convergent for |z| < 1, when k =1
L, (z) = —log(1 — 2). (47)
Kim et. al. in [7] defined the poly-Bernoulli polynomials and the poly-Genocchi poly-
nomials as

= ()" Ly (1—e™h)
Z B (@) = e (48)

— et
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and

o n —t
)y _ 2Li (1 —e™) o A
T;)Q% (x)n' et +1 € (49)

respectively.
For k =1, by use (47) in (48) and (49), we get

B (2) = (=1)""' By(x), 811 (2) = G ().
Hamahata [3] defined poly-Euler polynomials by

oo n . —t
S e = 2l D)
ot " n! t(et+1)

For k =1, we get (’Eg)(m) = E,(x).
From (37), we obtain the following equalities easily

n

r n T)n—
T\ (z) = Z (k)T’g ) k.

k=0
kN -
l

n r T
T @) = Y (1)H @
k=0

] =

T (@ +y) =
0

3

and
T (2(z+1)) =270V (22) .

5. HERMITE BASED TANGENT POLYNOMIALS

Khan et. al. in [5] and Ozarslan [11] introduced and investigated the Hermite-based
Bernoulli polynomials and Hermite-based Euler polynomials. They proved some identities
and relations for these polynomials.

By this motivation, we define Hermite-based Tangent polynomials of order r as

i) a1 (2,y) %n, = <€2t2+ 1>remt+yt2. (50)
Theorem 5.1. Let rq, 7"2_6 Z,. We have
W10 = 3 (1) 0.0 Histe)
k=0
aT" (z+u,y+v) = Y (Z) T,ﬁ” (x,y) Hp—(u,v)
k=0

and .
n
HIT) (2 4w,y +v) = Z ( ) HT,ETI) (x,y) HTX_Q; (u,v).
k=0
Theorem 5.2. Let r € Z4. Then we obtain

i 2620+ 0) = Y () it e S () By o) o).

m=0 p=0
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Theorem 5.3. There is the following implicit relation for the Hermite-based Tangent
polynomials as

T ) =3 (%) 3 (") =07 Ty (e, (51)

p=0 p q=0 1

Proof. From (50), we replace t by ¢ + u and rewrite the generating function as

2€y(t+u)2 N 0 oM
__—a(t+u) (r) L
e2t+1 € nZ:OTner( Y) n!m!’

Replacing x by v in the above equation to the above equation, we get

t"u™ t"u™
Z T, "+m )jm' = et Z HTr(LCrm )j%
n,m=0 ’ n,m=0 ’ ’
which on using formula [19, Srivastava p. 52]
00 N 00
(z +y) a” y"
Zf(N)T: Zf(TH_m)EE' (52)
N=0 n,m=0
The right hand side on (52) becomes
o o
tP ud t” m
DD (=) ol 122 H T (@ nlml
p=0 q=0 PrE 2o m=o ” me
o n,m
_ (r) rur
— n;o HT+m( ’y)n'm'

By using Cauchy product and comparing the coefficients of both sides, we have (51). O

Theorem 5.4. There is the following relation between the Hermite-based Tangent poly-
nomials and the Hermite-based Bernoulli polynomials as

(r) T+u y+v _ rnk (r) EE
By, ( T 16) Z() " (x,y) H%n_k(2,4). (53)

Proof. From (50), we obtain

Z sB(T (x tu y+ U) (42)" — ( 2 x 4t > ) plztu)t+(y+v)t?

16 n! et —1

_ 2 " Tyt or 2t " put+vt?
e?t 41 e?t —1

3 t N 2%)"
- Sl w09 Y.
=

n=0

By using Cauchy product and comparing the coefficients of both sides. We get (53). O
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6. MODIFIED DEGENERATE HERMITE-BASED TANGENT POLYNOMIALS

Dolgy et. al. [2] introduced and investigated the modified degenerate Bernoulli poly-
nomials. Known et. al. [8] defined and investigated the modified degenerate Euler poly-
nomials. They proved some properties for these polynomials.

By these motivations, we define 2-variable fully degenerate Hermite polynomials and
the fully degenerate Hermite-based Tangent polynomials of order r

> tn - 2
S Ha(wy:N) = (140 (54)
n=0 ’
and .
© Ak 2 zttyt2
SO T @y N = [ | a0, (55)
n=0 ’I’L. (1 + )‘) A1
respectively.

From (54) and (55), we get
lim Hy, (z,y: ) = Hy (z,y), lim 5T (z,y: N = 5T (2,9).
A—0 A—0

Similiary, we define the fully Hermite-based Bernoulli poynomials and the fully Hermite-
based Euler polynomials as

[e.9]

Ak t zttyt?
D HBalay:A) = (1N (56)
= T
and
N t" 2 stta?
S HCn(my:N) = ——(14+A) "~ (57)
n=0 n: (1 + )\) A+ 1
respectively.

From (55), we obtain the following relations easily
HT (@ uy+o:A) =) (Z> a T @y A) w2 (w00 ),
k=0
n n .
HT) (0y 2 \) = (k) T (0.0 ) Hyp (232 M),
k=0
aT (@ + 2,y 0) + gT (g0 A) =2 g T (2,0 \)

for r =1,
HTn(x+2’y:>‘)+ HTn(x,y:/\):2Hn(x,y:/\)

HT,gr) (x,y: ) = Z (Z) HT7(1T) (270 : >\> Hy <l‘ Y )\> .

k=0

and

Theorem 6.1. There is the following relation between the fully degenerate Bernoulli poly-

nomials, the fully degenerate Fuler polynomials and the fully degenerate Tangent polyno-
mials as

758, (z,y: \) 22!

n n q q

= Z ( > HTh—q (z,y )\)Z (k) HBq—k (z,y: N)

q=0 q k=0

- 1C, (22, 14y A). (58)
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Proof. From (56), (57) and (55), we write as

© 44" A4t dtaty(at)2
S By n) B ) )
n—=0 n: I+ =1

1 26 zt«l;yt2 2t€ :mH:\yt2 26 21t+§4yt2
2T 1A AN 1N+
1 — " P 1
= 52 Ty (x,y: ) EZ By (x,y : )\)HZ 0HE 22,14y : X) a
n=0 p=0 q=0
By using the Cauchy product and comparing the coefficient of %, we have (58). g
Theorem 6.2. n € Z., we have
2
= oaptaBen @t Ly ) = mBog (z,y: )} (59)
Proof. By (55)
zttyt? zttyt?
2t(1+ X))~ 2t(1+ X)) A
TRVl PRI, I TLES Vil PR
T+ N> +1 (1+M)x -1
(a+2)t+yt? wt+yt? (z+1)t+yt? wityt?
AL+ A A RELEDY ST 24T T a0+ 0T
1+A)5 +1 1+A)5 +1 1+ N> —1 1+ N> —1
o0 tn
o n!
o0 tn
n=
From the above equality we have (59). O

7. POLY-TANGENT POLYNOMIALS

In this section, we define the poly-tangent numbers and polynomials and provide some
of their relevant properties.

Definition 7.1. We define the Hermite-based poly-tangent polynomials by

2Li, (L= €7") sriye _ N (k) "
We = 7;0 BT (2, y) nl’ (60)

when x = 0, H’R(k) = Hﬁl(k) (0,0) are called the Hermite-based poly-tangent numbers.
For k=1 and L;, () = —log (1 — z), from (60)
2€xt+yt2 >

2Lil (1 B eit) xt+yt?
yt° _ —
t(62t+1) e e2t+1 n;_o Hﬁl(mvy)

t’n
a.

(61)

By (61), we get
H7;L(1) (ﬂf,y) = uln (x,y) :
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Theorem 7.1. n, k € Z, we have

1 1 +l S Im+1
7(k) Ly) = E E —1)7 < ) ) Tn —7,9). 62
aT," (z,y) ntl - (m 1)k par (-1) j HTnv1 (= 4,y) (62)

Proof. Consider
)m+l ext+yt2

> ety -3 L

n=0 m=0

6—tj+xt+yt2

> 1 im+1
_ E: E' _ 1\
-7 b (=1) < J >t(62t+1)
[e'e) m+1
_ 1 i (m+1\1 2 o g
- E:k;_:(_l)]< j >t€2t+1e( Ity

o) m+1 Im 0 n—1
D S I (N D AT ROE

n!

> 1 sy (m A1 = gTar (T —g,y)t"
= kZH)j( ; >Z n+1 nl’

o (m+1) §=0 n=—1

Comparing the coefficients both sides, we have (62). O

Theorem 7.2. There is the following relation between poly-tangent polynomials and the
Stirling numbers of the second kind and the Hermite-based Bernoulli polynomials as

n n n—I
T () =Y (1) Sa(l+rr) Y g8 (2y) w7 (63)

=0 (ltr) =0

Proof. From (60), we write as

oo —
¢ 2L;, (1—e7") 2
(k) v 1k ot+yt
> #T @y = te+1)
n=0
s r _
_ =)t oty 2L (1—e)
rltr 1 t(e2+1)

=D (5w ) [N it
= ZH%%)(%ZU)E ZHE()a -

|
r 0

[e¢) n n n—l n
= Z <Z (l(+7)~) So(l+m,7) Z H%Er) (z,y) u n(i)l—i> %

n=0 \[=0 T =0
Comparing the coefficients of L -1, we obtain (63). O

Theorem 7.3. There is the following relation between the poly-tangent polynomials, the
poly-Genocchi numbers and the Hermite-based tangent polynomials

o T, (z,y) = ;i (p)G(k) BT (x+1L,y)+ 5Tn(2,y)}- (64)

p=0
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Proof. From (60) and (49)

> T )l QLZ’Ze(iI;t) o
n=0
1 (2L, 2 (¢! + 1) evttv?’
2 et +1 €2t +1)
B 12L; ( e—t 9e(@+1)t+yt? N 9eTtt+yt?
2 et +1 t(e?t+1)  t(e?*+1)
1 — ") — tP
= 52(}%’6)5 Z Ty (x+1,y)+ H7;7($7y)]j
n=0 p=0
Comparing the coefficients of both sides, we have (64). O
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