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DEGREE EQUIVALENCE GRAPH OF A GRAPH

R. RAJENDRA!, P. SIVA KOTA REDDY?, K. V. MADHUSUDHAN?, §

ABSTRACT. Given a set S and an equivalence relation R on S, one can define an equiv-
alence graph with vertex set S. Given a graph with vertex set V, we can define an
equivalence relation on V using the concept of degree of a vertex as follows: two vertices
a and b in V are related if and only if they are of same degree. The degree equivalence
graph of a graph G is the equivalence graph with vertex set V' with respect to the above
equivalence relation. In this paper, we study some properties of degree equivalence graph
of a graph.
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1. INTRODUCTION

For standard terminology and notion in graphs and matrices, we refer the reader to
the text-books of Harary [2] and Bapat [1]. The non-standard will be given in this paper
as and when required.

Throughout this paper, for a graph G, V(G) and E(G) denote vertex set and edge set
of G, respectively. The adjacency matrix of a graph G is denoted by Ag and n represents
a positive integer. If Ag is an n X n matrix and Ay, A2, ..., A\, are the eigenvalues of Ag,
the energy of G is defined as

EG) = |l
=1

A binary relation R on a set S is called an equivalence relation if it is reflexive, symmetric,
and transitive.

Let S be a non-empty set. Let R be an equivalence relation on S with respect to the
relation R, we can draw a graph (undirected) G as follows: For a,b € S,a # b,
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a and b are adjacent in Gr < aRb.

The graph Gpg is called equivalence graph on S with respect to the relation R. We have
the following observations:

(1) If there are two or more equivalence classes in the partition of S with respect to the
relation R, then Gp is disconnected and the number of components is the number
of distinct equivalence classes. Each component is a complete graph. If there is
only one equivalence class, then G is the complete graph with |S| vertices.

(2) Given a graph G = (V,E), we can define new graphs with a vertex set V by
defining equivalence relations on V with respect to some property of elements of
Vin G.

2. AN EQUIVALENCE RELATION WITH RESPECT TO THE DEGREES OF VERTICES

Let G = (V, E) be a graph and |V| = n. We define a relation ~ on V as follows: for

a,beV,
a~b< deg(a) = deg(b).

It is easy to see that ~ is an equivalence relation on V. Let V1, Vb, ..., V) be the partition of
V into disjoint classes by the relation ~. Let |V;| = n;,1 <i < k so that ni+no+...+ng =
n. The equivalence class graph on V' defined by ~ is called degree equivalence graph of G
and is denoted by D(G). Note that two distinct vertices a and b in D(G) are adjacent if
and only if deg(a) = deg(b). We observe that D(G) is a simple graph. By the definition
of degree equivalence graph, we have the following proposition.

Proposition 2.1. The degree equivalence graph D(G) of a graph G is the disjoint union of
the complete graphs Ky, , Kn,, ..., Ky, on the vertex sets V1, Va, ..., Vi respectively, where

Vi, Va, ..., Viare the cells in the partition of V in to disjoint classes by the relation ~.
Adjacency matrix of D(G): Rearranging the vertices vy, ..., v, of V such that vi1,...,V1ip,,
V215w U2ngs « -y Vkly - - - Ukny, WheTe v;1, ..., Uy, are the vertices of V;, the adjacency ma-
trix of D(G) can be written as
Yo, — In,
Yo, — In,
Ap(e) =
Yo, — In,

where Y, is the n; X n; matrix with all it entries equal to 1, and I, is the n; X n; identity
matrix.

FEigenvalues of Ap(g): First, we find the eigenvalues of Y;,, — I,,. By the elementary linear
algebra of matrices, the eigenvalues of Y),;, are n; and 0, the latter with multiplicity n; — 1.
We have,

det(Yo, — In, — Mp,) =0 < det(Y,, — AN+ 1)I,,) =0
< A+ 1=mn; (once), and A+ 1=0,(n; — 1) times
< A=mn; —1 (once), and A = —1, (n; — 1) times
k
Also, Z(nz — 1) =n — k. The eigenvalues of Ap ) are given below:
i=1
eigenvalue — n—1 ny—1 ... np—1 -1
multiplicity — 1 1 1 n—k
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The energy of D(G): By the definition of energy of a graph we have,

D Z|n1—1\+2|—1|
- zk: = 1) +Z:1

i=1
= (n—k)+(—k)
2(n — k).
Thus, we have the following theorem:

Theorem 2.1. The energy of the degree equivalence graph D(G) of a graph G with n
vertices 1s

E(D(G)) =2(n — k),
where k is the number of cells in the partition of the vertex set V of G in to disjoint classes
with respect to the relation ~.
Corollary 2.1. The energy of the degree equivalence graph D(G) is twice the rank of
D(G).

Proof. Note that the number of cells in the partition of the vertex set V' of a graph G in to
disjoint classes with respect to the relation ~ is nothing but the number of components in
the degree equivalence graph D(G). Therefore by Theorem 2.1, the corollory follows. [

Proposition 2.2. For a regular graph G with n vertices D(G) = K,,.

Proof. Let G be a r-regular graph. Then all vertices are of degree r. So, in D(G), every
vertex is adjacent to every other vertex. Therefore D(G) = K,. O

Corollary 2.2. D(K, ;) = Ko,.

Proof. Since K, , contains 2n vertices of degree n, the proof follows by The Proposi-

tion 2.2. O
Proposition 2.3. Let G1 and Gy be two graphs. If G = Go, then D(G1) = D(G2).
Proof. Obvious. O

Remark 2.1. Converse of the above proposition is not true. Consider the complete graph
K3 on 3 vertices graphs and the null graph N3 on 3 vertices. Note that, K3 and N3 are not
isomorphic. Since K3 is 3-reqular and N3 is 0-reqular, by the Proposition 2.2, it follows
that, D(Kg) = Kg = D(Ng)

Proposition 2.4. D(K,, ) is the disjoint union of K,, and K,

Proof. In K, ,,, there are m vertices of degree n and n vertices of degree m. Then the
equivalence relation ~ partitions the vertex set V (K, ,) in to two disjoint classes Vi and
Vo with |Vi| = m, |Va| = n. Therefore, by definition of D(G), D(Ky, ) is the disjoint
union of K,, and K,,. O

Proposition 2.5. For any graph, D(G) = D(G), where G is the complement of G.

Proof. We know that, for any graph G, V(G) = V(G). For a vertex v, we denote the degree
of v in G by degg(v) and we denote the degree of v in G by degg(v). Since GUG = K,
a complete graph with n vertices, it follows that, if v € V(G) with degg(v) = d, then
dege(v) =n —1—d. Hence, two vertices u and v are adjacent in G if and only if v and v

are adjacent in G. Therefore D(G) = D(G). O
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Corollary 2.3. Let G be a graph and L(G) be the line graph of G. Then D(L(G)) =

D(L(G))

Proof. Follows by Proposition 2.5. U
3. CONCLUSIONS

In this paper, we have defined the degree equivalence graph of a graph G. It is shown
that the energy of the degree equivalence graph D(G) is twice the rank of D(G). In future
one may one may discover further properties and applications of degree equivalence graph.
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