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ABSTRACT. In this paper, the Fourier method is effectively implemented for
solving a conformable fractional telegraph equation. We discuss and derive
the analytical solution of the conformable fractional telegraph equation with
nonhomogeneous Dirichlet boundary condition.

1. INTRODUCTION

The telegraph equation is better than the heat equation in modeling of physical
phenomena, which has a parabolic behavior [3]. The one-dimensional telegraph
equation can be written as follows:
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where R and G are, respectively, the resistance and the conductance of resistor,
C is the capacitance of capacitor, and L is the inductance of coil. Many concrete
applications amount to replacing the time derivative in the telegraph equation with
a fractional derivative. For example, in the works [4] [5], the authors have exten-
sively studied the time-fractional telegraph equation with Caputo fractional deriv-
ative. For more details about the good effect of the fractional derivative, we refer
to monographs [I, 2]. Recently, a new definition of fractional derivative, named
”fractional conformable derivative”, is introduced by Khalil et al. [6]. This novel
fractional derivative is compatible with the classical derivative and it is excellent
for studying nonregular solutions. The subject of the fractional conformable deriv-
ative has attracted the attention of many authors in domains such as mechanics,
electronic, and anomalous diffusion. We are interested in studying in this paper the
telegraph model in framework of the time-fractional conformable derivative.
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Precisely, we will propose the following transformations:

2
% — D and % — D*) = p{*)pl*), (1.2)
a=G/C, b=R/L, K*=1/LC (1.3)

where Dga) is the time-fractional conformable derivative operator [6]. Then, we
get the fractional conformable telegraph model associated with the transformation

(1.2) and (1.3) as follows:
« « 82 7t
Dgz Ju (x,t) + (a+b) Dt( Iy (x,t) + abu (z,t) = kz%
where = and ¢ are the space and time variables, f(x,t) is a sufficiently smooth
function.

+ fx,t), (1.4)

2. PRELIMINARIES ON CONFORMABLE FRACTIONAL CALCULUS

We start recalling some concepts on the conformable fractional calculus.

Definition 2.1. ([6]). Letp:[0,400 [ — R be a function. Then, the conformable
fractional derivative of function ¢ of order o at t > 0 is defined by the following
limit:

@ (t+et' ™) —p(t)

D () (1) = lim - : (2.1)

when this limit exists and finished.

Definition 2.2. ([6]). Let o € ]0,1] and ¢ : [0,+00[ — R be real valued
function. The conformable fractional integral of ¢ of order « from zero to t is
defined by:

Lo () ::/0 sl (s)ds, t>0, (2.2)

Lemma. Assume that ¢ is a continuous function on 10,400 and 0 < o < 1.
Then, for all t > 0, we have Dt(a) [Zaw (V)] = @ (t). According to [7], if ¢ is
differentiable, then we have I, [Dt(a) (p) (t)} =@ (t) — v (0).

Definition 2.3. ([7]) Let 0 < aa <1 and ¢ : [0,400 [ = R be real valued function.
Then, the fractional Laplace transform of order a starting from zero of y is defined

by:

re

+oo
Lolp®l)= [ e T an (2.3)

Theorem. ([7]) Let 0 < o<1 and ¢ : [0,+00 [ — R be differentiable real valued
function. Then, we have:

Lo [P0 ()] (5) = sLalp ()] (5) = 9 0). (2.4)

We introduce the following theorem, which is used further in this paper.
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Proposition. Let A and p be positive constants with 4 > A2 and g : [0, 400 [ — R
is a continuous function. For all 0 < o < 1, The initial value problem

{Df% (6) + 7Dy (8) + uy (1) = g (1), 2.5)
y(0) =yo, Dy (0) = ya.

admits a unique solution given by

e /\yO 2ya . e At
VA — a2l ) 20T e g (g — a2 e
Yo COS ( Y 9 ) 4/L )\2 S 1% 9 e

~%a sin <\/4,u )\2;> g(t—r7)dr.
e

y(t) =

(2.6)

m/

3. NONHOMOGENEOUS CONFORMABLE FRACTIONAL TELEGRAPH EQUATION
WITH DIRICHLET BOUNDARY CONDITION

We determine the solution of conformable fractional telegraph equation (1.4
with the intial conditions

u(x,0) = ¢ (z), Dga)u(m,O) =9 (z), 0<x<d, (3.1)
and the nonhomogeneous Dirichlet boundary conditions
w(0,t) = p1 (t), w(l,t)=p2(t), t>0, (3.2)

where 1 (¢) and w2 (t) are nonzero smooth functions with order-one continuous
derivative, using the method of separating variables, in which ¢ (x), ¢ (x) are con-
tinuous functions satisfying

@(0) =p1(0) and ¢ (¢) = 2 (0). (3.3)
Other hand, we assume that
la — b]
26 0
In order to solve the problem with nonhomogeneous boundary, we firstly transform
the nonhomogeneous boundary into a homogeneous condition. Let

u(x,t) =Wy (z,t) + V1 (2,1),

where Wi (z,t) is a new unknown function and

(3.4)

Vi (ot) = o (1) + 20— Ol .

which satisfies the boundary conditions
V1(0,t) =p1(t) and Vi (4,t) = o (t). (3.6)
The function Wi (x,t) then satisfies the problem with homogeneous boundary con-
ditions:
PP, (z, t) +
Wi (z,0) = ¢1 (),
W1 (0,t) = Wy (¢,t) =

a+b) DIOWy (2,t) + abWy (z,1) = k2 EWED 4 F (g ),
W’Wl (,0) = ¢y (),

(3.7)
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in which
F(@) = —DPVi (2,t) — (a+b) D{Vi (2, 1) — abVi (2, 8) + f (,t),
o1 (@) = 6 (@)~ m (0) - 12010, .3

(a) (a)
01 (2) = () = D (0) - 22O P O,

We solve the corresponding homogeneous equation ( f (z,t) being replaced by
0) with the boundary conditions by the method of separation of variables.

If we let W1 (z,t) = X ()Y (t) and substitute for Wy (x,t) in (3.7), we obtain
an ordinary linear differential equation for X (z):

X" (x)+ XX (z) =0,
X0)=X({) =0,

(3.9)

and a fractional ordinary linear differential equation with the conformable derivative
for Y (),

DEVY (1) + (a+b) DIVY (£) + (ab+ AK?) Y () = 0, (3.10)

where the parameter A is a positive constant.
The Sturm-Liouville problem given by (3.9)) has eigenvalues

n?m?

Ap = 2 n € N*, (3.11)
and corresponding eigenfunctions
X, (z) = sin (%) , neN. (3.12)

Now we seek a solution of the nonhomogeneous problem (3.7)) in the following form

Z B, (t) sin (mrx) . (3.13)

We assume that the series can be dlfferentlated term by term. In order to determine
B, (t), we expand f (x,t) as a Fourier series by the eigenfunctions {sin (272) }:

an bln( ), where fn 4/ f x,t) bll’l )daz. (3.14)
Substituting -7 into yields

DB, (1) + (a +b) D B,, () + (ab+ A\k?) By (1) = [ (). (3.15)
Since W1 (x,t) satisfies the initial conditions in (3.7)), we must have

nm0 B (0)sin (%) = 1 (2), 0 <@ <t (3.16)

+°°D(Q)B (0)sin (232) =4y (z), 0<z <{, '
which yields

Bn()_%f ¢1()Sln(””)dm n € N¥, (3.17)

Dga)B (0) = éfo Yy (@) sin (22) dz, n € N*. -

For each value of n, (3.15)) and ( make up a fractional initial value problem.



THE CONFORMABLE FRACTIONAL TELEGRAPH EQUATION 5

According to Proposition, we obtain the solution of problem (1.4), (3.1) and
B as

a+b)t e
u(z,t) = {Bn (0)e™ e <\/4k2)\ (a— b)22a)
n=1
b) B, (0) + 2D\ B, (0) _ (atnee o
+a+ ) Br (0) +2D; ()e (atb)e® sm<\/4k2)\ b)2)
2 2 2
Vak2A, — (a—b)

2 t a T @ ~
+ / e~ sin <\/4k2)\n—(a—b)27 > fo (t—T7)dr
2 2 Jo 2«
V2, — (a—b)

(w2 () = (1) @
14

+ p (t) +
(3.18)

4. CONCLUSION

We have derived the analytical solution of the nonhomogeneous conformable frac-
tional telegraph equation with Dirichlet boundary condition using Fourier method.
The solution is given in the form of a series of functions with the use of the Fourier
sine series and the conformable Lapalce transform.

Acknowledgments. This research work is supported by the The General Direc-
tion of Scientific Research and Technological Development (DGRSDT)-Algeria.
The authors wish to thank the referees for this constructive comments and sug-
gestions.

REFERENCES

[1] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional
Differential Equations, North Holland Mathematics Studies 204, Elsevier, New York, NY,
USA, 2006.

[2] I. Podlubny, Fractional Differential Equations, vol. 198 of Mathematics in Science and En-
gineering, Academic Press, San Diego, Calif, USA, 1999.

[3] E. C. Eckstein, J. A.Goldstein, and M. Leggas. Themathematics of suspensions:Kac walks
and asymptotic analyticity. Electronic Journal of Differential Equations, vol. 3, pp. 39-50,
1999.

[4] R. C. Cascaval, E. C. Eckstein, C. L. Frota, and J. A. Goldstein. Fractional telegraph
equations, Journal of Mathematical Analysis and Applications, vol. 276, no. 1, pp. 145-159,
2002.

[5] J. Chen, F. Liu, and V. Anh, Analytical solution for the time fractional telegraph equation
by the method of separating variables, Journal of Mathematical Analysis and Applications,
vol. 338, no. 2, pp. 1364-1377, 2008.

[6] R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh. A new definition of fractional deriv-
ative, Journal of Computational and Applied Mathematics, vol. 264, pp. 65-70, 2014.

[7] T. Abdeljawad. On conformable fractional calculus, Journal of Computational and Applied
Mathematics, vol. 279, pp. 57-66, 2015.

ABDELKEBIR SAAD,
DEPARTMENT OF MATHEMTICS, MOHAMED BOUDIAF UNIVERSITY, M’SILA, ALGERIA.
Email address: saad.abdelkebir@univ-msila.dz

sin (

nmwx



6 ABDELKEBIR SAAD AND NOUIRI BRAHIM

NOUIRI BrAHIM,
LABORATORY OF PURE AND APPLIED MATHEMATICS, MOHAMED BOUDIAF UNIVERSITY, BOX 166,
IcHBILIA, 28000, M’SILA, ALGERIA.

Email address: brahim.nouiri@univ-msila.dz



	1. Introduction
	2. Preliminaries on conformable fractional calculus
	3. Nonhomogeneous conformable fractional telegraph equation with Dirichlet boundary condition
	4. Conclusion
	Acknowledgments

	References

