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SOME FIXED POINT RESULTS IN THE GENERALIZED CONVEX

METRIC SPACES

KADRI DOGAN1, FAIK GURSOY2, VATAN KARAKAYA3, §

Abstract. In this study, we introduce a new three step iteration process and show that
the iteration process converges to the unique fixed point by two theorems under different
conditions of contractive mappings on the generalized G- convex metric spaces. Also, we
investigate data dependence result for this iterative process in the generalized G- convex
metric spaces.
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1. introduction and preliminaries

By several mathematicians have been introduced different generalizations of the usual
concept of a metric space . In 1963, Gahler [19], Ha et.al. [20], In 1992, Dhage [18],
In 2006, Mustafa along with Sims proposed a new concept of generalized metric space
called G-metric space [9]. Fixed point theory in these spaces was studied in [4], Banach
contraction mapping being the main tool. Mustafa et al. studied many fixed point re-
sults for a self-mapping in G-metric space.[3]-[9] can be cited for reference. Takahashi
[1] proposed the notion of convex structure in metric spaces and proved some fixed point
results. Inspired by this Thangavelu et.al. [29] proposed the notion of convexity struc-
ture in D-metric space. They further extended this notion to get strong convex D-metric
space, J-convex D-metric spaces, weak convex D-metric spaces and quasi convex D-Metric
spaces. Recently, Modi and Bhatt [30] extend to G-metric space by providing different
convex structures to D-metric space analogous to Thangavelu et.al. [29]. Therefore we
propose a new iteration process and we prove that this fixed point iteration process con-
verges to fixed point of contractive type mapping in the convex G-metric spaces.

An element x is said to be a fixed point of T if Tx = x.
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of Mathematics, 2020; all rights reserved.

11



12 TWMS J. APP. ENG. MATH. V.10, N.1, 2020

The iterative approximation of a fixed point for certain classes of mappings is one of
the main tools in the fixed point theory. There are many studies conducted on this theory.
Some of these [11]-[16].

Definition 1.1. [9] Let X be a nonempty set, and let G : X ×X ×X → R+be a function
satisfying the following properties:
G1) G(x, y, z) = 0, if x = y = z, G2) 0 < G(x, x, y), for all x, y ∈ X with x 6= y,
G3) G(x, x, y) ≤ G(x, y, z), for all x, y, z ∈ Xwith z 6= y,
G4) G(x, y, z) = G(y, x, z) = G(z, y, x) = · · · (symmetry in all three variables),
G5) G(x, y, z) ≤ G(x, a, a) +G(a, y, z), for all x, y, z, a ∈ X(rectangle inequality).

Then the function G is called a generalized metric or a G-metric on Xand the pair
(X,G)is called a G-metric space.

The following useful properties of a G-metric are readily derived from the axioms.

Proposition 1.1. [9] Let X be a nonempty set and G : X ×X ×X → R+ be a function
1) if G(x, y, z) = 0, then x = y = z,
2) G(x, y, z) ≤ G(x, x, y) +G(x, x, z),
3) G(x, y, y) ≤ 2G(y, x, x),
4) G(x, y, z) ≤ G(x, a, z) +G(a, y, z),
5) G(x, y, z) ≤ 2

3(G(x, y, a) +G(x, a, z) +G(a, y, z)),
6) G(x, y, z) ≤ (G(x, a, a) +G(y, a, a) +G(z, a, a)),
7) |G(x, y, z)−G(x, y, a)| ≤ max{G(a, z, z), G(z, a, a)},
8) |G(x, y, z)−G(x, y, a)| ≤ G(x, a, z),
9) |G(x, y, z)−G(y, z, z)| ≤ max{G(x, z, z), G(z, x, x)},
10) |G(x, y, y)−G(y, x, x)| ≤ max{G(y, x, x), G(x, y, y)}.

Proposition 1.2. [9] Let (X,G) be G−metric space, then for a sequence (xn) ⊆ X and
point x ∈ X the following are equivalent.

1) (xn) is G−convergent to x.
2) dG(xn, x)→ 0, as n→∞ (that is, (xn) converges to x relative to the metric dG).
3) G(xn, xn, x)→ 0, as n→∞.
4) G(xn, x, x)→ 0, as n→∞.
5) G(xm, xn, x)→ 0, as m,n→∞.

Definition 1.2. [1] Let (X, d) be a metric space and I = [0, 1]. A mapping W : X ×X ×
I → X is said to be a convex structure on X if each (x, y, λ) ∈ X× X × I and u ∈ X,

d (u,W (x, y, λ)) ≤ λd (u, x) + (1− λ) d (u, y)

If (X, d) is equipped with a Takahashi convex structure, then it is called a convex
metric space indicated by (X, d,W ). A Banach space , or any convex subset of it is a
convex metric space with

W (x, y, λ) = λx+ (1− λ) y.

Definition 1.3. Let X be a convex metric space. A nonempty subset A of X is said to
be convex if W (x, y, λ) ∈ A whenever (x, y, λ) ∈ A×A× [0, 1].

A Banach space, or any convex subset of it, is a convex metric space with W (x, y, λ) =
λx + (1 − λ)y. More generally, if X is a linear space with a translation invariant metric
satisfying d(λx+ (1− λ)y, 0) ≤ λd(x, 0) + (1− λ)d(y, 0), then X is a convex metric space.

Definition 1.4. [2] Let (X, d) be a metric space. A mapping W : X×X×X×[0, 1]×[0, 1]×
[0, 1] → X is said to be a generalized convex structure on X if for each (x, y, z; a, b, c) ∈
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X ×X ×X × [0, 1]× [0, 1]× [0, 1] and u ∈ X,

d(u,W (x, y, z; a, b, c)) ≤ ad(u, x) + bd(u, y) + cd(u, z);

a+ b+ c = 1. The metric space X together with W is called a generalized convex metric
space.

Definition 1.5. [10] Let X be a generalized convex metric space. A nonempty subset A
of X is said to be generalized convex if W (x, y, z; a, b, c) ∈ A whenever (x, y, z; a, b, c) ∈
A×A×A× [0, 1]× [0, 1]× [0, 1].

Definition 1.6. [10] Let (X,G) be a G−metric space. A mapping W : X × X × X ×
[0, 1]×[0, 1]→ X is said to be a generalized convex structure on X if for each (x, y, z; a, b) ∈
X ×X ×X × [0, 1]× [0, 1] , a ≥ b and u, v ∈ X,

G(u, v,W (x, y, z; a, b)) ≤ (a− b)G(u, v, x) + (1− a)G(u, v, y) + bG(u, v, z);

Theorem 1.1. [4] The G-metric space X together with W is called a generalized convex
G-metric space. Let (X,G) be a complete G−metric space, and let T : X → X be a
mapping satisfying one of the following conditions:
G (Tx, Ty, Tz) ≤ a (Gx, y, z) + bG (x, Tx, Tx) + cG (y, Ty, Ty) + dG (z, Tz, Tz)
for all x, y, z ∈ X where 0 ≤ a, b, c, d < 1, then T has a unique fixed point (say u, i.e.,
Tu = u), and T is G-continuous at u.

Lemma 1.1. [17] If ρ is a real number satisfying 0 ≤ ρ < 1 and (εn)n∈N is a sequence
of positive numbers such that limn→∞εn = 0, then for any sequence of positive numbers
(εn)n∈N satisfying

an+1 ≤ ρan + εn, n = 1, 2, ...,

one has
lim
n→∞

an = 0.

Lemma 1.2. [31]Let {ψn} be a nonnegative sequence for which one supposes there exists

n0 ∈ N, such that for all n ≥ n0 one has satisfied the following inequality:

ψn+1 ≤ (1− λn)ψn + λnφn

where λn ∈ (0, 1), ∀n ∈ N,
∞∑
n=1

λn =∞ and φn ≥ 0, ∀n ∈ N. Then

0 ≤ lim
n→∞

supψn ≤ lim
n→∞

supφn.

2. main results

2.1. convergenge analysis. We prove two theorems under different two conditions in
the generalized convex G-metric spaces.

Theorem 2.1. Let K be a nonempty closed convex subset of a (X,G,W ) complete convex
G−metric space with W convex structure and T : X → X be a mapping satisfying the
following condition:

G (Tx, Ty, Tz) ≤ aG (x, y, z) + bG (x, Tx, Tx) + cG (y, Ty, Ty) + dG (z, Tz, Tz) (1)

for all x, y, z ∈ X where 0 ≤ a, b, c, d < 1 and let {xn}n≥0 be the iterative scheme defined
by 

x0 ∈ X,∀n ∈ N,
xn+1 = W (Tyn, T yn, Tyn : γn, γn)
yn = W (zn, T zn, Txn : αn, βn)
zn = W (Txn, xn, Txn : θn, θn)

(2)
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such that lim
n→∞

G (xn, Txn, Txn) = 0 with {γn}, {αn}, {βn} and {θn} ⊂ [0, 1]. Then the

sequence {xn}n≥0 G−convergence to unique fixed point p of T .

Proof. Suppose that T satisfies condition (2), we have

G (xn+1, p, p) = G (W (Tyn, T yn, Tyn : γn, γn) , p, p)

≤ (γn − γn)G (Tyn, p, p) + (1− γn)G (Tyn, p, p) + γnG (Tyn, p, p)

≤ aG (yn, p, p) + bG (yn, T yn, T yn) + cG (p, p, Tp) + dG (p, p, Tp) (3)

= aG (yn, p, p) + bG (yn, T yn, T yn) + (c+ d)G (p, p, Tp)

and

G (yn, p, p) = G (W (zn, T zn, Txn : αn, βn) , p, p)

≤ (αn − βn)G (zn, p, p) + (1− αn)G (Tzn, p, p) + βnG (Txn, p, p)

≤ (αn − βn + (1− αn) a)G (zn, p, p) + βnaG (xn, p, p)

+ (1− αn) bG (zn, T zn, T zn) (4)

+βnbG (xn, Txn, Txn) + (1− (αn − βn)) (c+ d)G (p, Tp, Tp)

and

G (zn, p, p) = G (W (Txn, xn, Txn : θn, θn) , p, p) (5)

≤ (1− θn (1− a))G (xn, p, p) + θnbG (xn, Txn, Txn)

+θn (c+ d)G (p, Tp, Tp)

Substituting (4) and (5) in (3), we obtain

G (xn+1, p, p) ≤ a


(αn − βn + (1− αn) a)

 (1− θn (1− a))G (xn, p, p)
+θnbG (xn, Txn, Txn)

+θn (c+ d)G (p, Tp, Tp)


+βnaG (xn, p, p) + (1− αn) bG (zn, T zn, T zn)

+βnbG (xn, Txn, Txn) + (1− (αn − βn)) (c+ d)G (p, Tp, Tp)


+bG (yn, T yn, T yn) + (c+ d)G (p, p, Tp)

= a ((αn − βn + (1− αn) a) (1− θn (1− a)) + βna)G (xn, p, p)

+bG (yn, T yn, T yn) + a ((1− αn) b)G (zn, T zn, T zn)

+a ((αn − βn + (1− αn) a) θnb+ βnb)G (xn, Txn, Txn)

+

[(
a

(
(αn − βn + (1− αn) a) θn (c+ d)

+ (1− (αn − βn)) (c+ d)

))
+ (c+ d)

]
G (p, Tp, Tp)

Since G (p, Tp, Tp) = 0, we obtain

G (xn+1, p, p) ≤ a ((αn − βn + (1− αn) a) (1− θn (1− a)) + βna)G (xn, p, p)

+bG (yn, T yn, T yn) + a ((1− αn) b)G (zn, T zn, T zn)

+a ((αn − βn + (1− αn) a) θnb+ βnb)G (xn, Txn, Txn)

In order to satisfy the conditions of Lemma 1.1, we take δ, εn and κn as follows:

0 ≤ δ = a ((αn − βn + (1− αn) a) (1− θn (1− a)) + βna) < 1

εn = bG (yn, T yn, T yn) + a ((αn − βn + (1− αn) a) θnb+ βnb)G (xn, Txn, Txn)

+a ((1− αn) b)G (zn, T zn, T zn)

κn = G (xn, p, p) .
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Since

lim
n→∞

G (xn, Txn, Txn) = lim
n→∞

G (yn, T yn, Tyn) = lim
n→∞

G (zn, T zn, T zn) = 0

by Lemma 1.1, we have lim
n→∞

G (xn, p, p) = 0. �

Theorem 2.2. Let K be a nonempty closed convex subset of a (X,G,W ) complete convex
G−metric space with W convex structure and T : X → X be a mapping satisfying the
following condition:

G (Tx, Ty, Tz) ≤ a (Gx, y, z) + bG (x, Tx, Tx) + cG (y, Ty, Ty) + dG (z, Tz, Tz)

for all x, y, z ∈ X where 0 ≤ a, b ≤ 1
4 , c, d ∈ [0, 1) and let {xn}n≥0 be defined by (2)

with
i) {θn}n≥0 ⊂

[
0, 14
)
,

ii) βn ≤ (1− αn) a ≤ αn and then the sequence {xn}n≥0 converges to unique fixed point
p of T .

Proof. Suppose that T satisfies condition (2), we have

G (xn+1, p, p) = G (W (Tyn, T yn, T yn : γn, γn) , p, p)

≤ (γn − γn)G (Tyn, p, p) + (1− γn)G (Tyn, p, p) + γnG (Tyn, p, p) (6)

≤ aG (yn, p, p) + bG (yn, Tyn, T yn) + cG (p, p, Tp) + dG (p, p, Tp)

= aG (yn, p, p) + bG (yn, Tyn, T yn) + (c+ d)G (p, p, Tp)

G (yn, p, p) = G (W (zn, T zn, Txn : αn, βn) , p, p)

≤ (αn − βn)G (zn, p, p) + (1− αn)G (Tzn, p, p) + βnG (Txn, p, p) (7)

≤ (αn − βn + (1− αn) a)G (zn, p, p)

+βnaG (xn, p, p) + (1− αn) bG (zn, T zn, T zn)

+βnbG (xn, Txn, Txn) + (1− (αn − βn)) (c+ d)G (p, Tp, Tp)

G (zn, p, p) = G (W (Txn, xn, Txn : θn, θn) , p, p) (8)

≤ (θn − θn)G (Txn, p, p) + (1− θn)G (xn, p, p) + θnG (Txn, p, p)

≤ (1− θn (1− a))G (xn, p, p) + θnbG (xn, Txn, Txn)

+θn (c+ d)G (p, Tp, Tp)
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Substituting (7) and (8) in (6), we have

G (xn+1, p, p) ≤ a


(αn − βn + (1− αn) a)

 (1− θn (1− a))G (xn, p, p)
+θnbG (xn, Txn, Txn)

+θn (c+ d)G (p, Tp, Tp)


+βnaG (xn, p, p) + (1− αn) bG (zn, T zn, T zn) + βnbG (xn, Txn, Txn)

+ (1− (αn − βn)) (c+ d)G (p, Tp, Tp)


+bG (yn, T yn, Tyn) + (c+ d)G (p, p, Tp)

= a ((αn − βn + (1− αn) a) (1− θn (1− a)) + βna)G (xn, p, p)

+bG (yn, T yn, T yn) + a ((1− αn) b)G (zn, T zn, T zn)

+a ((αn − βn + (1− αn) a) θnb+ βnb)G (xn, Txn, Txn)

+

[(
a

(
(αn − βn + (1− αn) a) θn (c+ d)

+ (1− (αn − βn)) (c+ d)

))
+ (c+ d)

]
G (p, Tp, Tp)

Since G (p, Tp, Tp) = 0

G (xn+1, p, p) ≤ a ((αn − βn + (1− αn) a) (1− θn (1− a)) + βna)G (xn, p, p)

+bG (yn, Tyn, T yn) + a ((1− αn) b)G (zn, T zn, T zn) (9)

+a ((αn − βn + (1− αn) a) θnb+ βnb)G (xn, Txn, Txn)

Continuing the process

G (xn, Txn, Txn) ≤
(

1 + 2a

1− 2b

)
G (xn, p, p) (10)

G (zn, T zn, T zn) ≤
(

1 + 2a

1− 2b

)
G (zn, p, p)

≤
(

1 + 2a

1− 2b

)
(1− θn (1− a))G (xn, p, p) +

(
1 + 2a

1− 2b

)
θnbG (xn, Txn, Txn)(11)

≤
(

1 + 2a

1− 2b

)[
(1− θn (1− a))G (xn, p, p) +

(
1 + 2a

1− 2b

)
θnbG (xn, p, p)

]

G (yn, T yn, Tyn) ≤
(

1 + 2a

1− 2b

)
G (yn, p, p)

≤
(

1 + 2a

1− 2b

)


[(αn − βn + (1− αn) a)]

×

([
(1− θn (1− a))G (xn, p, p)

+
(
1+2a
1−2b

)
θnbG (xn, p, p)

])
+βnaG (xn, p, p) + βnb

(
1+2a
1−2b

)
G (xn, p, p)

+ (1− αn) b
(
1+2a
1−2b

)[ (1− θn (1− a))G (xn, p, p)

+
(
1+2a
1−2b

)
θnbG (xn, p, p)

]


(12)
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Substituting (10), (11) and (12) in (9), we obtain

G (xn+1, p, p) ≤ a ((αn − βn + (1− αn) a) (1− θn (1− a)) + βna)G (xn, p, p)

+b

(
1 + 2a

1− 2b

)


[(αn − βn + (1− αn) a)]

([
(1− θn (1− a))

+
(
1+2a
1−2b

)
θnb

])
+βnaG (xn, p, p) + βnb

(
1+2a
1−2b

)
+ (1− αn) b

(
1+2a
1−2b

)[ (1− θn (1− a))

+
(
1+2a
1−2b

)
θnb

]


+a ((αn − βn + (1− αn) a) θnb+ βnb)

(
1 + 2a

1− 2b

)
+a ((1− αn) b)

(
1 + 2a

1− 2b

)[
(1− θn (1− a)) +

(
1 + 2a

1− 2b

)
θnb

]

G (xn+1, p, p) ≤



a ((αn − βn + (1− αn) a) (1− θn (1− a)) + βna)

+b
(
1+2a
1−2b

)


[(αn − βn + (1− αn) a)]

([
(1− θn (1− a))

+
(
1+2a
1−2b

)
θnb

])
+βnaG (xn, p, p) + βnb

(
1+2a
1−2b

)
+ (1− αn) b

(
1+2a
1−2b

)[ (1− θn (1− a))

+
(
1+2a
1−2b

)
θnb

]


+a ((αn − βn + (1− αn) a) θnb+ βnb)

(
1+2a
1−2b

)
+a ((1− αn) b)

(
1+2a
1−2b

) [
(1− θn (1− a)) +

(
1+2a
1−2b

)
θnb
]


G (xn, p, p)

G (xn+1, p, p) ≤ a ((αn − βn + (1− αn) a) (1− θn (1− a)) + βna)G (xn, p, p)

+b

(
1 + 2a

1− 2b

)
[(αn − βn + (1− αn) a)] (1− θn (1− a))G (xn, p, p)

+

(
1 + 2a

1− 2b

)2

[(αn − βn + (1− αn) a)] θnb
2G (xn, p, p)

+b

(
1 + 2a

1− 2b

)
βnaG (xn, p, p) +

(
1 + 2a

1− 2b

)2

βnb
2G (xn, p, p)

+ (1− αn) b2
(

1 + 2a

1− 2b

)2

(1− θn (1− a))G (xn, p, p)

+

(
1 + 2a

1− 2b

)3

(1− αn) θnb
3G (xn, p, p)

+a ((αn − βn + (1− αn) a) θnb+ βnb)

(
1 + 2a

1− 2b

)
G (xn, p, p)

+a ((1− αn) b)

(
1 + 2a

1− 2b

)
(1− θn (1− a))G (xn, p, p)

+a ((1− αn) b)

(
1 + 2a

1− 2b

)2

θnbG (xn, p, p)
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Since

0 ≤



a ((αn − βn + (1− αn) a) (1− θn (1− a)) + βna)

+b
(
1+2a
1−2b

)


[(αn − βn + (1− αn) a)]

([
(1− θn (1− a))

+
(
1+2a
1−2b

)
θnb

])
+βnaG (xn, p, p) + βnb

(
1+2a
1−2b

)
+ (1− αn) b

(
1+2a
1−2b

)[ (1− θn (1− a))

+
(
1+2a
1−2b

)
θnb

]


+a ((αn − βn + (1− αn) a) θnb+ βnb)

(
1+2a
1−2b

)
+a ((1− αn) b)

(
1+2a
1−2b

) [
(1− θn (1− a)) +

(
1+2a
1−2b

)
θnb
]


< 1

by Lemma 1.1, we have lim
n→∞

G (xn, p, p) = 0. �

2.2. Data dependency. Let’s prove that the iteration (2) is data-dependent.

Definition 2.1. Let T, Ť , T̃ : X → X be three operators. We say that Ť and T̃ are the
approximate operators of T if for all x ∈ X and for a fixed ε > 0, we have

G
(
Tx, Ťx, T̃ x

)
= max

{∥∥Tx− Ť x∥∥ , ∥∥∥Ť x− T̃ x∥∥∥ ,∥∥∥T̃ x− Tx∥∥∥} ≤ ε.
Theorem 2.3. Let K be a nonempty closed convex subset of a (X,G,W ) complete convex

G−metric space with W convex structure and , Ť , T̃ : K → X be the approximate operators
of the T : K → X satisfying the mapping (1) and {xn}n≥0 , {un}n≥0 and {kn}n≥0 three

iteration schemes associated to T, Ť and T̃ defined by xn+1 = Tyn
yn = (αn − βn) zn + (1− αn)Txn + βnTzn

zn = (1− θn)xn + θnTxn, ∀n ∈ N,
(13)


un+1 = Ť vn

vn = (αn − βn)wn + (1− αn) Ť un + βnŤwn

wn = (1− θn)un + θnŤ un, ∀n ∈ N
(14)

and 
kn+1 = T̃ rn

rn = (αn − βn) sn + (1− αn) T̃ kn + βnT̃ sn
sn = (1− θn) kn + θnT̃ kn, ∀n ∈ N,

(15)

respectively, where {αn} , {βn} and {θn} are real sequences in [0, 1] satisfying αn ≥ βn

and
∞∑
n=1

βn = ∞. Let Tx∗ = x∗, Ť k∗ = k∗ and T̃ u∗ = u∗ with ‖Tx− Ty‖ ≤ a ‖x− y‖ +

b ‖x− Tx‖+ c ‖y − Ty‖. Then for 25b > 0, we have the following estimate:

G (x∗, k∗, u∗) ≤ 11ε

1− a
Proof. Using iterative schemes (13), (14) and (15) yield the following inequalites:

G (xn+1, kn+1, un+1) = max {‖xn+1 − kn+1‖ , ‖kn+1 − un+1‖ , ‖un+1 − xn+1‖} (16)

‖xn+1 − kn+1‖ =
∥∥Tyn − Ť rn∥∥ ≤ ε+ a ‖yn − rn‖+ b ‖yn − Tyn‖+ c ‖rn − Trn‖ , (17)
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‖yn − rn‖ ≤ (αn − βn) ‖zn − sn‖+ (1− αn)
∥∥Txn − Ť kn∥∥+ βn

∥∥Tzn − Ť sn∥∥
≤ (αn − βn) ‖zn − sn‖+ (1− αn) ε+ βnε+ a (1− αn) ‖xn − kn‖ (18)

+b (1− αn) ‖xn − Txn‖+ c (1− αn) ‖kn − Tkn‖
+aβn ‖zn − sn‖+ bβn ‖zn − Tzn‖+ cβn ‖sn − Tsn‖

and

‖zn − sn‖ = (1− θn) ‖xn − kn‖+ θn
∥∥Txn − Ť kn∥∥

≤ (1− θn) ‖xn − kn‖+ θnε+ θna ‖xn − kn‖ (19)

+θnb ‖xn − Txn‖+ θnc ‖kn − Tkn‖ .

Substituting (19) in (18) and (18) in (17), we have

‖xn+1 − kn+1‖ ≤ εn + a


(αn − βn (1− a))

[
(1− θn (1− a)) ‖xn − kn‖

+θnεn + θnb ‖xn − Txn‖+ θnc ‖kn − Tkn‖

]
+ (1− αn) εn + βnεn + a (1− αn) ‖xn − kn‖

+b (1− αn) ‖xn − Txn‖+ c (1− αn) ‖kn − Tkn‖
+bβn ‖zn − Tzn‖+ cβn ‖sn − Tsn‖


+b ‖yn − Tyn‖+ c ‖rn − Trn‖

≤ a [(αn − βn (1− a)) (1− θn (1− a)) + a (1− αn)] ‖xn − kn‖
+a [(αn − βn (1− a)) θnb+ b (1− αn)] ‖xn − Txn‖ (20)

+a [(αn − βn (1− a)) θnc+ c (1− αn)] ‖kn − Tkn‖
+a [(αn − βn (1− a)) θn + (1− αn) + βn + 1] εn

+abβn ‖zn − Tzn‖+ acβn ‖sn − Tsn‖+ b ‖yn − Tyn‖+ c ‖rn − Trn‖ .

In the similar way, we obtain

‖kn+1 − un+1‖ ≤ εn + a


(αn − βn (1− a))


(1− θn (1− a))
×‖kn − un‖+ θnεn
+θnb

∥∥kn − Ť kn∥∥
+θnc

∥∥un − Ť un∥∥


+ (1− αn) εn + βnεn + a (1− αn) ‖kn − un‖
+b (1− αn)

∥∥kn − Ť kn∥∥+ c (1− αn)
∥∥un − Ť un∥∥

+bβn
∥∥rn − Ť rn∥∥+ cβn

∥∥wn − Ťwn

∥∥


(21)

+b
∥∥rn − Ť rn∥∥+ c

∥∥vn − Ť vn∥∥
≤ a [(αn − βn (1− a)) (1− θn (1− a)) + a (1− αn)] ‖kn − un‖

+a [(αn − βn (1− a)) θnb+ b (1− αn)]
∥∥kn − Ť kn∥∥

+a [(αn − βn (1− a)) θnc+ c (1− αn)]
∥∥un − Ť un∥∥

+a [(αn − βn (1− a)) θn + (1− αn) + βn + 1] ε

+abβn
∥∥sn − Ť sn∥∥+ acβn

∥∥wn − Ťwn

∥∥
+b
∥∥rn − Ť rn∥∥+ c

∥∥vn − Ť vn∥∥
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and

‖un+1 − xn+1‖ ≤ εn + a



(αn − βn (1− a))


(1− θn (1− a))
×‖un − xn‖+ θnεn

+θnb
∥∥∥un − T̃ un∥∥∥

+θnc
∥∥∥xn − T̃ xn∥∥∥


+ (1− αn) εn + βnεn + a (1− αn) ‖un − xn‖

+b (1− αn)
∥∥∥un − T̃ un∥∥∥+ c (1− αn)

∥∥∥xn − T̃ xn∥∥∥
+bβn

∥∥∥wn − T̃wn

∥∥∥+ cβn

∥∥∥zn − T̃ zn∥∥∥


(22)

+b
∥∥∥vn − T̃ vn∥∥∥+ c

∥∥∥yn − T̃ yn∥∥∥

≤ a [(αn − βn (1− a)) (1− θn (1− a)) + a (1− αn)] ‖un − xn‖

+a [(αn − βn (1− a)) θnb+ b (1− αn)]
∥∥∥un − T̃ un∥∥∥

+a [(αn − βn (1− a)) θnc+ c (1− αn)]
∥∥∥xn − T̃ xn∥∥∥

+a [(αn − βn (1− a)) θn + (1− αn) + βn + 1] εn

+abβn

∥∥∥wn − T̃wn

∥∥∥+ acβn

∥∥∥zn − T̃ zn∥∥∥
+b
∥∥∥vn − T̃ vn∥∥∥+ c

∥∥∥yn − T̃ yn∥∥∥ .
Substituting (20), (21) and (22) in (16), we have

G (xn+1, kn+1, un+1) ≤ max



a [(αn − βn (1− a)) (1− θn (1− a)) + a (1− αn)] ‖xn − kn‖
+a [(αn − βn (1− a)) θnb+ b (1− αn)] ‖xn − Txn‖
+a [(αn − βn (1− a)) θnc+ c (1− αn)]

∥∥kn − Ť kn∥∥
+a [(αn − βn (1− a)) θn + (1− αn) + βn + 1] ε+ abβn ‖zn − Tzn‖

+acβn
∥∥sn − Ť sn∥∥+ b ‖yn − Tyn‖+ c

∥∥rn − Ť rn∥∥
, [(αn − βn (1− a)) (1− θn (1− a)) + a (1− αn)] ‖kn − un‖

+a [(αn − βn (1− a)) θnb+ b (1− αn)]
∥∥kn − Ť kn∥∥

+a [(αn − βn (1− a)) θnc+ c (1− αn)]
∥∥∥un − T̃ un∥∥∥

+a [(αn − βn (1− a)) θn + (1− αn) + βn + 1] ε+ abβn
∥∥sn − Ť sn∥∥

+acβn

∥∥∥wn − T̃wn

∥∥∥+ b
∥∥rn − Ť rn∥∥+ c

∥∥∥vn − T̃ vn∥∥∥
, a [(αn − βn (1− a)) (1− θn (1− a)) + a (1− αn)] ‖un − xn‖

+a [(αn − βn (1− a)) θnb+ b (1− αn)]
∥∥∥un − T̃ un∥∥∥

+a [(αn − βn (1− a)) θnc+ c (1− αn)] ‖xn − Txn‖
+a [(αn − βn (1− a)) θn + (1− αn) + βn + 1] ε+ abβn

∥∥∥wn − T̃wn

∥∥∥
+acβn ‖zn − Tzn‖+ b

∥∥∥vn − T̃ vn∥∥∥+ c ‖yn − Tyn‖ .


(23)
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Let 1− βn ≤ βn, then the inequality (23) is rearranged as follows:

G (xn+1, kn+1, un+1) ≤ max



[1− βn (1− a)] ‖xn − kn‖+ a2βn ‖xn − Txn‖+ a2βn
∥∥kn − Ť kn∥∥

+11βnε+ abβn ‖zn − Tzn‖+ acβn
∥∥sn − Ť sn∥∥+ b2βn ‖yn − Tyn‖

+c2βn
∥∥rn − Ť rn∥∥ ,

[1− βn (1− a)] ‖kn − un‖+ a2βn
∥∥kn − Ť kn∥∥

+a2βn

∥∥∥un − T̃ un∥∥∥+ 11βnε+ abβn
∥∥sn − Ť sn∥∥

+acβn

∥∥∥wn − T̃wn

∥∥∥+ b2βn
∥∥rn − Ť rn∥∥+ b2βn

∥∥∥vn − T̃ vn∥∥∥
, [1− βn (1− a)] ‖un − xn‖+ a2βn

∥∥∥un − T̃ un∥∥∥
+a2βn ‖xn − Txn‖+ 11βnε+ abβn

∥∥∥wn − T̃wn

∥∥∥
+acβn ‖zn − Tzn‖+ b2βn

∥∥∥vn − T̃ vn∥∥∥+ b2βn ‖yn − Tyn‖ .


(24)

If simplifications are made in the (24), we arrive at

‖kn+1 − un+1‖ ≤ [1− βn (1− a)] ‖kn − un‖

+βn (1− a)

a2
∥∥kn − Ť kn∥∥+ a2

∥∥∥un − T̃ un∥∥∥+ 11ε+ ab
∥∥sn − Ť sn∥∥

+ac
∥∥∥wn − T̃wn

∥∥∥+ b2
∥∥rn − Ť rn∥∥+ b2

∥∥∥vn − T̃ vn∥∥∥
(1− a)

‖un+1 − xn+1‖ ≤ [1− βn (1− a)] ‖un − xn‖

+βn (1− a)

a2
∥∥∥un − T̃ un∥∥∥+ a2 ‖xn − Txn‖+ 11ε+ ab

∥∥∥wn − T̃wn

∥∥∥
+ac ‖zn − Tzn‖+ b2

∥∥∥vn − T̃ vn∥∥∥+ b2 ‖yn − Tyn‖

(1− a)
.

Define

λn : = βn (1− a)

φn : =

a2
∥∥∥un − T̃ un∥∥∥+ a2 ‖xn − Txn‖+ 11ε+ ab

∥∥∥wn − T̃wn

∥∥∥
+ac ‖zn − Tzn‖+ b2

∥∥∥vn − T̃ vn∥∥∥+ b2 ‖yn − Tyn‖

(1− a)

By Lemma 1.2, we obtain

‖x∗ − k∗‖ ≤ 11ε

1− a
, ‖k∗ − u∗‖ ≤ 11ε

1− a
and ‖u∗ − x∗‖ ≤ 11ε

1− a
.

Then

G (x∗, k∗, u∗) = max {‖x∗ − k∗‖ , ‖k∗ − u∗‖ , ‖u∗ − x∗‖} ≤ 11ε

1− a
.

�
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