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SOME FIXED POINT RESULTS IN THE GENERALIZED CONVEX
METRIC SPACES

KADRI DOGAN!, FATK GURSOY?, VATAN KARAKAYA3, §

ABSTRACT. In this study, we introduce a new three step iteration process and show that
the iteration process converges to the unique fixed point by two theorems under different
conditions of contractive mappings on the generalized G- convex metric spaces. Also, we
investigate data dependence result for this iterative process in the generalized G- convex
metric spaces.
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1. INTRODUCTION AND PRELIMINARIES

By several mathematicians have been introduced different generalizations of the usual
concept of a metric space . In 1963, Gahler [19], Ha et.al. [20], In 1992, Dhage [18],
In 2006, Mustafa along with Sims proposed a new concept of generalized metric space
called G-metric space [9]. Fixed point theory in these spaces was studied in [4], Banach
contraction mapping being the main tool. Mustafa et al. studied many fixed point re-
sults for a self-mapping in G-metric space.[3]-[9] can be cited for reference. Takahashi
[1] proposed the notion of convex structure in metric spaces and proved some fixed point
results. Inspired by this Thangavelu et.al. [29] proposed the notion of convexity struc-
ture in D-metric space. They further extended this notion to get strong convex D-metric
space, J-convex D-metric spaces, weak convex D-metric spaces and quasi convex D-Metric
spaces. Recently, Modi and Bhatt [30] extend to G-metric space by providing different
convex structures to D-metric space analogous to Thangavelu et.al. [29]. Therefore we
propose a new iteration process and we prove that this fixed point iteration process con-
verges to fixed point of contractive type mapping in the convex G-metric spaces.

An element z is said to be a fixed point of T if Tx = x.
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The iterative approximation of a fixed point for certain classes of mappings is one of
the main tools in the fixed point theory. There are many studies conducted on this theory.
Some of these [11]-][16].

Definition 1.1. [9] Let X be a nonempty set, and let G : X x X x X — RTbe a function
satisfying the following properties:
G1) G(x,y,2) =0, ife =y=12, G2)0< G(x,z,y), for all z,y € X with x # vy,
G3) G(x,z,y) < G(x,y, 2), for all x,y,z € Xwith z # y,
G4) G(:L",y, 2) =Gy, x,2) = G(z,y,x) = .- (symmetry in all three variables),
G5) G(x,y,2) < G(z,a,a) + G(a,y, z), for all z,y,z,a € X (rectangle inequality).
Then the function G is called a generalized metric or a G-metric on X and the pair
(X, Q)is called a G-metric space.

The following useful properties of a G-metric are readily derived from the axioms.

Proposition 1.1. [9] Let X be a nonempty set and G : X x X x X — Rt be a function
1) if G(z,y,2) =0, then x =y = z,
2) G(x,y,2) < G(z,2,9) + G(z, 2, 2),
3) G(z,y,y) < 2G(y,w ),
4) G(z,y,2) < G(z,a,2) + G(a,y, 2),
5) G(x,y,2) < 3(G(x,y,a) + G(x,a,2) + G(a,y, 2)),
6) G(z,y,2) < (G(z,a,a) + G(y,a,a) + G(z,a,a)),
7) |G(z,y, z) — G(x,y,a)| < max{G(a,z,z),G(z,a, a)},
8) |G(z,y,2) — G(z,y,a)| < G(z,a,2),
9) |G(z,y,2) — Gy, 2, 2)| <max{G(z,z,2),G(z,z,x)},
10) |G(z,y,y) — G(y, z,2)| < maz{G(y,z,2),G(z,y,y)}.

Proposition 1.2. [9] Let (X, G) be G—metric space, then for a sequence (x,) C X and
point x € X the following are equivalent.
1) (zy,) is G—convergent to x.
2) dg(xn,z) = 0, as n — oo (that is, (xy,) converges to = relative to the metric dg).
3) G(xn, xn,x) = 0, as n — oo.
4) G(zp,x,2) = 0, as n — co.
5) G(xm, p,x) — 0, as m,n — 0.

Definition 1.2. [1] Let (X, d) be a metric space and I = [0,1]. A mapping W : X x X X
I — X is said to be a convex structure on X if each (z,y,\) € Xx X xI andu € X,

d(u, W (z,y,A)) <A (u,z) + (1 —N)d(u,y)

<
<
<

If (X,d) is equipped with a Takahashi convex structure, then it is called a convex
metric space indicated by (X,d,W). A Banach space , or any convexr subset of it is a
convex metric space with

W (z,y,A\) =X+ (1—-N)y

Definition 1.3. Let X be a convexr metric space. A nonempty subset A of X is said to
be convex if W(x,y,\) € A whenever (x,y,\) € A x A x[0,1].

A Banach space, or any convex subset of it, is a convex metric space with W (z,y, \) =
Az + (1 — A)y. More generally, if X is a linear space with a translation invariant metric
satisfying d(Az + (1 — )y, 0) < Ad(z,0) + (1 — A\)d(y,0), then X is a convex metric space.

Definition 1.4. [2] Let (X, d) be a metric space. A mapping W : X x X x X x[0, 1] x [0, 1] x
[0,1] — X is said to be a generalized convex structure on X if for each (x,y,z;a,b,c) €
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X x X xX x[0,1] x[0,1] x [0,1] and u € X,
d(u, W(z,y, 2;a,b,¢)) < ad(u, z) + bd(u, y) + cd(u, 2);

a+b+c=1. The metric space X together with W is called a generalized convexr metric
space.

Definition 1.5. [10] Let X be a generalized convex metric space. A nonempty subset A
of X is said to be generalized convex if W(x,y, z;a,b,c) € A whenever (z,y,z;a,b,c) €
Ax AxAx]0,1] x [0,1] x [0, 1].

Definition 1.6. [10] Let (X,G) be a G—metric space. A mapping W : X x X x X X
[0,1] %[0, 1] — X is said to be a generalized convex structure on X if for each (x,y, z;a,b) €
X x X xXx[0,1]x[0,1] , a>b and u,v € X,

G(u,v, W(z,y,2;a,b)) < (a —b) G(u,v,x) + (1 — a) G(u,v,y) + bG(u, v, 2);
Theorem 1.1. [4] The G-metric space X together with W is called a generalized convex
G-metric space. Let (X,G) be a complete G—metric space, and let T : X — X be a
mapping satisfying one of the following conditions:

G(Tz,Ty,Tz) < a(Gz,y,z) +bG (x, Tz, Tx) + cG (y, Ty, Ty) + dG (z,T2,Tz)
for all x,y,z € X where 0 < a,b,c,d < 1, then T has a unique fixed point (say u, i.e.,
Tu =u), and T is G-continuous at u.

Lemma 1.1. [17] If p is a real number satisfying 0 < p < 1 and (€,)nen 1S a sequence
of positive numbers such that limy_oo€n = 0, then for any sequence of positive numbers

(€n)nen satisfying
an+1 < pap + €n, N = 17 27 3]

one has

lim a,, = 0.
n—oo

Lemma 1.2. [31]Let {¢n} be a nonnegative sequence for which one supposes there ezists

ng € N, such that for all n > ng one has satisfied the following inequality:
wn—i—l S (1 - An) wn + An¢n

o
where A, € (0,1), Vn € N, Y>> A\, =00 and ¢,, > 0, Vn € N. Then
n=1
0 < lim supy, < lim sup ¢,.
n—oo n—oo
2. MAIN RESULTS

2.1. convergenge analysis. We prove two theorems under different two conditions in
the generalized convex G-metric spaces.

Theorem 2.1. Let K be a nonempty closed convex subset of a (X, G, W) complete convex
G—metric space with W convex structure and T : X — X be a mapping satisfying the
following condition:

G(Tz,Ty,Tz) < aG (z,y,2) + bG (x, Tz, Tx) + cG (y, Ty, Ty) + dG (2,Tz,Tz) (1)
forallz,y,z € X where0 < a,b,c,d < 1 and let {xy,},~ be the iterative scheme defined
by a
zg € X,Vn € N,
Tpy1 =W (Tyanyna Ty : '7n77n) (2)
yn =W (Zm Tz, Tap @ ap, Bn)
2n =W (Txp, xn, Txy : 0y, 60,)
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such that li_)m G (xn, Txn, Txy) = 0 with {y}, {an}, {Bn} and {0,} C [0,1]. Then the
mn o

sequence {xn}nzo G—convergence to unique fized point p of T.

Proof. Suppose that T satisfies condition (2), we have

G (W (Tyn, Tyn> TYn : YnsYn) » D> P)

(0 =) G (Tyn:p,p) + (L = ) G (Tyn: p, p) + G (TYn, p, p)

aG (Yn, p: p) + G (Yn: Tyn, Tyn) + G (p,p, T'p) +dG (p,p, Tp) (3)
aG (Yn, p; p) + G (Yn, Tyn, Tyn) + (¢ + d) G (p, p, Tp)

G ($n+17pap)

VANVAN

and
G (Yn> D, D)

G (W (zn, Tzn, Ty : an, Bn) , 0, P)

(an = Bn) G (2n,p,p) + (1 — o) G (T2, p, p) + BnG (T'xn, p, p)

(an = Bn + (1 — an) a) G (20, p,p) + BraG (zn, p, p)

+ (1 — an) bG (2n, Tzp, Tzy) (4)
+8,0G (20, T, Txy) + (1 — (v, — Br)) (¢ +d) G (p, Tp, Tp)

IA A

and
G (zn,p,p) = GW (Txp,xn, Ty : 04,0,),p,p) (5)
< (1-6,(1—a))G(xn,p,p)+ 0,0G (xp, Ty, Txy)
+6, (c+d)G (p,Tp,Tp)
Substituting (4) and (5) in (3), we obtain
(1 =0, (1 —a))G (zn,p,p) )

(on, — B+ (1 —ap)a) ( +0,0G (xp, T, Txy,)

G (Tnt1,0,p) < a +0n (c+d) G (p, Tp, Tp)

+BnaG (l'n,p, p) + (1 - an) bG (Zm Tz, TZn)
+BnbG (2, T, Twy) + (1 — (an — Bn)) (¢ +d) G (p, Tp, Tp)
G

+bG (Yns Tyn, Tyn) + (¢ + d) G (p, p, Tp)
= a((an =P+ (1 —an)a) (1 =0, (1 —a)) + Bna) G (zn,p,p)
+b0G (Yn, TYn, Tyn) + a (1 — an) b) G (2n, T2, T21)
+a ((an — Bn + (1 —ay) a) O,b+ Brb) G (x4, Ty, Txy)
an—Bn+ (1 —ap)a)b, (c+d
+ Ka( ( +(ﬁl— (Exn —573)))(64-((1) ) )) + (c—i—d)] G (p,Tp, Tp)
Since G (p, T'p, Tp) = 0, we obtain

G (#ns1,p,0) < al((on —Bn+ (1 —an)a) (1 —0n(1—a))+ Bna)G(zn,p,p)
+b0G (Yn, TYn, Tyn) + a (1 — an) ) G (20, T2, T2
+a((an — Bn+ (1 — ay) a) Onb + Bnb) G (2, Txy, Txy)
In order to satisfy the conditions of Lemma 1.1, we take §, €, and k,, as follows:
0 < d=a((an—PFPn+ 1 —an)a)(1—=0,(1—a))+ Bra) <1
en = bG (Yn,TYn, Tyn) + a((an — Bn + (1 —ay) a) Opb+ Brd) G (xn, Ty, Txy)
+a((1 —an)b) G (2n, Tzn, Tzy)
tkn = G(zn,p,p).
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Since

lim G (2, Txp, Txy) = nli_)rgoG (Yns TYn, Tyn) = nh_)ng@G (zn, T2n, Tzn) =0

n—oo

by Lemma 1.1, we have ILm G (zyn,p,p) = 0. O

Theorem 2.2. Let K be a nonempty closed convez subset of a (X, G, W) complete convex
G—metric space with W convex structure and T : X — X be a mapping satisfying the
following condition:

G(Tz, Ty, Tz) < a(Gr,y,z) + bG (x, Tz, Tx) + cG (y, Ty, Ty) + dG (2,Tz,Tz)

for all z,y,z € X where 0 < a,b < 1, ¢,d € [0,1) and let {zy},~q be defined by (2)
with -

i) {0n},20 C [0.7) 1

) Bn < (1 —ap)a < oy, and then the sequence {x,},~, converges to unique fized point
pof T. a

Proof. Suppose that T satisfies condition (2), we have

G (W (Tyn, Tyn; TYn : YnsVn) » D> )

(Y — ) G (Tyn,p,p) + (1 —7) G (Tyn, p, p) + G (Tyn, p, p) (6)
aG (Yn, P, p) + bG (Yn, Tyn, Tyn) + G (p, p, Tp) + dG (p, p, Tp)

aG (Yn, p, p) + G (Yn, Tyn, Tyn) + (¢ +d) G (p, p, Tp)

G($n+1)p7p)

IN A

G (W (zn, Tzp, Ty : iy B) s 0, D)

(an = Bn) G (2n,p,p) + (1 — o) G (T2, p, p) + BnG (Txn, p,p)  (7)
(an = Bn + (1 — an) a) G (zn,p;p)

+5naG (Xn,p,p) + (1 — ) bG (2, T2, T'21)

+8,0G (20, T, Tey) + (1 — (g — Br)) (¢ +d) G (p, Tp, Tp)

G (Yn,Dp,p)

IAIA

G (Zn,p,p) G (W (Txna T, Ty 2 O, Hn) 7pap) (8)
(9n - Hn) G (Tl'mpap) + (1 - gn) G (-Tmpvp) +0,G (Txn,p,p)
(1=0,(1—a))G(xn,p,p) + 0,bG (xp, Txy, Txy)

+0p (¢ +d) G (p, Tp, Tp)

VANPAN
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Substituting (7) and (8) in (6), we have

(an — B+ (1 —ayp)a) +0,0G (2, Ty, Ty
G (Tnt1,0,p) < @ +6p (¢ +d) G (p, Tp, Tp)
+BnaG (xp,p,p) + (1 — ) bG (21, T2, Tzp) + PrbG (2, Ty, Ty,
+ (1 = (an = Bn)) (c+d) G (p, Tp, Tp)
+bG (Y, Tyn, Tyn) + (c +d) G (p,p, Tp)
= a((on =B+ (1 —an)a) (1 =0, (1 —a))+ Bra) G (zn,p,p)
+b0G (Yns Ty, Tyn) + a (1 — ap) b) G (20, Tz, T2)
+a ((an — Bn + (1 — ap) a) Opb + Brbd) G (2, Txy, Txy,)

(SIS ) reral e ay

Since G (p, Tp,Tp) =0

(1 =0n (1 =a))G (zn,p,p) )

G(xn+17p7p) < a((an_5n+(1_an) )(1_9 (1—a))—|—ﬁna)G(xn,p,p)
+0G (Yn, Tyn, Tyn) + a (1 — an) b) G (20, T2, T2 9)
+a ((an — Bn + (1 —ay) a)0,b+ Bpb) G (2, Ty, Txy)

Continuing the process

1+2
G(l‘naTme-Tn) < (1 __‘_ ZZ) G(azn,p,p) (10)

14 2a
<
G(ZnaTZnaTzn) > <1_2b)G(zn’pvp)
1+ 2a 1+ 2a
< — — I
< <1—2b>(1 0, (1 a))G(:cn,p,p)+(1_2b>0an(xn,Txn,T@4))
1+ 2a 1+ 2a
< _ — - -
< (155) [a- - @) Gnpn) + (155 ) 006 (wurnn)]
1+ 2a
G (Yn, Tyn. Tyn) < (1_2b)G(yn,p,p)

[(an — Bn + (1 - an) a)]
(1-6,(1—a))G (zpn,p,p)

|+ 2 N+ (%) 0ubG (@arp.p)

= <1 — 2b> +B8n,aG ($n>p7p) + Bnb (?F%‘Z) G (xmpap)

[ (1=0.(1 =) G (@n,p,p)
+(1—an>b(§f§b) +(§fgg)9an(xn,p,p) ]

(12
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Substituting (10), (11) and (12) in (9), we obtain
G (@n41,0,p) < al(an —Bu+(1—an)a) (1 =0, (1 —a)) + Bra) G (zn,p,p)
(1-6,(1—-a))
[(on = Bn + (1 — ) a)] + (iJr%z 0,,b
14 2a a
+b < > +B8naG (xnupa p) + Bnb (%Jr%b

b (10, (1 a))
(1= )b (1) +(L2) 0ub ]

+a ((om — Bn + (1 — o) a) O, b+6n)< +22>

+a((1—an)b)<izz>[ (1-a) ( )9@]

a((an —Bn+ (1 —an)a) (1 =0, (1 —a))+ Bra)
(1-6,(1—-a))
[(an = Bn + (1 — ay)a)] < + (iJr%g) 0,,b ])
+b (ﬁ'gg) 810G (Tn, P, P) + Bub (ygfg)
+-and () |, (42) 6ud

+a ((an — Bn + (1 — an) @) 0,0 + B,b) (i—kg(g
a1 - on)b) (428 [(1 - 60 (1 - ) + (12) 60]

G (Znt1,0,p) <

G (znt1,0:p) < a((an —Bn+ (1 —an)a) (1 -0, (1 —a))+ Bna) G (x4, p, p)

+b (iii) [(on = Bn+ (1= an) @)l (1 = 0 (1 = 0)) G (. p,p)

2
+ (12 w0 - )l b2G<xmpvp>

1+ 2a 1+2a

2
+(1—ap)b? <1+§Z> (1-6,(1—a))G(xn,p,p)

1+2a\° 3
+<12b> (1_an)9nb G(xn7p7p)

Fallan = B+ (1= )00+ 50 (155 ) G onpp
ra(-ann) (15 ) (=0, (1- ) G (anpp
14 2a)>

+a ((1 —ay)b) (

) 000G (20, p, p)

—
DO
S

(1—0, (1—a))] G (2, p;p)
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Since
[ a((an = Bn+ (1 —an)a) (1 —6n (1 —a))+ Bra)
(@ = B+ (1~ ) )] ( R D
S +(151) oud
+b(13) +60aG (wn,p,p) + b (1222
0= 1— ayp (L2 (10 (1~a) <1
raan(i)| (fa)on |
+a ((om — B+ (1 — ) @) b + Bub) (%)
| el -an)b) (£2) [a-6.(0—a) + (1) 0u0) _
by Lemma 1.1, we have nan;oG (Tn,p,p) = 0. 0

2.2. Data dependency. Let’s prove that the iteration (2) is data-dependent.

Definition 2.1. Let T, T,f : X — X be three operators. We say that T and T are the
approximate operators of T if for all x € X and for a fized € > 0, we have

G(Tx,Tx,Tx) :max{HT:L‘—Tx| Tr—Tx

, , f:[:—TxH}Se.

Theorem 2.3. Let K be a nonempty closed convez subset of a (X, G, W) complete convex
G—metric space with W convez structure and ,T,T : K — X be the approzimate operators
of the T : K — X satisfying the mapping (1) and {xn},~q, {un},>o and {kn}, >, three
iteration schemes associated to T,T and T defined by

Tn+l = Tyn
Yn = (an - Bn) zZn + (1 - an) Tzyp + BTz, (13)
zn=(1—60y) xy + 0,Tx,,Vn €N,
Un+1 = Tvn
Up = (= Bn) wn + (1 — ap) Tupn + BpTwn, (14)
wp = (1 = 0p) up + 0, Ty, ¥n € N
and _
kn—f—l =Try
n = (an - Bn) Sn + (1 - an) Tk, + BnTSn (15)

$n = (1= 0,) ky + 0,Tky,Vn € N,
respectively, where {a,} , {Bn} and {0,} are real sequences in [0,1] satisfying oy, > B
and i Bp = 0. Let Ta* = o*, Tk* = k* and Tu* = u* with |Tz — Ty|| < a||z — y| +
b||x ﬁ:IlﬂﬂsH +c|ly —Ty||. Then for 25b > 0, we have the following estimate:

Proof. Using iterative schemes (13), (14) and (15) yield the following inequalites:
G (@n+1, kpg1, unt1) = max {|[zn41 — knga [l [|Kng1 — wnga [| s luns1 — znsa ||} (16)

[Znt1 — kntal = HTyn - TTnH <etalyn —rall +0llyn — Tynl +cllrn = Traf, (17)
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[yn =l < (0 = Ba) 120 — snll + (1 = o) | T2n, — Thn || 4 B || T2 — T'sn|
< (an = Ba)llzn = sull + (1 — an) e + Bre+a (1 — ay) (|20 — k|| (18)
+b (1 — ap) |xn — Txp|| + ¢ (1 — an) ||kn — Tky ||
+aBn |20 — snll +08n [|2n — Tznl| + cBn |50 — Tsy|
and
lzn — snll = (1 =6y ||zn — knll + 6y HTacn - Tk:nH

IN

(1—06y) ||zn — knl| + One + Opa ||z, — ky|| (19)
+0,b ||xn — Ty + Oncl|kn — Tky|| -

Substituting (19) in (18) and (18) in (17), we have

(1 =0, (1 —a))llen — kn

(an =B (L=a) | g e 0ubln — Tl + Onc |k — Thl

|Tnt1 — kny1ll < enta + (1 — o) €n + Bren +a (1l — ay) ||z, — kn|
+b (1 — ap) ||z — Txp|| + ¢ (1 — ap) ||kn — Thky||
+00n |2n — Tzn|| + cBn ||Sn — Tsnl|
+b H@/n - TynH +cllrn — TTnH
< allan = Bn(1—a)) (1 =0, (1—a))+a(l—an)llz, — K

+al(an —Bn(1—a))0,b+b(1 — )] l|zn — Ta|

+a[(an — B (1 —a))Opc+ c(1 — o) [|kn — Tky||

tal(oan = Bn (1 —a))bp + (1 —an) + Bn + 1] &,

+abf ||zn — Tan|| + acBp ||$n — Tsull + b |yn — Tynll + ¢ ||rn — Tryl| -

In the similar way, we obtain

(1= 0, (1 a)) '
X ||kn, — tn|| + Onen
(@0 =Ba(T=a) | g bk — T
[Ent1 — tns1l| < enta +‘9nc‘ Un — TUnH (21)
+ (1 —ap)en+ Bren +a(l —ay) ||k — unl|
+b(1 — ) Hkn — Tk, ‘ +c(l—ay) Hun — TunH
+b8, ||rn — Trn‘ + ¢fBn Hwn - TwnH

+b[rn = Tral| + ¢ Jon — Ton|

< af(n— B (1—a)) (1= 6 (1—a)) + a (1 — an)] [fon — unl
+al(an = Bn (1= a)) O+ b (1 — )] ||k — Thn|
+al(an — Bn (1 —a))bOnc+c(1 — )] Hun - TunH
+a[(an = Bn(1—a))Op + (1 —an) + Bn + 1] €
+abBy |[sn — Tsn || + acBn ||wn — Twn||
#bllrm = Trol| + o — o]
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and
(1—-06,(1-a))
X ||y, — Ty || + Onen
(= Bn (1 —a)) 46,0 ||u, — fun
[ +6nc||en — T, (22)
+ (1 — an) en + Bnen +a (1l — ay) |Jun — xn|
+b(1 — ap) ||un — Tu, +c(l—ay)||zn — Tz,
+b8, ||w, — Twn + By || zn — Tzn
’Un—T’Un +c yn_fyn
< aflan = Bp(1—a) (1 =0 (1—a))+a(l—an)|un —
ta[(om = Bn (1 —a)) Oub + b (1 — )] ||t — Tun
+al(an — Bn(1—a)) e+ c(1 — a)] ||an — Ty,
+al(an — B (1 —a))On + (1 —an) + B+ 1] e
+abBy, ||wy, — fwn + acBy ||zn — Tzn
vn—fvn +c yn—fyn .
Substituting (20), (21) and (22) in (16), we have
([ al(an 5n(1—a))( On (1 —a)) +a(l—an)]||zn — Kl
+a[( Bn (11— ))9 b+b(1—ap)]||zn — Tan|
+a (o = Bn (1= a)) Opc+ (1 — )] || kn — Thky|
+a[(an — Bn (1 - a))? + (1 —an) + Bn+ e+ abBy |2n — Tz|
+acﬁn HSn - TSnH +b Hyn - Tyn” +c Hrn - TTnH
Alom = Bn(1—a)) (1 = 0n (1 —a)) +a(l—an)] |k — unl
+a[(an — Bn (1 —a))0,b+b(1 —ap)]||kn — Tky, ‘
+al(an — Bn (1 —a)) e+ ¢ (1 — )] ||tn — Ty
G (Tnt1s Bt Un 1) SMAX 0 40 (0 — By (1— ) by + (1 — ) + B+ 1 €+ abBy |50 — T
+acBy, ||wy, — TwnH +b Hrn - TrnH +cl|lv, — fvn ’
al(on— Ba (1 - @) (L= 6, (1~ a)) +a (L a0)] [ —
Fa[(an — Bn(1—a))Bnb+b(1— an)] Hun - TunH
+al(an — Bn (1 —a))bOpc+c(1 —ayp)]||zn — Txy||
+al(an —Bn(1—a)) b, + (1 —an) + Bn + 1] €+ abpy, Hwn — fwn
+acﬁn Hzn - Up — Tvn +c ||yn - TynH .

(23)
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Let 1 — 3, < By, then the inequality (23) is rearranged as follows:

[1— B0 (1= a)] |@n — knll + a26n |20 — Tan|| + 028 ||kn — Tha|| )
+118€e 4+ abBy, ||zn — Tzn|| + acBn Hsn — Tan + 0285 [|[yn — Tyul|
—I—c?ﬂnHrn—TrnH, ]
[1—Bn(1—a)]llkn — un| + a28, Hkn - Tk:nH

+a20, ‘ + 1168,€ + abBy, Hsn — Tan
+acf + 028y ||rn — Tra| + 5285
1= B (1= @) lun = @all + 028, |[un — T
+a2B, ||xn — Tzy|| + 118n€ + abBy, ||wy, — Twy,

+achy |2 — Tzl + b28, + 28, [Yn — Tyl -
(24)

Uy, — TUp,

G (xn+17 kn—i—b un—‘rl) < max

v, — T,

wy, — Twy,

Up, — Tup,

If simplifications are made in the (24), we arrive at
Vot = tnsall < (1= Ba (1= )] oo — unl
02 [k = Tha| + 2 |[un = T | + 116 + ab]| s, — T
+ 02| = Tra| + 82|
1-a)

Up, — T,

+ac Hwn — Twy,

+Bn (1 - a)

lunt1 = Tppall < [1=Ba(1—a)]|lun — 2nl|

aQ‘un—fun —|—a2||:rn—Txn||+11€—|—ab”wn—fwnH
mﬂ%—nm+wMWJMWMm%—mm
1
+Bn( a’) (1-&)
Define
A ¢ =0Bp(1—a)
a2‘un—fun —|—a2Ha:n—Tan+116+awan—van
+ac ||z — Tzl + 02 vy — T, + 02 ||yn, — Tyn||
¢n = (1—@)
By Lemma 1.2, we obtain
11e 11e 11e
o~ k< ) < 1 ana e <
Then
* 7ok ok * * * * * * 1le
G (2", k" u") = max {||lz" — k*[|, [|[E* —u*|, [[u" — 27|} < T—a
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